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PREFACE. 



The present Treatise is designed to supply a deficiency 
which has long been felt. Having been engaged for many 
years in imparting instruction in Algebra, I have found no 
text-book entirely adapted t6 the want* of my pupils. Some 
treatises, li-om their extreme conciseness, and their aiming 
at the utmost rigor of demonstration, are too difficult for the 
majority of students, while others are far behind the present 
state of science. The present Treatise was specially de- 
signed for the use of the students of New York University, 
but it is believed to be adapted to the wants of students gen- 
erally in American colleges. It is designed for youth of fif- 
teen or sixteen years of age, who are supposed to possess 
ordinary abilities and aptitude for study. I have not, there- 
fore, attempted to demonstrate every principle in the most 
general and rigorous manner. Such demonstrations would 
ofien be unintelUgible and repulsive to the majority of students. 
Nor, on the contrary, have I contented myself with mere me- 
chanical rules.- I have aimed to follow the natural order of the 
youthful mind, deducing general principles from particular ex- 
amples, subjoining afterward a complete demonstration, when- 
ever it was thought that its force would be clearly apprehended. 
I have aimed to lead the student to generalize every principle. 
For this purpose, nearly every problem is twice stated ; first 
in a restricted form, and afterward in a more general one ; 
and I have dwelt upon the interpretation of some peculiar 
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results obtained in the discussion of general problems. It is 
hoped the student will thus be led to perceive-that the solution 
of particular problems is not the most important province of 
A.lgebra. 

I have bestowed considerable pains upon the general theory 
of Equations. Each Proposition is distinctly enunciated, and 
illustrated by appropriate examples. It is believed that Sturm's 
Theorem is here exhibited in so simple a form, that youth of 
ordinary abilities may learn to apply it with facility and pleas- 
ore. The admirable method of Horner has been explained at 
length, and numerous examples are given of its application. 
The entire work was composed, not exclusively for the best 
scholars, nor for such as are unwilling to study, but rather for 
the majority of our students ; and as such, it is commended to 
the attention of teachers of Mathematics. 
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ALGEBRA. 



SECTION I. 

PRELIMINARY DEFINITIOrfS AND NOTATION. 



{^Article 1.) Whateveb is capable of increase or diminiitioii is 
called magnitude or quantiii/. 

A sum of money therefore is a quantity, since we may increase 
it or diminish it. A line, a surface, a weigjit, and other things of 
this nature are quantities ; but an idea is not a quantity. 

(3.) Mathematics is the science of quanUty, or the science 
which investigates the means of measuring quantity. The opera- 
tions of the mindj therefore, such as memory, imagination, judg- 
ment, etc. are not subjects of mathematical investigation, since 
they are not quantities. 

(3.) Mathematics isdivided into j)Kreand mixed. Puremathe- 
matics comprehends all inquiiies into the relations of magnitude 
in the abstract, and without reference to material bodies. It 
embraces numerous subdivisions, such as 'Arithmetic, Algebra, 
Geometrj-, etc. 

In the mixed mathematics, these abstract principles are applied ■ 
to various questions which occur in nature. Thus, in Surveying, 
the abstract principles of Geometry are applied to the measure- 
ment of land ; in Navigation, the same principles are applied to 
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die detennination of a ship's place at sea ; in Optica] they are 
employed to investigate the prt^erties of light ; and in Astron- * 
omy, to determine the distances of the beavenly bodies. 

(4.) Algebra is that branch of mathematics which enables us, 
by means of letters and other symbols, to almdge and generalise^ 
the reasoning employed in the solutioD of all questions relating to 
numbers. 

Arithmetic is the art or science of numbering. It treats of &e 
nature aAd properties of numbers, but it is limited to certain • 
methods of calculation which occur in common practice. Alge- 
bra is more comprehensive, and has been called by Newton, 
Uairersal Arithmetic! 

(5.) The following are the main points of difierence between 
Arithmetic and Algelmt. 

I^st, the operations of Algebra are more general than those of 
Arithmetic. In Arithmetic, we represent quantities by particular 
numbers, as 2, 5, 7, etc. which numbers always retain the same 
value. The results obtained, therefore, are applicable only to the 
particular question proposed. Thus, if it is required to find the 
interest of a thousand dollars for three months at six per cent, the 
question may be solved by Arithmetic, and we obtain an answer, 
which is applicable only to this problem. 

But in the solution of an Algebraic problem, we employ letters 
to which any value may be attributed at pleasure. The results 
obtained, therefor^, are equally applicable to all questions of a * 
particular class. Thus, if we have given the sum and difierence 
of two quantities, we may obtain by means of Algebra a general 
expression for the quantities themselves. This result will always 
be found true, whatever may be the magnitude of the quantities. 
Hence Algebra is adapted to the investigation of gerieral princi- 
ples ; while Arithmetic is confined to operations upon particular 
numbers. 

Secondly, Algebra enables UB to solve a vast number of prob- 
lems, which are too diffkult, for common Arithmetic. Some of 
the problems in Sections VII. and VIII. mayibe solved by AriUi- 
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metical methods ; but others cannot be thiu resolved, paiticul&rty 
such problems aa are pren in Sections XII. XIV. etc. 

Thirdly, in Arithmetic all the difierent quantities which enfnr 
. into a problem are blended together in the result, so as to leave no 
- trace of Ae operations to which they hare been subjected. Prom 
a simple inspection of the result, we cannot tell whether it was 
derived by multiplication or division, involution or evolution ; or 
what connection it has with the given quantities of the problem. ' 
But in an Algebraic solution, all the different quantities are pre- 
served distinct from each other, and we see at a glance, how all 
the data of the problem are combined in the result. 

Fourthly, the operations of Algebra are often &r more cmiciae 
than tbose of Arithmetic. Hius, although some of the problems 
in Sections VII. and VIII. may be solved Arithmetically, rtie»e 
solutions are generally much more tedious than the Algebraic. 
This advantage which is possess|d by Algebra ia partly due to 
the representation of the unknown quantities by letters, and their 
introduction into the operations as if they were already known ; 
and partly to the fact that the operations oi multtplicatioo, divi- 
sion, etc. are at first merely indicated, and are not actually per- 
formed until an Algebnic expression has been reduced to its 
simplest form. 

Fmally, perhaps the most striking difference between Arithme- 
Hc and Algebra, springs from the use of negative qvanUtiei, which 
give rise to many peculiar results. * 

The full purport of these remarks will be best apprehended, 
-after the student has made some [Ht>gress in the study of Algebra. 

(6.) A definUion is the explanation of any term or word. It is 
essential to a perfect definition that it distinguish the thing defined 
from every thing else. Thus, if we say that man is a biped, it is 
no definition of man, because there are many other bipeds. 

(7.) A theorem is the statement of some property, the truth of 
which is required to be proved. Thus when it is said that the 
sum of the three angles of any triangle is equal to two right aisles, 
this is a theorem, &e truth of which is demonsbated by 
Geometry. 
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(8.) A pnMem is a qnestioii requiring sometfaiog to be done. 
Thus, to dnw out line peq>en<iiculBr to another, is a problem. 
Theorems and problems are both known by the general term of 
proposUiom. 

(9,) A dderminate problem is one wbiuh adm^ of a certain or 
definite answer. An mklerminttle problem commonly admits <^ 
an indefinite number of solutions; akhough when the answers 
are required in positive whole numba^, they are in some cases 
confined witlun certain limits, and in others the problem may be 
impcffioible. 

(10.) The tolution of a problem is the process by which we 
obtun the answer to it. A numericql solution is tfae obtaining an 
answer in onmbers. A geometrical solution ia the obtaining an 
answw by the principles of geometry. A mechanical solution is 
one which is gained by trials. 

(II.) The piincfpa! symbols employed in Algebra are the 
following : 

The agn + (an erect cross) is named plus, ana is employed to 
denote the addition of two or more numbers. Thus, 5 + 3 sig- 
nifies that we miut add 3 to the number &, in which case the 
result is 8. In tfae same manner 11 + Sis equal to 17 ; 14 + 10 
is equal to 24, etc. 

We dso make use of the same ^gn to connect several num- 
bers together. Thus 7 + 5 + 9 ^gnifies that to the number 7 
we must add 5 and'Blso 9 which makes 21. 

So also the sum of 8 + 5 ,+ 13 + 11 + 1 + 3 + 10 is equal 
to 51. 

(12.) In order to generalise numbers we represent them by 
letters, as a, &, c, d, etc. Thus the expression a + 6 signifies the 
sum of two nambeis, which we represent by a and &, and these 
may be any numbers whatever. In the same manner m + n + i 
+ X ngnifies the sum of the numbers represented by these four 
letters. If we knew, therefore, the numbers represented by the 
lettera, we could easily find by aritlimetic &e value of such 
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The first letteis of dte alpfaibet ve eommonlj used' tdrepresrat 
knovm qnantittea, uid the laat letters thoae which are 
vnknovm. 

(13.) The sign — (a hoiizontal Jine) is called minus, and indi- 
OBtss that one quantity U to be tul^raeied from anotiier. Thus 
8 — 6, signifies that the number 6 is to be taken from the Dum- 
ber &y whidi leares a remainder of 3. In like manner, 12 — 7 
is equal to 6 ; and 20 — 14 is. equal to 6, etc. 

SomettJBMS we may hare several numbeis to subtract from a 
single one. Thus, 16 — 5 -~ 4 signifies that 5 is to be sub- 
tracted from 16, and this remainder is to be further diminished 
by 4, leaving 7 for the result. In the same manner 50 — 1 — . 
3 — 5 — 7 — 9 is equal to 25. So also, a — b signifies that 
the number dea^ated by a is to b« diminished by the number 
designated by b. 

Quantities preceded by the sign + are called positive quanti- 
ties ; those preceded by the sign — , negative quantities. When 
no sign is prefixed to a quantity, + is to be understood. Thus, 
a + b — c is the same as -f a + 6 — c. 

(14.) The sign X (an inclined cross) is employed to denote the 
muU^iication of two or more numbers. Thus, 3x5 signifies that 
3 is to be multiplied by 5, making 15. In like manner, axb 
signifies a multiplied by b ; and a X i X c edgnifies the continued 
product of the numbers designated by a, d, and c ; and so on for 
any number of quantities. 

Multiplication is also frequently ^icated by placing a point 
between the successive letters. Thus, a.b .c.d signifies the 
same thing asaxjxcxd. 

Generally, however, when numbers are represented by letters, 
their multiplication is indicated by writing them in succession, 
without the inteiposition of any sign, llius, a b agnifies the 
same Aing as a . 6 or, a x d ; and ab c d is equivalent to a . 
A . c . d, or a X b X c X ei. 

It must be remarked that the notation a.b or a 6 is seldom 
employed except when the numbers are designated by letters. If, 
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fbr example, we attempt to represent the product of the numbers 
5 ftnd 6 in this manner, 5 . 6 might be confounded with an integer 
followed by a decimal fraction ; and 66 would be read jijly-six, 
according to the common system of notation. 

The multiplication of numbers may, however, be expressed by 
placing a point between them, in cases where no ambiguiiy can 
arise from the use of this symbol. Thus, 1 .2.3.4 may repre- 
sent the continued product of the numbers 1, 3, 3, 4. 

(15.) When two or more quantities are mnitipUed togetlier, 
each of them b called ^factor. Thus, in the expression 7 X 5, 7 
is a iactor and so is 5. In the product abc tiiere are three 
factors, a, b,c. 

When a quantity is represented by a letter, it is called a litertd 
factor, to distinguish it from a numerical factor which is repre- 
sented by an Arabic numeral. Thus, in the expression bob, 6 is 
a numerical factor, while a and b are literal factors, 

(16.) The character -(- (a horizontal line with a point above 
and below) shows that the quantity which precedes it, is to be 
divided by that which follows. 

Thus, 24 -i- 6 signifies that 34 is to be divided by 6, makbg 4. 
So also a -t- 6 is a divided by, b, 

GeneraHy, however, the division of two numbers is indicated 
by writing the dividend above the divisor, and drawing a line 
between them. 

Thus 24 -i- 6 and a -•- 6 are usually written yand j. 

(17.) The idgn = (two horizontal lines) when placed between 
two quantities denotes that they are equal to each other. 

Thus 7 + 6 = 13, signifies that the sum of 7 and 6 is equal to 
13. So also |I " 100 cents, is read one dollar equals one 
hundred cents. In like manner a = b, signifies that a is equal to 
h; and a + b~c — d, signifies that the sum of (he numbers 
de^gnated by a and b la equal to the diSerence of the numbers 
designated by c and d. 

(18.) The symbol > is called the sign of ine^puUity, and when 
placed between two numbers, denotes that one of them is greater 
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tbm the other, the opensDg of the sign being tuised towards the 
greater number. 

Thus 3<6, signifies that 3 is less thanb; and 11>6 denotes 
that 11 is greater than 6. So also a >b shows that a is greater 
than b ; and c<d shows that c is less than d. 

(19.) A coefficient is en^loyed to denote that a quantity is 
added to itself a certain number of times. 

Thus, instead of writing a + a + a + o + a, which represents 
fire a's added together, we write So, where 6 is the coeffici^t 
of a. In like manner 10 a & signifies ten times the product of 
o and b. The coefficient may be either a whole number or a 
fraction. Thus, J o oignifies three-fourths of a. When no 
coefficient is expressed, 1 is always to be understood. Thus, 1 a 
and a signify the same thing. 

The coefficient may be ei Utter as well as s figure. In the 
expression mn, rn may be considered as the coefficient of n, 
because n is to be taken as many times as there are units in m. 
If m stands for 6, then mn is 5 times n. 

In 4abCf 4 may be considered as the coefficient of abc ; oi 4a 
may be con»deted as the coefficient c^ be ; or 4ai the coeffi- 
cient of c. 

(20.) An Nqtonent oi«ndex is employed to denote that a quan- 
tity is vwdtipiied by itself a certain number of times. 

Thus, instead of writing aXaXaXoXajor aaaaa, which 
represents five a's multiplied together, we write a', where 5 is 
called the exponent or index of a. So also, 6xfrX&x6x6 
y.b, 01 b.b.h .b.b.b, or M666i, or the continued product of 
six 6's, is written more briefly 6*, where 6 is the exponent of A. 
^ When no exponent is expressed, 1 is always understood. 
Thus, a* and a signify the same thing. 

Exponents may be attached to figures as well as letters. 

Thus, the product of 3 by 3 may be written 3*, which equals 9 

" 3X3X3 " 3*, " 27 

" 3x3x3x3 " 3*, " 81 

" 3X3X3X3X3" 3', "' 243 
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(31.) The products formed hj the successiTe nmttipltcation of 
Qie same cumber by itself, are called th« powav of that num- 
ber. 

Tbus, let a represent any number, its ^tt power is simply 
o, or a'. 
Its second potea; or square is aa, or a'. 
Its third power y or cube is' aaa, or o^. 

In general, any power of a quantity, is designated by the num- 
ber offectors which form the product ; and the exponent denote 
tiie degree of the power. Thus, 3 x 3 X 3 x 3 x 3, or 3' which 
equals 343, is the fifth po'wer of 3 ; and the power is of the fifUi . 
degree. 

(22.) A root of a quantity is that which multiplied by itself a 
certain number of times will produce the given quantity. 

The symbol v' is called the radical sign, and when pre- 
fixed to a quantity denotes that its root is to be extracted. Tbus, 
'\^9, or amply V9, denotes the square ^root of 9, which 
is 3. 
*y/ 64 denotes the cube root of 64, which b 4. 
*\^ 16 denotes the fourth root of 16, which is 2. 
So also, 

'\i^ a, or amply s/ a, is the square root of a, 
^*/ a denotes the third or cube root of a, 
W a denotes (he fourth root of a. 

*•/ a denotes the nth root of a, where n may represent any 
number whatever. 

The number placed over the radical sign, is called the index of 
the root. Thus, 2 is the index of the square root, 3 of the cube 
root, 4 of the fourth root, and n of the nth root. The index of 
the square root is usually omitted. Thus, instead of '\/ oi, we 
usually write y^ ab. 

(23.) When four quantities are propor^umo/, the proportion is 
expressed* by points as in arithmetic. Thus, a:b::c:d, sig- 
nifies that a has to b the same ratio which c has to d. 
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^BLIHWARy DKFmmOKS AND KOTATIOM. V7 

(24.) A vinculum , or a parentfiesis ( ), indicates that 

several qnantities are to be subjected to the same operttHon. 

Thus; a+b + c xd, or (a + 6 + c) X d, denotes that the 
sum of a, b and c is to be multiplied by d. But a + b + c "x d, 
denotes that c only is to be multiplied by d. 

When the parenthesis, is used, the dgn of multiplication 
is generally omitted. Thus, (a+'6+c) X d, is the same as 
ia + b + c)d,oid(a + b+c). 

(25.) Three dots " . " are sometimes employed to denote there- 
fore or consequently. 

There are a few other symbols employed in algebra, in add!-- 
tion to those already enumerated, which will be explained as they 
occur. 

(26.) Every number written in algebraic language, that is by 
aid of algebraic symbols, is called an algebraic quantity, or aa 
algebraic expression. 

Thus 3a, is the algebraic expression for three times the 
number a. 

4fl[' is the algebnuc expression for four times the square of the 
number a, 

Ic^b* is the algebraic expression for seven times the third 
power of a multiplied by the fourth power of 6. 

(27.) An algebraic quantity not combined with any other by 
the sign of addition or subtraction, is called a monomial, or a 
quantity of one term, or simply a term. 

Thus, 2ffl, 66c, and Ixt^ are monomials. 

(28.) An algebraic expression, which is composed of several 
terms, is called a polynomial. 

Thus, a + 26 + 5c — d is a polynomial. 

A polyuomial consisting of two terms only, is usually called a 
hinmmal; when consisting oi three terms, a trinomial. 

Thus, 3a + 56 is a binomial ; and a + 3e6 ■¥ xy is a tri- 
nomial. 

(29.) The numerical value of an algebraic expression is the 
residt obtained when we attribute particular values to the letters. 
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IM the' expiesaion be S^b. 

If we suppose a ■= 2 and 6 <~ 3, the value of this expresaon 
wUlbe2x2x2x3-«24. 

If we suppose a ^ 4, and A ^^ 3, the Talae of the same expres- 
sion will be 2 X 4 X 4 X 3 -= 96. 

The numerical value of a polTnomial is not affected by chmg- 
ing the order of Ihe tenns, provided we preserve their respective 
signs. 

The expressions a' + 2aA + 6«, a*+t^ + 2ab, 6* + 2ffl6 
+a*have all the same numerical value. 

Thaa if a — 5 and A » 2, the value of o' will be 25, that of 
2aA will be 20, and &* will be 4 ; and if these numbers be added 
together, their sum will be the same in whatever order they are 
placed. Thus, 

25 26 20 SO 4 4 

20 4 25 4 25 20 

4 20 4 25 20 25 

49 49 49 49 49 49 

(30.) Each of the literal factors which compose a term is called 

a dimension of this term ; and the degree of a term is the tmrnber 

of these factors or dimensions, A numerical coefGcient is not 

counted as a dimension. 

Thus, Sn is a term of one dimension, or of the first degree. 
bob is a term of two dimensions, or of the second degree. 
Sa^ftc* is a term of six dimensions, or of the sixlh degree. 
In^general, the degree, or the number of dimensions of a term 
is equal to the sum of the exponents of the letters contained in 
the term. -^ 

Thus, the degree of the term 5^c^ is 1 + 2+1 + 3 or 7; 
that is, this term is of the seventh degree. 

(31.) A polynomial is said to be homogeneous, when all its 
terms are of the smne degree. 

Thus, 2a — 36 + c is of the first degree and homogeneous. 

3«* — 4a4+6*isofthe second degree and homogeneous. 
2a' + 3<^c — 4c'dis of the third degree and homogeneous, 
5a* — 2ai + c is not homogeneous. 
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(32.) Uke or similar terms are terms composed of the tame 
tetters affected with the some exponads. 

Thus, ^ab and tab are similar terms. 

Mc and 3<^c are also similar teims. 

But 3aA* and Ax^ are not similar, for although &ey contain the 
same letters, the same letters are not affected with the same 
exponents. 

(33.) The reciprocal of a quantity is the quotient arising from 
dividing a unit by that quantity. 

Thus, the reciprocal of 2 is } ; the reciprocal of a is ~ 

(34.) A few examples are here subjoined, to exercise Qie 
learner on the preceding definitions and remarks. 

Examptes in which words are to be converted into atg^aic 
symbols. 

1. What is the algebraic expression for the followmg state- 
ment ? The second power of a, increased by twice the product 
of a and b, diminished by c, an^ increased by d, is equal to seven- 
teen times y. 

Ans. >f + 2ab — c + d = nf. 

2. The quotient of three divided by the sum of x and four, is 
equal to twi«e b diminished by eight. 

3. One third of the difference between six times x and four, is 
equal to the quotient of five divided by the sum of a and b. 

4. Three quarters of x increased by five, is equal to three 
sevenths of b diminished by seventeen. 

5. One ninth of the sum of six times x and five, added to one 
third of the sum of twice x and four, is equal to the product of a, 
b and c. 

6. The quotient arising from dividing the num of a and b by 
the product of c and d, is equal to four times the sum of e,y, g^ 
and k. 

(35.) Examples in which the algebraic sigTts are to be translated 
into common language. 

^■6 ^ c a+b 
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so PaEUKIMART DEmnnOHS AMI) HOTATIOK. 

Ana. The quotient erising from divitUng the sum of z and a 
by b, increased by the quotient of x divided by c, is equal to the 
quotient of d divided by the sum of a and b. 

2. W + ib — c)xld + e)=g + k 

3 a+K 6 — 4m _ A 

' 3 + b—c 3 7+0 

3a — d 
6. ati^/F—ac=b{h + d + x) 

*■ ~S^i — 

(36.) Find the value of the following expressions, when a -= 6, 
fr = 5 and c ^ 4. 



1. a' + 3<il — <?. 



S. o"X(o + J)_2«ic 



Ans. 36 + 90—16 = 110. 



4. 


c + 


Sk 


•>/2« + i:' 


6. 


v'i" 


— <K+ ^2ac+i? 



6. Sv'c + ito •20 + 4+21: 
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SECTION n. 



ADDITION. 

(37.) Addition is the connecting of quantities togethei by 
means of their proper signs, and incorporating such as can be 
united into one sum. 

It is convenient to distinguish three cases. 

CASE I. 

When the quantities are similar and have tiie same signs. 
RULE. 

>ddd the coefficients (\f the aev^at quantitiet together, and to 
their sum annex the common letter or letters, prefixing the 
common sign. 

Thus, the sum of 3a and 5a is obviously 8a. So also, — 3a 
and — 5a make — 8a; for the minus sign before each of the 
terms shows that they are to be subtracted, not from each other, 
but from some quand^ which is not here expressed ; and if da 
and 5a are to be successively subtracted from the same quantity, 
it is the same as subtracting at once 8a. 

EXAMPLES . 

3a — 



24 + 31 


n — Hx- 


2« + J- 


64 + 11 


40 — 3i" 


6a + 2y 


S + 2i 


3a — &^ 


Se + V 


44 + 3a! 


70— J? 


to + ej" 
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The learner miut continually bear in mind the remark of Art. 
13, that whoi no sign is prefixed to a quantity, plus is always to 
be Duderstood. 

CASE n. 

(38.) When die quantities are ramilar, but have difierent 
Mgns. 

RULE. • 

^dd all ike positive coiifficienta together, and also all those 
that are negative ,- subtract the least qf these results Jrom the 
greater ; to the difference annex the common letter or letters, 
and prefix the sign of the greater sum. 

Thus, instead of la — ■ 4a, we may write 3a ; since these two 
ezpTGs^ons obviously have the same value. 

Also, if we have 6a — 2a + 3a— a, this signifies that firom 
6a we are to subtract 2a, add 3a to the remainder, and then sub- 
tract a &om this last sum ; the result of which operation is 6a. 
But it is generally most convenient to take the sum of the posi- 
tive quantities, which io tfiis case is 8a ; then take Uie sum of 
the negative quantities, which in this case is 3a ; and we have 
8a — 3a or 6a, the same result as before. 



— 3a 6x + 5ay Say— 7 — 2av'a: — 60^+2 
H-7a — 3a:+2oy —ay.+ 8 ay/x 2a*— 3 
+ 8a x—6ay 2ay— 9 — 3o^/a; _6a' — 8 

— a 2x+ ay— 3ay~-ll ^a^/'x 4a* — 2 



+llo 

CASE III. 
(39.) When same of the quantities are dis^milar. 

RULE. 
Collect all the like quantities together, by taking their 
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aurru or differences as in the two Jbrmer coma, ttnd set down 
those that are unlike, one t^er another, with their proper 
signs. 

Unltlce quantities cannot be united in one term. Thus, 2a and 
3b neither make 6a nor bb. Their sum can only be written 
3a + 3c. 

EXAMPLES. 

ary— 2«* 3«*y2aV's 2<w— 820 2Va:— 18y 

33^ + xy _2ay— (tr» ar*— 2aa; Sv^i^+lftc 

3?-^ xy — 3fx 3(W* ar* — 3 v' a: 2x*y + 2by 

^—3xy _8iV— v'* Sv'aj+lOO 12ay — s/^ 



Q3* — xy 

(40.) When sereral quantities are to be added together, it is 
most convenient to vmie all the simitar terms voder each other, as 
in the following example. 

1. Add together 

Ubc + 4ad—8ac+ &cd 
edc+Jbc—2ad +4mn 
Zed— 3(A+5m + an 
9an~2bc—2ad + 5cd 
These terms may be written thus : 

llbc + 4ad — -Sac + bed + an +4mn — 3aA 
76c — 2ad + 8ac + 2c(i + 9an 
— 26c — 2ad+ bac+bcd 

Sum 166c + 5ac+12c(i + 10an + 4wm — 3a6. 

3. Add together the quantities, 

7m + 3n— 14p+17n 
3a +9;,_ii„ + 2r 
bp — 4m + 8»i 
im — 26 — 7n —r + s 
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S4 ADDITION. 

3. Add together 

4a»6 + 3c*(i — gm-n 

imSi— oA* + 5c*d +7a'A 
6m*B — Sc'd + 4mn'— Soi* 
Vwm* + 6e^d — 6m^ — 6a^b 
7c*d — IO06 — 8m^i — lOd* 
124*6 — 606' + 20*^ + n»n 

4. Add tc^ther . 

34 — a —c—llbd 
6c — 5/— d 
3a — 26 — 3c +27e 
3e — 7/+ 56— 8c 
17c— 6J'— 7<» 
11/— 5e + 9d 
y — 3a — 5c 
6e — 2d— 9/" 

5. Add together 

2o6* + 3ac* — 8cr* +96^— 8fty» + lOAy 
5o» -40^ — 7&r'— b^c—Akf — ISAy 
5% — V + 11a: + 146" — aSac — 10 »» 
19oc»— 86»« + 9a!»+ 6ks+2kf+ 2al^ 
(41.) It must be observed that the tenn addition is used in a 
more extended sense in algebra than in arithmetic. In arithme- 
tic, where all quantities are regarded as positive, addition implies 
augmentation. The sum of two quantities will therefore, be 
numerically greater than either quantity. Thus, the sum of 7 and 
fi is 12, which is numerically greater than either 5 or 7. 

But in Algebra we consider negative as well as pofutive quan- 
tities ; and by the sum of two quantities, we mean their aggre- 
gate, regard being paid to their signs. Thus, the sum of + 7 
and — 5 is + 2, which is numerically less than either 7 or 5, 
So also, the sum of + a and — 6 is o — 6. In this case, the 
algebraic sum is numerically the dt^erence of the two quantities. 

This is one instance among many, in which the same terms 
are used in a mueh more general sense in the higher madiematics 
than they are in arithmetic. 
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SECTION m. 



SUBTRACTION. 



{iS!) Subtraction ia the taking of one quantity from anoQier ; 
or it is finding the difierence between two quantities or sets of 
quantities. 

Let it be required to subtract 8 — 3 from 1 6. 

Now 8 — 3 is equal to 6. 

And 5 subtracted from 16 leaves 10. 

-The r^snlt, &»n, mubt be 10. But to perform the operation 
on the numberaas ti)^ were ^ren, we first subtract 8 iirom 15 
and obtain 7. This result is too stivUl by 3, because the number 
8 is larger by 3, than the number which was required to be sub- 
tract^. Therefore, in order to correct t^is result, the 3 most be 
added, and we hare 

16 — 8+ 3 — 10, as before, 

■ y y- 

Aggin, let it be required to subtract 5o — 36 from 8o 4- 56. 
It is plain that if the part 6a were alone to be subtracted, the 
remainder would then be 

'" . 8a + B6 — 5a. 

But as the quantity actually proposed to be subtracted, is less 
than 5a by 36, too much has been taken away by 36; and therefore, 
th(! tnie remainder will be greater than 8a + 56 -~ 5a by 36, and 
will hence be expressed by 

8tt + 56 — 6a + 36, ■ 
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where tte signs of -the last two tenos are both canirMy to what 
Uke; were ^rea id the subtrahend. 
(43.) Hence we deduce the following general 

RULE. 

CoTteeive the signs of all the terms which are to be sub- 
tracted, to be changed from + to — ,or from — to +, and 
then coUtct the terms together as in the several cases qf 
addition. 

It is better in- practice to leare the ngus of the subtrahend 
tmchanged, and dmply conceive them to be chfuiged, tiiat is, treat 
the quantities as if the signs were changed ; for otherwise, when 
we come to revise the work to detect any error in the operation, 
we might often be in doubt as to what were the signs of the quan- 
tities as originally proposed. 

EXAMPLES. 

Frwn 60=— 26 5ay+8a>— 2 10— 8a^-^^ 4v']W-3ar'y 

Subtract 2a*+6fr ley— &c— 7 — «+3 —xjf Sv'fW— Siy* 

Remainder So* — 7ft 

From 5ffl + 46 — 2c + 7d From Jlay + 2j/*— IftE* 

Take 3a + 26+ c + 5d Take — 4a:y + 63^— I&e*. " 



From Gaby — 4ya! + 4«a: From iK* + 2xy + 3/* 

T^€ — 3aby + 5zx + 3yx Take a? — Siy + j* 



From3o''+ aa;+ 22)*— 14A; +19az»— 4ar' +60V 
Take2a'— 4ffir + a? — 16(A:+ llox*^ 16aV— 4i* 

' Subtraction may b|e proved as in AiitlHnetiGj by, adding Uie 
remainder to the subtrahoid. The sum ^oiUd be equal to the 
minuend. 
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(44.) The term sabtractioB, it will be percMrsd, is used in .a 
mora general sense in algebra than in aridinutic. In ahthoM- 
tio, irttere all quantities are r^jarded as positive, a Biuaber is 
always dimimshed by snbtxactioQ. But in algebra, the difference 
between two quantities may be numerically greater than either. 
Thtis, the difference between + a and — b vBa + b. 

The distiootio^ between positi^ and negatire quantities may 
be iUusttated by the degrees upon a thermometer. The de^eee 
above zero are considered positive, and those below znx) nega- 
tive. From five degrees above zero, to £ve degrees below zer«, 
the niimbers stand ttms : i 

+ 6, + 4, + 3, + a, + 1,0, — 1, — 2, — 3, — 4,— 5. 

The diderence between five degrees above zero and five 
degrees below zero, is ten degrees, which is numerically the mm 
of the two quantities. 

(46.) In practice, it is often sufficient merely to indicale the 
subtraction of a polynomial, widiout actually performing the ope- 
ration. lUs is done by enclosbg the polynomial in a paien- 
thesis, and prefixing the sign -^. 

Thus, 5a — 36 + 4c — (3a — 26 + 8c) 

ugnifies that the quantity 3a — 2i-f-8cistobe subtracted from 
5a-rr 36 + 4c. The subtraction is here merely indicated. If we 
actuiJly perform the oper^on, the expression becomes 
6o ^ 36 ,-i- 4c — '3a + 26 — 8c 
or 2a — 6 — 4c. 
(46.) According to the preceding principle, polynomials may 
be written in a variety of Jbrmsf . .^ 

,! TTiusar- b—rc^d 

isequivalentto 0. — (6 + .c — d) ,i 

or to a — b — (c — d) 
, |Orto»+d — (6+c). 

' Transformations ol^us sort, wbiiii ooMist in decomposing a 
polynomial into two patts separated bom each other by the 
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ngn — , u« of freqiMnt use hi rigabra. It is 'recmnmended to 
the stadmt to write out pdynoBiialB like the above,' ct^taming 
both poatiTe and negatiTe tenos, in all the poanble modes, 
iiM^diitg several terms in a pareatheaiB. 

- In the fblloTTing examples, let the reiults all be rednced to 
their simpleat form. 

t. o-KA— (2o— ») — (5a+76)— (— 13fl+-26)— . 

2. 37o — 5/^— (3a— 26— 5c) — {6fl— 46+3A)=. 

3. 8<^x}/ — 5ba^ + ncxf — 9y' — (a*3^ + aia^—iScxi/' 
+203^)-. 

4. 28ai*— 16«^+26o*c— 130*— {18<KE* + 20<A*— 24n*c 
-7a*)- . ^ ; ■ ; 

(47.) It has already beeo remarked that a]gebra differs from 
arithmetic in the use of negative quantities, and it is important 
that the beginner should obtain clear ideas of their bature. 

In many cases, the terms positive and negative are merely 
relative. They indicate some sort of opposiium between twp 
classes of quantities, such that if one class should be added, the 
other ought to be subtracted. Thus, if a ship sails alternately 
northward and southward, and the motion in one direction is 
called positive, the motion in the opposite direction should be 
considered mgtUwe. 

Suppose a ship, setting out ftom the equator, sails 'borthward 
50 miles, then southward 27 miles, then northward 15 miles, 
then southward again 22 miles, and «e wish to determine the 
last position of the ship. Calling the northerly motion +, the 
whole may be expressed algebraically^ thus : 
+ 60-27 + 16-^22 
which reduced, equals"H- 16: The positive sign of the 
result, indicates that &e ship'was 16 milea AorM of the equa- 
tor. 

Su{^>ose the same sbi^ sails again 8 miks- north, 4ben 35 
miles south', the whole io«y be expressed thus : 

+ 50— 27+16 — 22+8— .35- ,. ■. ... .. 
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vbidi ndMesto — 11. Hie ne^tire sfii of . tb* Msolt - indi- 
cates tb»t Ibe Aip was now 11 miles mmik of tfaeequatxtr. 

■ in Hob e^unple, wis have ooundcrsd the noitherly modon+j 
and the toiitfaerly motKw-^;*bnt wentigfatinitli'eqiiBl fao|^«iy 
have considered the southerly motion -t-, «Bd the norther^ 
motion — r^ It isj however, indispmsAle, that we adhere to the 
same system thrcwghout, and retain the pro^r s^of the result, 
as this sign shows whether the ship was at aoy time north or 
south of the equator. 

In the same manner, if , we consider easterly motion + , 
westerly motioD most be regarded as — , and vice versa. And 
generally, when quantities which are estimated in different direc- 
tions enter into the same algebraic expression, those which are 
measured in one direction being treated as +, those which are 
measured in the opposite direction must be regarded as — . 

So^also in estimating a man's property, gains and losses being 
of an opposite character, must be affected with different signs. 
Suppose a man with a property of 1000 dollars, loses 300 dollars, 
afterwards gains 100, and then loses agdn 400 dollars. The 
whole may be expressed algebraically, thus : 

+ 1000 — 300+100 — 400 
which reduced, equal8+400. The+sign of the result indicates 
drat he has now 400 dollars remaining in his possession. Sup- 
pose he further gains 60 dollars and then loses 700 dollars. The 
whole may now be expressed thus : 

-HIOOO — 300 + 100 — 400 + 60 — 700 

which reduces to — 250. The — sign of the result indicates that 
bis losses exceed the sum of all his gains, and the property 
originally in bis possesion ; in other words, he owes 260 dollars 
more than be can pay, or in common language he is 250 dollars 
tBOrse than nothing. 

This phraseolt^ must Lot be regarded hs wholly figurative. 
For in algebra, a negative quantity standing alone, is regarded 
as 1ms than ncdhing ; and of two negative quantities, that which 
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30 tUBTRACnOM. 

ia numerieailj/ the greatett, ia considered as the least, for if 
fiom the same number, we subtiact saccesavely oumbeia laiger 
and luger, the remainden miHt contiDually diwmii/L. Take any 
Aumber, 6 for example, and from it subtiact successively 1, 2, 3, 
4, 5, 6, 7, 8, 9, ^c. 4e obtain . , 

6—1, 6— a, 6 — 3, 6—4, 5 — 6, 6 — 6, 5 — 7, 5—8, 
6 — 9, etc. or reducing . . <- 

4, 3, 2, 1,0, -1,-2, — 3 — 4. 
Whence we see that — 1 should be regarded as smaller than 
nothing ; — 2 less than — 1 ; — 3 less than — 2, etc. 



+ ■ + 
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SECTION IV. 



MULTIPLICATION. 



(48.) Multiplication is repeating the multiplicand, as many 
times as there are units in the multiplier. 

When several quantities are to be multiplied togethei', the 
result will be the same, in whatever order the multiplication is 
performed. , 

Thus ? X 3 X 4 is equal to 2x4x3 or 4X3X2 or 3x4 
X 2, the product in each case being 34. So also, H a,b and c 
represent any three numbers, we shall hare abc equal to (ca or cab. 

It is convenient to consider the subject of multiplication under 
several cases. 



CASE 



(49.) When the factors are bath monomials. 

From Article 14 it appears that in order to represent the multi- 
plication of two . monomials, such as 3a6c and bdef, we may 
write these quantities in succession without tnterponog any ago, 
and we eiaW. have 

dtAcbdef 

But according to the principle stated in the, preceding Article, 
Ans result may be written 

3 X fxAcdef, or Ibabcdef. 
Hence we deduce the following 
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bniLTlPUCATION. 



Multiply the coefficients of the two terms together, and to 
the product annex all the different letters in auecesaion. 



EXAMPLES. 



Multiply 12(1 5a ' 7a* ■ laxg 

By ^ Gx 5ac Gay 



Product 3&ab 

From Article 48, it appears to be immaterial in what order the 
letters of a term are arranged ; it is, however, generally most con- 
Tenient to arrange them alphabetically. 

(60.) We have seen in Art. 20, that when the same letter 
appears several times as a factor in a product, this is briefly 
expressed by means of an exponent. Thus aaa, is written a*; the 
number 3 showing that a enters three times as a tactor. Hence, 
if .the same letters are found in two monomials whi<;hi are to be 
multiplied together, the expression for the product may be abbr^ 
viated by adding the exponents of the same letters, tlius, if we 
are to multiply c^ by c^, we find o^ equivalent to aaa, and a' to 
aa. Therefor^ the product will he oooaa, which may be written 
a*, a result which we mi^t have obtained at once by adding 
• together 3 and 2, the exponents of the common letter a. 

Hence, since every &ctor of botb ttiultiplier and multiplicand 
must tqipear in the product, we have the following . 

HULE FOR IHE EXPONENTS;; 

Potoers of the same quantity mayhe'rnuUi^liedhyfiddiit^ 
their exponents. '"'" 



Multiply ft^fcc* 2a*4»c b^<^ 2aVc* 

By IfAceP 8a6c» 7a'6Vrf So^e* 



Product 56a»6»c*<P 
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CASE li. 

C51.) W7tm the multipKcand is a polipiomial. 

If a+b is to be multiplied b; c, this implies that the sum of 
the units in a and b is to be repeated c times ; that is, the units 
in b repeated c times must be added to the units in a repeated 
also c times. Hence we deduce the following 

rule; 

Multiply each term (if the multiplicand separately hy the 
multiplier, and add together the products. 



Multiply 3a+26 ^+2x+l Z^-\-bxy\-Z 3x'+xy-(-2y* 
By 4a 4a: xy b3?y 



CASE III. 

(52.) Whtoi both the factors are polymmals. 

If a + 6 is to be multiplied hy c + d, this implies ^t the 
quantity a + 6 is to be repeated aa many times as there are units' 
in the sum of c and d; that is, iu are to multiply a + 6 by c and 
d successively, and add the partial products. Hence we deduce 
the following 

RULE. 

Multiply each term of the multiplicand by each term (^the 
multiplier separately, and add together theproducti. 

EXAIDL&S. 

Multiply a + b 3x + 2y ax + b 3a + x 

By -a+b 2a; + S^ ex + d 2a + 4«; 

Product(;^ + 2o4 + 6» 
5 
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Wlien serenl tenos in die product an similar, it ia most con- 
Tenient to Kt them nnder each olber, and then unite tbem hj the 
rules for addition. 

(53.) The examples thus.far given in multiplication bare been 
confined to positive quantities, and the products hare all been 
positire. We must now establish a general rule for the signs of 
the product. 

First, if -f 1 is to be multiplied by + &, this signifies that + a 
is to be repeated as many times as there are units in f>, and the 
result ia + ah. That is, a plus quantity multiplied by a plus 
quantity, gives a plus result 

Secondly, if — a is to be multiplied by + 6, this signifies that 
— a is to he repeated as many times as there are units in b. 
Now — a taken twice is obviously — 2a, taken three times is 
— 3a, etc. hence if — o is repeated A times, it will make — ba 
or — ab. That is, a minus quantity multiplied by a plus quau- 
ti^ gives minus. 

Thirdly, if + o is to be multiplied by — 6, we may fesolve it 
into the preceding case, for 3 multiplied by 2 is equal to 2 multi- 
plied by 3. The quantity a repeated b times, is equal to the 
quantity b repeated a times. Hence + a multiplied by — 6 is 
equal to — ai; tbat is, a plus quantity multiplied by a minus 
quanti^ gives minus. 

Fourthly, to determine the product of a minus quantity by a 
nunus quantity, let it be proposed to multiply a — & by c — d. 
By this we understand that the quantity a — i is to be repeated 
as many times as there are units in c — d. If we multiply a — b 
by c we obtainoc — be. But a — ^ was only to be taken c — d 
times ; therefore in this first operation we have repeated it too 
many times by the quantity d. Hence, to have the true pro- 
duct, we must subtract d times a — b from ac — be. But d 
times a — ^ is equal toad — bd, which subtracted from oc' — be 
^ves 

M — 6c — ad-+bd. 
Thus we see &at ~ b multiplied by — d pves + bd; tiiat ia a 
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minus qtumtlt; multiplied by a nuBus qomtity gives ptes. llus 
demoDstradon obvioudy comprebeDda tbe pracedbg case, nnco 
we find that + a multiplied by — d gives — ad. 

Let it be required to multiply 8 — 5 by 6 — 3. 

If we multiply 8 — 5 by 6, we obtain 48 — 30 ; fliat ia, we 
have repeated 8 — '5 six timea. But it was only required to 
repeat the multiplicand four times, or (6 — 2). We must there- 
fore diminish this product by twice (8 — 5) which is 16 — 10; 
and this subtraction is performed by changii^ the idgus of the 
nbtrafaend ; hence we have 

48 — 30—16+10 
which is equal to 13. This result is obviously correct, for 8 — & 
is equal to 3, and 6 — 2 is equal to 4 ; that is, it was required to 
multiply 3 by 4, the result of which is IS as found abo^e. 

(54.) The preceding results may be briefly expressed, as fol- 
lows : .»•-''"' 

+ multiplied by + , and — multiplied by — pve + . 

+ multiplied by — , and — mnltiplied by + ^v6 —. 

Or, the product of two quantities having the same sign, has the 
sign plus ; the product of two quantities having differtfti ngfUy 
has the sign minus: 

(55.) The following rule then comprehends the whole doetrine 
of multiplication. 

Multiply each term of ike multiplicand, by each tent of the mu&t- 
pK^, (tad add together all tii* partial products, obttr^ng that like 
sigm reqidre + in the product, md wUike signs — . 



Multiply 5o* — 20*6 + 4a*i^ 

By 0^ — 4a% + 26» 



Partial 
Products 



— 20306+ 8a»&=—16a'6' 

+ 10<jV — 4a*&* + 8aW 



Result 5a'' — 22a% + 12flV~-6o'6^ — 4ff'6'+ 8rf'6* 
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Ex. 2. Multiply 40" — 6o»i — 8a6» + 24^ by V — 3a5 — 46" 
Ex.3. Multiply 3a* — 6M+ e/by — 5<i' + 46d — Se/" 
Ex. 4. Multiply x* + Zs^ + 3j^ + 2x + l hy 3^~fix+ 1\ 
Ex. 5. Multiply 14fl*e — Ga'bc + c* by 14 fl?e + 6a'bc— t? 
Ex. 6. Multiply 30* + 35o»&— I7a6»— 136»by 30" + 26aJ — ff7A*. 
(56.) Since in the multiplication of two monomials, every fee- 
tor <^ both quantities appears in the product, it is obvious that 
the degree of the product will be equal to the sum of the degrees 
of the multiplier and multiplicand. Hence also, if ivi.o polyno- 
mials are horaogeneous, their product will be homogeneous. 

Thus in the first of the preceding examples, all the terms of 
th& multiplicand being of the fourth degree, and those of the 
multiplier of the third degree, all the terms of the product are of 
the serendi degree. For a like reason, in the second example, 
all the terms of the product are of the fifth degree ; in the third 
example, they are of the fourth degree ; and in the sixth example, 
they are of the fitth degr&C. 

This remark Will enable us to detect any error iti the muhipll- 
cation, so far as concerns the exponents. For example, if we 
find in one of the terms of a product which should be homoge- 
neous, the sum of the exponents equal to 6, while in all the other 
terms it is equal to 7, a mistake has evidently been committed in 
the formation of one of the terms. 

(57.) When the product arising from the multiplication of two 
polynomials does not admit' of any reduction of similar terms, the 
whole numher of terms in the product is equal to the number of 
terms in the multiplicand, multiplied by the number of terms in 
the multiplier. 

Thus if we have five terms in the multiplicand, and four terms 
in the multiplier, the whole number of terms in the product will 
be & X 4, or 20. In general, if there be m terms in the multi- 
plicand, and n terms in the multiplier, the whole number of terms 
in the product will be m X n. 

(58.) If the product contains similar terms, the number of 
terms in the product when reduced may be much less ; but it is 
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unportent to obierTC that among the dtfierent tenns of the pro- 
duct, there are some which caaiiot be re(hcei with any others. 
These are : 

1. The term arising from multiplying that term of the multipli- 
cand, which is affected with the highest exponent of any one of 
the letters, b; that term of the multiplier which is affected with 
the highest exponent of the same letter. 

2. The term ari^ng from the multiplication of the two terms 
affected with the toioest exponent of Oie same letter. 

For i,t 18 evident irom the rule of exponents, that these two 
partial products must involve the letter ia question, the one with 
a higher, and the other with a lower exponent than any of the 
other partial products, and therefore caimot be similar to any of 
them. This remark Is tiie foundation of the rule for division, in 
Art 74. 

(59.) For many purposes, it is sufficient merely to iTidicate the 
mul^Ucafion of two polynomials, without actually performing 
the operation. This is effected by encloaing the quantities in 
parentheses, and writing them in succession with or without the 
interposition of any sign. 

Thus (a + & + c) (d + e +f) signifies that the sum of a, J and c 
18 to be multiplied by the sum of d, e andy. 

When the multiplication is actually performed, the expression 
is said to be expanded. 

(60.) The following Tbeoreins are of such extensive applica- 
tion that they should be carefully committed to memory. 

THEOREM I. 
Tke square of the mm of tvx> quantities is tquat to the square of the 
first, plus twice the product of the first by the second, plus the square of 
the second. 

Thus if we multiply a + b 
By a+b 

a' + d) 

ab + b^ 



We obtain the product a^ + 2ab + b'. 
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Has if we vi^ to obtain the st^uare of s binomial, we can 
write oat the terms of the result at once according to this theo- 
rem without the necessity of performing an actual multiplication. 
Ex&an>LE8. 

1. (i + sf= 

2. (2<i+5)'- 
, 3. (o + 2S)'- 

4. (o + SS)"- 
6. '(3o + SJ?- 

6. (4o + 3i)^ 

7. (So" + »)■- 

8. (So" + ToJ?- 

9. (W + J)'= 
10. (So" + go's)"— 

Thb theorem deserves particular attention, for one of the most 
common mistakes of beginners is to call the square of a + 6 equal 
too' + i". 

TlioREM n. 

(61.) Tht square of Me difference of two qtumtilUs, ie equal to the 
square of the first, minus twice /Ac proAttt of the first mi leeondf 
plus the square of the second. 

Thus if we multiply a — b 
By a — ft 



We obtain the product fl° — 2aft + i* 
EXAMPLES. 

1. ix-y7= ■ e. {M — xf= 

2. (o — SJ)"- 7. (6i"— 3i)^ 

3. (2o— 26)-- 8. IW — bf- 

4. (2<. — 3J)'= 9. (7o> — laaJ)-- 
6. (6. — #)■- 10. Oo-ft-— 12o6)'- 
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Hen also, beginners often camaat tbe laistalu of pnttiog the 
sqaare of a — 1> equal to <^ — H 

THEOREM m. 

(62.) The product of the sum and differmct of two ^eattiiUt u 
eguai to the difference of their tquaru. 

Thus if we multiply a + 6 

By a~h 

<^ + ab 
— a6— 6» 



We obtain the product 



,1. (a: + y)(a: — y)=- 

2. (2a + 5)(2a— ft)- 

3. (3a + 6) (3a — 6)- i 

4. (3fl + 46)(3a — 46)" 

5. (7a + x)(7a — x)= 

6. (7a6+a;K7<* — *)- 

7. (8a+6)(8a — &)- ■ 

8. (8a + 76c)(8a— 76c)=- 

9. (5a» + 66»)(6a» — eV)- 

10. (6i»y+3iy*)C5a:'y.— 3ay)- 

The utility of the preceding theorems will be the more appa- 
rent, the more complicated the expressions to which they are 
applied. Frequent examples of their applicatioo -will be seen 
hereafter. 

(63.) The same theorems will enable us to resolve many com- 
plicated expressions into their factors. 

1. Resolve o* + 2a4 + i* into its factors; 

Ans. (a + 6) (o + b.) 

2. Resolve a' + 4a6 + 46* into its Actors. 

3. Resolve (^ — 6a6 + 96* into its Actors. 

4. Restore 9t^— S4a6 + 166* into its iactors. 
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5. Resolreo* — 6* into its factofs. 

6. Resolre 0* — '&* into three factors. 

7. Resolre <f — 6* into its factors. 

8. Resolve o* — 6* into four factors. 

9. ResolTC 25a* — 60(i»6' + 366* into its fectora. 

10. Rrisolre n* + 2n + 1 into its fectors. 

11. Resolve 4mW>— 4mn + 1 into its Actors. 

12. Resolve 49a^*— leSo'ft' + 144a»6' into Its fiictors. 

13. Resolve n* + 2»' + n into its factors. ■ 

MULTIPLICATIOB BT DETACHED COEFFlCrEKTS. 

(64.) In the multiplication of polynomials, the letters may often 
be omitted, and the operation be performed on the coefficients 
alone. The proper letters are afterwards annexed to the coeffi- 
cients in the result. This ivill be best understood from a few 
examples. 

Thus, take the first example of Art. 53, to multiply a + fr by 
a + 6. 

The coefficients of the multiplicand are 1 + 1 
" " multiplier 1 + 1 

1 + 1 
1 + 1 



Coefficients of the product 1 + 2+1 

or supplying the lettera we obtain a* + Soft +6* 

the same result as before obtained. 

Ex. 2. Multiply 3o' + 4ox— 6«* by 2<^ — 601 + 4: 
Coefficients of multiplicand 3+4 — 6 

" multiplier 2 — 6+ 4 



6+ 8—10 
— 18—24 + 30 

+ 12+16 — 20 



Coefficients of the product , 6 — 10 — 22 + 46- 
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It may seem difScult in this case to su^ly the lett^a ; but a 
lUtle consideration will render it perfectly plain. Thui So^ X 
2a* is equal to 60* ; hence a* is the proper letter to be attached 
to the first coefficient. For the same reaBon x* is the proper 
letter to be attached to die last coefficient. Moreorer, we see 
that both the proposed polynomials are homogeneous, and of the 
second degree. Hence the product must be faomogeneoiis, and of 
the fourth degree. The powers of a must decrease sucoeteirely 
by unity, beginning with the Grst term, while those of z increase 
by unity. Hence, the required product is 

6a* — 10a»i — 22aV + 46ac' — 2O2*. 
Ex. 3. Multiply 3^ + a^y + x^ + 1^ by x — y. 
Ex.4. Multiplya)* — 3a^ + 3(r— Ibyz^— 2a: + l. , 
Ex. B. Multiply So* ~ 3ah' + 56* by 2a — 56. 

If we should proceed with this example precisely in the same 
manner as with the preceding, we should commit an error by 
attempting to unite terms which are dissimilar. The reason is 
that the multiplicand does not contain the usual complete series 
of powers of a. The term containing the second power of a 
is wanting. This does not render the method inapplicable, 
but it is necessary to keep dissimilar terms distinct from each 
other ; and ^ce while we are operating on the coefficients, 
we have not the advantage of the letters to indicate what are 
similar terms, we supply the place of the deficient term by a 
cypher. The operation will then proceed with entire regu- 
larity. 

2+0—3+5 
2 — 5 



4+0 — 6+10 
— 10^0 + 15-25 



4—10 — 6 + 25—26 
Hence the product is 

4a* — 10*^6 — 6o»6 + 25(16" — 254*. 
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Ex. 6. Multiply So* — 3aA» + SJ'by 2a» — 54". 

Here there is a term tn each polynomial to be supplied by a 
cypher. 

The pieceding examples are useful in leading the student 
to con^der the properties of coefScients by themselves, and 
' as preparatory to some inTeetigatio&s which • aie to follow. 
The beginner, however, in attempting to apply the method, 
will need to be particularly cautious not to unite dissimilar 
terms. 
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SECTION V. 



DIVISION. 



(6B.) The object of divisioA in Algebra is the same as i" 
Arithmetic, viz. The product of two factors heing givm, and one 
qftheJactorSf tofind the other fad,OT. 

The dividend is the product of the divisor and quotient, the 
divisor is the given factor, and the quotient is the factor required 
to be found. 

CASE I. 

(66.) When the divisor and dividend are both tnonomvds. 

Suppose we have 63 to be divided by 7. We must find such 
a fector, as multiplied by 7 will give exactly 63. We perceive 
' that 9 is such a number, and therefore 9 is the quotient obtained 
when we divide 63 by 7. 

So also, if we have h3 divide ab by a, it is evident that the 
quotient will be b ; for a multiplied by b ^ves the dividend ab. 
It is pldn also that if we have to divide ab by b, the quotient 
will be a. 

Again the dividend abc divided by a gives be; for a multiplied 
by be ^ves aic. So also 12mn divided by 3m gives 4n; for 3fli 
multiplied by 4n makes 12?nn. 

Suppose we have a' to be divided by a". We must find a 
number which multiplied by a* will produce a*. We perceive 
that 0* is such a number ; for according to Art. 50 we multiply a' 
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by a*, by adding the exponents 2 and 3, malciog 5. That is, the 
exponent 3 of the quotient is found by subtracting 3 the expo- 
nent of the divisor from 5 the exponent of the dividend. Hence 
the following 

RULE OF EXPONENTS IN DIVISION. 

In order to divide quantities expressed by different powers of 
the same letter, subtract the exponent of the divisor Jrom the 
exponent of the dividend. 

EXAMPLES. 

Divide o* a' i* c» V j? y»' 
By a* a* 6* c« A* I* y" 

Quotient o* 

I^et it be required to divide 36a' by 5a*. We must find a 
quantity which multiplied by 5a* will produce 35a*. Such a 
quantity is 7a' ; for according to Arts. 49 and 50, 7a* X 6a* is 
equal to 35e'. Therefore 35a' divided by &t^ gives for a quo- 
tient 70* ; that is, we have divided 36, the coefficient of the 
dividend, by 5 the coefficient of -the divisor ; and have subtracted 
the exponent of the divisor from the exponent of the dtridwid. 

(67.) Hence for the division of monomials, we have the fol- 
lowing 

RULE. 

1. Divide the coefficient of the dividmd by (he coeffideni of the 
divisor. 

2. StAtract the es^onenis of the letters in the divism- Jrom the 
exponetUs of the same leiia^s in the dimdetid. 

EXAMPLES. 

1. Divide 2ftr' by 4x Ans. 5z* 

2. Divide 25a' a^ by 5a/ 

3. Divide 72aA'(r' by 126'a: 

■ 4..i>ivide 77a*6'c"bylla4»c« 
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5. Divide 272a%Va* by na»&»cz* 

6. Divide 25ftry3' by bxyz' 

7. Divide 48aVc'd by 12afi^ 

8. Divide ISOo'i.'crf' by 3(V6'<f 

(68.) The rule ^ven in Art. 66 conducts in some cases to 
negative exponents. 

Thus, let it be required to divide a^ by a'. We are directed 
to subtract the exponent of the divisor from the exponent of the 
dividend. We thus obtain 



of a fractioD is not altered by dividing both numerator and denom- 
inator by the same quantity, this expression is equivalent to -^. 

Hence <r^ is the same as i 

and these expressions may be used indifferently for each other. 
So also, if a* is to be divided by «*, this may be written 

— 1= ' 
a' a^ 

In the same manner we find 



That is, the redfrocal of a quanHty is equal to the same qtuadaty 
vyitk tHe sign of its exponent changed. 



So also JL-i^ -a6-'c- 

Irc c 



adr* 



(69.) Hence any &ctor may be transferred from tbe numerator 
to the denominator of a fraction, or from the denominator to the 
numerator, by changtTig the sign of its index. 

Thus f °" '^ ' 
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That is, the denominator of a fraction may be entirely removed, 
and an iiUegral form be given to any fractional expres^on. 

This use of negative exponents must be understood simply as 
a convenient notation, and not as a method of actually destroying 
the denominator of a fraction. Still this new notation has many 
advantages, and is often employed, as will be seen hereafter. - 

When the division cannot be exactly performed, it may be 
expressed in the form of a fraction, and this fraction may be 
reduced to its lowest terms according to a method to be explained 
in Art. 83. 

(70.) It frequently happens that the exponents of certain letter^ 
in the dividend are the same as in the divisor. 

Let it be required to divide a' by a*. The quotient is obvi- 
ously 1, fbi every number is contained in itself once. But if we 
apply the rule of exponents. Art. 66, we shall have 

o*— * or of. 
Hence tf" = 1. 

Agun let it be required to divide o^ by a". The quotient is 
obviously 1 as before ; and applying the rule of exponents we 
obtain 

o-^ or rf". 

That is, every qmmHiy affected wUh the exponent zero, is equal to 
wdty. 

This notation has the adran^ige of preserving a trace of a , 
letter which has disappeared in the operation of divi^on. Thus 
let it be required to divide o'J* by <^b*. The quotient will be 
ob*. This expression is of the same value as a alone, and is 
commonly so written. If, however, it was important.to indicate 
that the letter b originally entered into the expression, this nagbt 
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be donei without at all affecting the value of the result by 
writing it 

oft". 

(71.) The proper sign to be prefixed to the quotient is readily 

deduced from the principles already established for multiplicatioD. 

The product of the divisor and quotient must be equal to the 

dividend. Hence 



therefore 



+ ab-i-+b=+a 

+ 0j-i-_J=_ffl 



because + a X*+ ft = + oft ' 

— aX +b = — (A 
+ aX — 6 — — oA 

— a X — ft =" + «6 
Hence we have the following 

RULE FOR THE SIGNS. 

Wh^ both the divideiui and divisor have the same lign, the 
qaoHent will have the sign + ; when they have different signs, the 
qaoUeni will have the sign — . 



1. Divide — I6ay* by 3ay, 

2. Divide — \9a3?y by — Qax. 

3. Divide 150a*6c by — bac. 

4. Divide 40a'6'*c by — oftc. 

CASE II. 
(72.) When the i&dsor is a monomiai, and the dividend a pdy- 
nomid. 

We have seen, Art. 61, that when a smgle term is multiplied 
into a polynomial, the former enters into every term of the latter. 
Thus o (o + 6) — o' +ab 

. Hence (o* + aft) -»- c " a + ft. 

Whence we deduce the following 

RULE. 

Dvoide each tern of the dividend by the divitor, as in the former 
cote. 
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EXAMPLES. 

1. J)Wid4 3a^+63?+3ax—lbxbydx. 

2. Divide3ffl6c+12a6i— 9a=6by 3aA. 

3. Divide 40(j'i» + 60aV ~ 17<i6 by — d>. 

4. Divide Iba^bc — lOocr* + 5a<P by — So'c. 

5. Divide 6aV/— ISoVy" + 15o*xy by 3aVy*. 

6. Dividea-+^ — «»+-*+3?'+''— I,** by«i,. 

7. Divide 12aV—16i'/ + 20a"3^ — 28ay by— 4ay. 

CASE III. 

(73.) When the divisor and dividend are both polipumaais. 

Let it be required ttydivide 2o6 + a* + i' by a + 6. 

The object of this operation is to find a third polynomial 
which multiplied by the second will reproduce the first. 

It follows iirom this definition, and from the rule of Ait. 52, that 
the dividend is composed of all the partial products arising from the 
multiplication of each< term of the divisor, by each term of the 
quotient ; these products being added together and reduced. 
Hence if we can discover a term of the dividend which is derived 
without reductimi irom the multiplication of ei term of the divisor 
by a term of the quotient, then dividing this term by the corre- 
sponding term of the divisor, we shall be sure to obtain a term of 
the quotient. 

Bat from Art. 58, it appears that the term a', which contains 
the highest exponent of the letter a, is derived mthout reduction 
from the multiplication of the two terms of the divisor wd quo- 
tient which are affected with the highest exponent of the same 
letter. Dividing- then the term a' by the term a of the divisor, 
we obtain a which we are certain must be one term of the quo- . 
tient sought. Multiplying each term of the divisor by a, and 
subtracting this product from the proposed dividend, the remain- 
der may be regarded as the product of the divisor by the remain- 
ing terms of the quotient. We shall then obtain another term of 
the quotient, by dividing that term of the remainder affected 
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with the highest exponent of a, by ^e term a of die divimr, and 
80 on. 

Thus we perceive that at each step, ve are obliged to search 
for that tenu of the' dividend which is affected with the highest 
exponent of one of the letters, and diride it by that tertn of the 
dirisor which is affected with the highest ezpooent of the same 
letter. We may avoid the necessity of tearcfdng for this tenn, by 
arranging the terms of the diyisor and dividend in the onia- itf Me 
powers (ifone of the letters. 

The operation will then proceed as follows : 

The arranged dividend "o* + 2ab +6'|a + fr •■ the divisor 

(^ + ab 

i \a + 6 ■" the quotient 

ab-i- b'™ fitst remainder 
ab + b' 


It is generally most' cooTenient in Algebra to place the divisor 
on the ri^t of the dividend, and the quotient directly under the 
divisor. 
(74.) From this investigation we deduce the following 
RULE FOR THE DIVISION OF POLYNOMIALS. 

1. Jlrrangt the dividend and divisor according to the povxrs of the 
same leifer. 

2. Divide the first term of the dividend by the first tatit of the divi- 
sor, the result will be the first term of the gitotient. 

3. MidHplythe divisor by this term, and subtract the product from 
the dividend. 

1. Divide the first term of the remainder by the first ttrm of the 
divisor, the result will be the second term of the qttofimt. 

9. Midtiply the divisor by this term, and svbtrad the product from 
the last remMnder. Goniiime the same (^erOtion, and if you obtain 
for a nmcKndar, the dimaion is said to be txatt. 

BZAMPLES. 

1. Divide arf-ft + A» + 3<*» + a* by o* + 6» + oft. 
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2. Divide I* — a* + 3alc — 3(tt*by x— a, 

Ans. I* — 2ac + <^. 

3. Dividea' + So'z' + s'byi^ — oz + z*. 

4. DiTided'—16a'x» + 64a^bj 0^ — 403: + 4a:*. 

5. Dividea* — 4a*x + 6«Ar"— 4aE' + ^*bya?— Sar + x*. 

6. Divide a:* + a:y + y*bya:» + a7 + y". 

7. Divide a* + 4aa; + 4j!* by a + 2(E. 

8. Divide'lSx*— 192 by 3x — 6. 

9. Divide 6z* — ey" by ar» — Sy*. 

10. Divide a* — 3<i*b* + 3a*6*— 6* by a* — 3a*fc + 3ffl6»— f. 

11. Dividei" — y* by z — y. 

12. Divide o* — 6' by o — J. 

If the first tens of the arranged dividend is not divisible by the 
first term of the arranged divisor, the complete division is impos- 
tibU. 

(75.) Hitherto we have supposed the terms of the quotient to 
be obtained by dividing that term of the dividend affected with , 
the highest exponent of a certain letter. But from the second 
remark of Art, 58, it appears that the term of the dividend 
affected with the lowest exponent of any letter, is derived without 
reduction from the multiplication of a term of the divisor by a 
term of the quotient. Hence we may obtain a term of the quo- 
tient by dividing the term of the dividend affected with the lowest 
exponent of any letter, by the term of the divisor containing the 
lowest power of the same letter ; and nothing prevents our opera- 
tmg upon the highest and lowest exponents of a certain letter 
alternately, in the same example. 

(76.) From the examples of Art. 74, we perceive thai it* — y* 
is divisible by i — y; and a^ — 6* is divisible by .a — b. We 
shall find the same to hold true, whatever may be the value of 
the exponents of the two letters. Their difference will always be . 
divisible by a — b. 

Let us designate any exponent whatever, by the letter n, and 
let us divide d* — A" by a — ft. 
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a» _ J- la — b 
a* — b<^'\ 

1st lemainder ™ to*-* — 6" 

Diriding «" by a, we have by the rule of exponents <^' for 
the quotient. Multiplying a — b by this quantity, and subtracting 
the product from the dividend, we have for the first remainder 
fta"~' — 6", a result which may be put under the form 

Now if after a division has been partially performed, the 
remainder is diyi^ble by the divisor, it is obvious that the divi- 
dend is completely divisible by the divisor. Hence it follows 
that if rf^' — M— ' is divisible by a — 6, a" — 6" will also be 
divisible by a-^b. That is to say, if the difference of the same 
powers of two quantities is divisible by their difference, the 
difference of Ihe powers of the next kigher degree is also divisible 
by that difference. 

But we have seen that a* — 6^ is divisible by a — 6. There- 
fore «* — 6* is divisible by a — b ; therefore also a" — 6" is divi- 
sible by a — b, and so on. Hence, 

TV t^&ence of two integral posiiive potoers of the same degree, 
it divisible by the difference of their roots. 

The quotients obtained by dividing the difference of the powers 
of two quantities by the difference of those quantities, follow a 
simple law. Thus 
(a»_ft»)-i-{o_ft)-a-(-6 
(tf _ 6^) -i- (a— 6) - a» + afi + fi» 
(a* — V) -i- (a— 6) =-a» + a=i+ oft* + ft" 
(a* — ft») + (a — b) - o* + a=6 +a'&» + 06^ + 6'. 

&c. &c. &c. 

{or— 6»)-*-ffl— i)=rf*-'-J-a'^6+a"-'&*+ - - +a^*~'+ab'-'+b^K 

The exponent of a decreases by unity, while that of b increases 
by unity. 
(77.) It may also be proved that We differmce of two powers if 
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6S unMOH. 

the tame degree it.diviMU by the nm 0/ tkw roota^ ahen the txpo- 
nen/ ofthtpower it an even m«i£er. 
Thus,' 

(a»_6')-)-(a+6) = ffl_ft 
(a* — ft*) -*- (a + ft) — o» — a=6 + ai* — 6" 
(«• _ ft*) -i- (a + ft) - a" — B«ft + a?ft» — aW + aft* — 4* 
&c. ato. &c. 

Also, ^ sum of two potters of the same degree, is divisible bj/ 
the mm of their roots, when the etpouent of the potner is an odd 
tumber. 
Thus, 

(a' + 6*) -f (a + 6) = tt' — oA + ft* 
(o* + 6*) -i- (a + 6) = a* — ff'6 + fl=6»— oA* + ft* 
{a' + b')-i-(a + b)~<^ —f^b + e'b^^<^bf + c^b*~^alf +b'. 
&c. &c. .&c. ., 

(78.) The preceding principles will enable us to resolve 
various algebraic expressions into their factors. 

1. Resolve a* — 6^ into its factors. 

Ane. (a» + (ift+6*)(o— 6). 

2. Resolve a* + ft" into its factors. 

3. Resolve o^ — ft" into four factors. 

4. Resolved' — 8ft^ into its factors. 

5. Resolve 8a^ — 6' into its factors. 

6. Resolve 8a* —86* into its factors, 

7. Resolve a* + 27ft' into its factors. 

8. Resolve So" + 276» bto its factors. ' 

(79.) One polynomial caonot be divided fay another polyno- 
mial containing a letter which is not/bund iii the dividend ; for it 
• is impossible that a third quantity multiplied by a second which 
contains a certain letter, should ^ve a product not containing that 
letter. 

A monomial is neVer divisible by a p^^nomial ; beoause every 
polynomial multiplied by another quantity, gives a product con- 
taining at least two terms not susceptible of reductjon. 
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Yet a binomisl may be dirided by a polynomiBl, containing 
any nutn^r c^ terms. ' 

Thus, a* — J* is divisible by o' + a*i + a6* + 6^, and giT«8 
for a quotient a — 6. i 

So also, a binatsial may be divided by a polynomial of 
a hundred terms, a thousand terms, or indeed any Suite nnm- 
ber. 

DIVISION BY DETACHED COEFFICIENTS. 

(80.) We have shown in Art. 64 how muMpltcatiot) may 
sometimes be conveniently peHbuoed by operating upon the 
coefficients alone. The same pruK^ple is applicable to dirisiou. 
Thus, take the example ef Art. 73, to divide a* +-2aM- A* by 
o + ft ;' we may proceed as follows ; 

1 + 2+ 1 11 + 1 

.1+1 ■ r- '.'■■■' 

• |l + l 

1 + 1 
1 + 1 

The coefficients of the quotient are 1 + 1. Moreover, <^ -J- o 
™ a; and therefore a is the first term of the quotient, and ft the 
second. 
Ex.2. DiTidea^—3or»—8fflV+18o»a;—8o* by 3^+203:— 2a*. 
1_3„8 + 18 — 811 + 2 — 2 
1+2—2 



_6— 6 +18 — 8 
— 5—10 + 10 

4+ 8—8 
4+ 8—8 

The coefficients of the quotient are 1 — 5 + 4, and it remains to 
supply the letters. But x* ^ a:* — a? ; and a* -«- a' — a*. Hence 
a^, or, and c^ are the literal parts of the terms, and therefore the 
quotient is 

i»— 6aa: + 4a». 
Ex. 3. Divide 6a* — 96 by 3a — 6. 
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64 

Here as we have the fourth power of a without the tower powera, 
we must suppl^the coefficients of the absent tenns, as in multi- 
plication, with zero. 

6+ + + — 9613 — 6 

6—12 

12 + 4 + 8+16 

12 

12 — 24 



48 — 96 
48 — 96 
But a* *^ a >■ n* ; hence the quotient is 

So" + 4o" + 8a + 16. • 

Ex. 4. Divide So* — 4a^ — 2a'a:» + (^3? by 40"- a?. 
Ex. 5. Divide 3y^ +3a:y* — 4i*y — 4c' bya: + y. 
Ei.6.Dividen*+4a'— &it-2W+35ii"+21«— 28byo'+5o+4. 



idbyGoOgIc 



SECTION VI. 



FRACTIONS. 



(81.) When a quotient is expressed as described in Art. 16, 
by placing the divisor under the dividend with a line between 
them, it is called ^fraction; the dividend is called the numera- 
tor and the divisor the denominator of the fraction, Algebraic 
fractions do not diHer essentially from arithmetical fractions, and 
the same principle! are applicable to both. 

The following principles are the basis of most of the operations 
upon factions ; 

1. In order to multiply ajractimi by any mtmber, we mvjt mul- 
tiply the nvmeraior, or divide the denominator of the JracHon by 
that mtmber. 

Thus the value of the fraction — is ft. If we multiply the nu- 
merator by a, we obtain — or oJ ; and if we divide the denotaii- 

nator of the same fractioa by a, we obtain also ab ; that is, the 
original value of the fraction (, has been multiplied by a. t 

2, In order to divide a fraction by any number, we mutt divide the 
nuBwratm; or imdiiply ike denominator by i/uu number. 

Thus the value' of the fraction — is ab. If we divide the 
numerator by a, we obtain — orb; and if we multiply the 
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' fr; that 

is, the original value of the fraction ab has been divided by a. 

3. The valve of a fradum i» not changed, if me vuJtiply or dividt 
both numerator and denominator 6y the some number. 

,„ ab abx abxv 

Thus _,= _-^_ ?a.ft. 

a ax axy 

Every quantity, which is not expressed under a fractional bnn, 
is called an eniire quantity. 

An algebraic expression composed partly of an entire quantity, 
and partly of a fraction, is called a mixed quanti^. 

(82.) The proper sign to be prefixed to a fraction, may be 
determined by the roles already established for divi^on- The 
wgn prefixed to the numerator of a fraction, affects merely the 
^vidend ; the ^gn prefixed to the denominator, affects merely the 
divisor; but the sign prefixed to the dividing line of a fraction, 
affects the quotient. 

Thus — " + ft, for + divided by + gives +. 

— " — 6, for — diviiied by + gives ■ — 

~ — ft, fijr + divided by — gives — 

~Z^ » + ft, for — divided by — gives + w 
— a 

So also ™ — 6, for this shows that the former quotient 

( is to be subtracted, which is done by changing its sign. 

— "^- ™ + 6, because the former quotient — b is to be 

subtracted, whence it becomes + 6. 
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So also, 



-ai^ aS ^_ — "^ 



Hence it appears that of the three signs belongiag to flie 
numerator, denominator, and dividing line of a fraction, <my two 
may be changed Jrom + to — or from — to +, without affeding 
J/ievaltu of ike fraction. , , 

In the examples of fractions fiere employed for iHustration, 
both numerator and denominator have conned of monomials. 
The same principles are applicatile to polynomial ; but if must 
be remarked that by the sign of the numerator,' we understand 
the entire numerator as distinguished ftotft the f^gn .of any one of 
its terms taken singly. 

When no sign is prefixed eitber ' to the terms of a fraction, or 
to its diriding line, + Is always to be understciod. 

REDUCnOH OF rRACnONB. 

CASE i. 

(83.) Jb redwx afmetion to lower terms. 

Divide both nuntrator and dMtomiriafyr by any quantity tekicA wUl 
dimdbfhmbeth^vkhmd.anmaindert ' ' ' \ 

• According ^ Remark 3 of Art. 81, this- will not change th^ 
tKi^u« of the fraction. 



Thus 



hx b 



T-Si ~ »(iliTiding both nuqentp^ and de- 
nominator by a*&.) ' 
as? ^i. ^-; i 
aa: + z* a+x 
If the numerator and dsnqmitiisbor vc both divided by their 
greatest common divisor, it is evident the fraction will be reduced 
8 
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to ita lowat terms. The method of finding the gieate^ common 
divisor is considered in Section XV. 



EX&UPIiES. 



V— a* 



4. Reduce a f'\„ — ^^ to ita lowest terms. 

ae' + eaiy+aj" 

5. Reduce-: — ~ . .. to its lowest tenns. 

. g» a^ 

6. Reduce -= — ^ ; — , to its lowest terms. 

<^ — 2ax + ar 

CASE II. 

(84.) 7b redwx afivc^on to an. enike, or mixed quan^y. 
■RULE. ■ . 

Divide the numerator by the denominator for the enHreftai, and 
place the resjumder, if tmy, over the denoTmTiatorJir thefradionai 
part. 



Also "-(ar + tf)-*-! — a + -■ 
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2. Reduce' r tq a mixed qoanti^. 

a* + 3* 

3. Reduce to a mixed quantitjr. 



4. Reduce ~ to an entilife'quanti^. ~ ' 

_ „ , lOa*.— 53: + 3 . , 

D. Keauce r~ to a mixed quantity. 

6. Reduce ■ — ^jp t6 a nuxed quantity. 



CASE in. 

■ * (85.) To reduce a mixed qu<mtUy to iAeform-ofaJi-aciion. 
RULE. 
Multiply the enHre part by the denorrUmUor of thefiaction; to 
the product add the numerator with its proper sign ; aiul ^ace the 
result over the denonmuiior. 



5 5,6. 

This result may be proved by the preceding case. For 
17 

, ,, b ax e — 6 ac — 4 
Also a — -= =■ . 
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3x 



7— ' — - to the fona ota fraction. ' 



6. Redaii* 7 + i y Ut the hcaoi a fiactioft. 



GASX rv. 

(86.) 7\> reduce JiraoUon* ^ a oommon denonmtator. ,- 
R,ULJ;. 

JUfidt^dy «aeh numertUor ipio all the denimi»KUors,,exoej^, itt 
mm, far a new mtmertdor, and all the denominators tog^dher for a 
common ^nominator. '_[ ' 

a common denoimnator. 

. ad he . ^ 

Here it \n\l be seen that the numerator and denominator of 
the first fraction are both multiplied by d, andiit.the second firao- 
tion, they are both multiplied by b. The vabte of the fractions 
therefore, is not changed by this operation. 

2. Reduce r- and to equivalent fractions, having a com- 

' mon denominatoi. 



Digitized bvGoO^^IC 



3. Keducer-, „- and. dj to ftactions baTiag a coniaon de- 



4. Reduce t, -^ &od a + -r to fractiotHi ha^ng a «oflUBoa 



5. Reduce tl, — and to fractions havins a common 

denominator. 

.6. Reduce i=i — ^ and —v — to fractipns having a com- 
mon denominator. 

3a a + 2x 

7. Reduce ^ and .— ^— to*4ctions hmfag a commop de- 
nominator. 
Following the Rule we obtain 

which fractions hare a common denoiiiinator and are equivalent 
to those originally proposed. ;Nevc3^eles3 it may be observed 
that these fractions are not reduced to t^eir iMst common denom- 
inator, for every term is divisible by x. The least common 
denominator, is the least cpmmon multiple of the denominators 
of the proposed fractions. 

A common multiple of t'ffo' or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple is tie least number which they will so divide. 
Thus 13x* is the least common multiplier of 3^* and 4x; and the 
%bove fractions reduceil to theii least common denominator are 
8a . 3ar + 6i» 
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The least common multiple of two numbera is their product 
divided by their greatest common diviabr. 

8. Reduce ~ and ^ to equivalent fractions baring the least. 

common denominator. 

The product of the denominatois is S94, which divided by 7 
(their greatest common divisor) g^ves 42, the least common de- 
nominator, and the required fractions are 

9 .10 



7 11 

9. Reduce Qie firactions r^r aid 7^ to others which have the 

10 lo 

least common denominator. 

10. Reduce ; and -5 — ^ to equivalent fractions having 

the least common denominator. 

11. Reduce -^7— and ^^^-5- to, equivalent fractions having the 
teast common denominator. 

" 'CASE V. 
(87.) To addfractionai qiuaUities together. 
RULE. 

Reduce thefraciUms to a common denaminator ; add the numera- 
Uxrs together, and place their sum over the common denominatoT. 



Reducing to a common denopunator, the fractions become 
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fa 
Adding the numerators, we obtain -^ 

It is pUiD that three sixtfaa of x and two sixths of x m&ke fiye 
mxths of z. 



2. Requiredtbesumof r, -;: and ^.' 
■ a 7 






3. Required the sum of -, ^ and - 

. « ■ , 1 . , 2a ,.a + 2x 

4. Required the sum of ox, -^ ana -■•■; " -.. 

6, Required the sum of 2a, 3a + — and a+ •^. 



. Required the sum of a + a?, -^ — and 



7. Required the sum pf — ^ and — n" > 



(88.) To subtract oneJractiotuU quantity Jrom another. 

RULE. 

Reduce the JracHoni to a common denominator, tuifract one 
numerator Jrom the other, and' place thar di^erence over the com- 
mon denommator, 
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EXAMPLES, 



1. From -=■ subtract -=-. 
a 

, RednciDg to a common dtnbminator, the IractJons become 

10«: ,9x ■ ■■ - ■ ■! . ■■■ 

V)x . 9x X .. \ •■ 

Hence ____-_, 

and it is plain that ten fifteenths of x diminished by nine fifteenths 
of X, equals one fifteenth of x. 



2 + 7jT 5x — 6 

6. From ar + — 5 — mibtractj!-* - ^ — . 



7. From — ^ — subtract ' — - — . 



70— a 



CASE VII. 
19.) To ttmit^yjradional quattiUiei togethgr. 
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'RULE. 

Multiply <dl the numerators together for a new numerator, and 
all the denominators together for a new denominator. 

Let it be required to multiply -r- by-j- 

First, let us multiply "r"by c. According to Remark first of 

Art. 81, the product must b6 -r-. 

But the proposed multiplier was 
multiplier d times too great. We must therefore, divide the 
result -,-by d ; and according to Remark second of Art. 81, we 
obtain 

ac 
' 6? . ■ 

which result conforms to the Rule above given. 



Ex. 1. Multiply g- by -Q . 



3. Multiply f by g. 
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5. Multiply b-\ by — . 



e.^nX^P^y^^y^j^. 



^^If"' a + b- 
(90.) Ex.-l. Multiply ^by ^. 

According to the preceding Article, the result must be -;. 

But according to Art. 68, — may be written a*' ; — ^ may be 



written a * ; and — may be written (T''. 

Therefore a,-^ X (T^ = or-'. 

That is, the Rule of Art. 50 is general, and applies to negative 
as weU as positive exponerds. 
Ex. 2. Multiply — &-' by b-^. 

Ans. — 6-». 

3. Multiply a—* by a'. 

4. Multiply J-* by 6=. 

5. Multiply «r~" by tr™. 

6. Multif)ly J-" by 6". 

CASE vm. 

(91.) To divide onefractiimai quaniiiy hy another. 
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RULE. 

hwert the divisor and proceed as in mvJHplication. 

If the two fractions have the- same denominator, then the quo- 
tient of the fractions will be the same as the quotient of th ei 
numerators. 

tained in 9. 

But when the two fractions have not the sa 
we must reduce them to this form by Case IV. 



Let it be required to divide T-''y*T* 



It is now plain that the quotient must be represented by the 
division of ad by Sc, which gives 
ad 
be 
the same result as obtained by the above Rule. 
^, a c a d ad 

Thus ^-*--3'=r>«~=r- 

b d b c be 
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3. Divide -j— ; — ^, by — j — , 
o M* ar •' a: + o 



7. Divide — tT'H rbv 7 — „ , 1 * 

+ 6 a — i ■' — a + o 



(92.) Ex. 1. Divide ~ by ^. 

According to flie Rule of the preceding Article, we have 

a*^ 1 a* o»- 

But -r may be written tr' : -s may be written a~* ; and -? 
a^ ' or ■" 'a* 

is equal to O"*. 

Hence ef-* -i- (T^ = cr*. 

That is, ttc Bule of Art. 66 is gaieral, and applies to negative 
as well as positive exponents. 

Ex. 2. Divide —J-* by —J-". 

Ans. 6-*. 

3. Divide 0* by fl-'. 

4. Divide 1 by (C*. 

6. Divide 6^* by — 2a-». 

6. Divide 6"*-" by 6". 

7. Divide \%£-^y-* by — 43^. 

(93.) According <o the definition, Art. 33, the reciprocal of a 
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quantity is the quotient arisiog from dividing a unit by that 
quanti^. 

{lence the reciprocal of -r 

IS 1 -i- -7-= 1 X — = — . 

That is, the reciprocal of a fraction is the fraction inverted. 
" 6 + a; ' a 



Thus the reciprocal of r 



- The reciprocal of t-t- is 6+c. 
o+c 

Hence, to divide by any quantUy, is the same as to multiply by 
its reciprocal; and to multiply by a quantity, is the same as to 
divide by Us reciprocal. 

(94. ) The numerator or denominator of a fraction may be itself 
a fraction ; 



Such expressions are easily reduced by applying the preceding 
principles. 

Thus I & J means -r--§-f; 

c 

which, according to Remark second, Art. 81, equals — . 



■^'". f ft 1 means a -i-- 

wliich according to Art. 91, equals —7- • 
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Also -'^ — ^ means the same as -r -*- -r. 
f c 1 b a 



which, according to Art. 91, equals -r- • 
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SECTION Til. 



•SIMPLE EQUATIONS. 

(95.) An equatiim is a proposiUmi tohkk declares the eqiudiiy of 
two guaniiUes expressed algArmcaUy. 

Thus X — 4 — 6 — X, is a proposition expressing the equality 
of the quantities x — 4 and 6 — x. 

The quantity on the left hand side of the sign of equality is 
called the j?rs( mmber of the equation ; the quantity on the right, 
the second Tnember. 

Equations are usually composed of certain quantities which are 
knovm, and others which are uvknown. The known quantities 
are represented either by numbers, or by the first lett#^ of the 
alphabet, a, b, c, &c.; the unknown quantities by t|ie last letters, 
X, y, X, &c. 

An identical equation, is one in which the two members are 
identical, or may be reduced to identity by performing the opera- 
tions which are indicated in them. 

Thus 2x — 5 =» 2x'— 5 

3a; + 4a: = 7a? 
{a; + y)(a:-y)-a^-j». 
A root of an equation, is the value of the unknown quantity in 
the equation. , 

(96.) Equations lare divided into degrees, according to the 
highest power of the unknown quantity which diey contain. 
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72 SIMPLE EQDAnOHS. 

Those which coDtain only the Jirtt power of the untnown 
quantity, are called simple equations, or equations of the first 
degree. 

As'ax + b = ex + d. 

Those in which the highest power of the unknown quantity is 
a square, are called quadratic equaiions, oi equations of the second 
degree. 

As ij^ — itx = 5 — 3^. 

' Thorn in which the highest power is a cvhe are called cubic 
equations^ or equations of the third degree. 

As a^+px»=-29. 

' So also, we have biqwidratic equaiions, or equations of the 

faarth degree; equations of the .^A, dxth, nth 

degree. 

Thus X" +p!>f^-^ = r, is an equation of the nth degree. 

In general, the degree of an equation is determined by the highest 
of the exponents toWi which the unknown qiumtUy is affected, 

(97.) J'lTumerical equations are those which contain only particu- 
lar numbers, with the exception of the unknown quantity, which 
is alwaywlenoted by a letter. 

Thus, ar" + 4^* = 3a: + 12 is a numerical equation. 

Uierai equations are those in which the known quantities are 
represented by letters, or by letters and numbers. 

To solve an equation, is to find the value of the unJcnown 
quantity ; or to find a number which, substituted for the unknown 
quantity in the equation, renders the first member identical with 
the second. 

The difficulty of solving equations, depends upon their degree, 
and the number of unknown quantities. We ^ill begin with the 
most simple case. . 
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(98.) SuttPLE EQDATiratS CONTAINIMG BDT ONE VSKSOWa 
QUANTITY. 

The rarious operations which we perform upon equations in 
order to deduce the value of the unknown quantities, are founded 
upon the following principles : 

1. If to two equal quantities, the same quantity be added, the 
sums will be equal. 

2. If from two equal quantities, the same quantity be mih- 
traded, the remainders will be equal. I 

3. If two equal quantities be multiplied by the same quantity, 
the products will be equal. ' 

4. If two equal quantities be divided by the same quantity, the 
quotients will be equal. 

{99.) The unknown quantity may be combined with the known 
quantities in the given equation, by the operations of addition, 
rubiraction, muUiplicaHon, or diviidon. 

We shall conadei these diflerent cases in succession. 
I. The unknown quantity maybe combined with known quan- 
tities, by addition. 

Let it be required to solve tbe equation 

I + 6 = 24. 
If from the two equal quantities, 1 + 6 and 24, we. subtract 
the same quantity 6, the remainders will be equal, according to 
the last Article, and we shall have 

a;+6 — 6 = 24 — 6 
or a: ""I 24 — 6 

™= 18 the value of x required. 
So also in the equation 

x + a=b, 
subtracting a from each of the equal quantities, x + a, and b, the 
result is 

x = b — o, the value of 2: required. 
(100.) II. The unknown quantity may be combined with 
known quantities by xtAtracHim. 
Let the equation be 
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If to tiw tvo eqnal quantities x — 6 utd 24, the tame quan- 
ti^ 6 be added, the sums mil be equal, according to Art. 98, 
and we have 

a:_6+6-24 + 6 
or a; = 30, the value of x required. 
So also in the equation 

X — a =b, 
adding a to each of these equal quantities, the result is 
x'=b + a, the value of x required. 
From the preceding examples, it follows that 
We may transpose any term of an equalioa from oat membtr to the 
other bif changing its sign. 

We may change the sign of toery term of an equation, without de- 
itroying the eguality. 

This is in fact the same thing as transposing every term iu each 
member.of the equation. 

Ifthx same quantity appear in each member of the equation affected 
with the same sign, it may be suppressed. 

(101.) III. The unknown quantity may be combined with 
known quantities by muUiplicalvm. 
Let the equation be 

fee = 24. 
If we divide each of the equal quantities, 6a; and 24, by the 
same quantity 6, the quotients will be equal, and we shall have 
24 

*-- r 

■= 4, the value of x required. 
So also in the equation 

dividing each of these equals by a, the result Is 
ar ■■ — , the value of x required. 

From this it follows that 

When the unknown quantity is multiplied by a known qvanHty, tht 
equation is solved by dividing both members by t}ds knotoa 
quoTitity. 
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(102.) IV. The unknown tfuanUty may be combined vith 
f known quantities by divisimi. 
Let the equation be 



If we multiply each of the equal quantities, -^and 24, by the 

same quantity 6, the products will be equal, and we shall bare 
X ■— 144, the value, of a? required. 
So also in the equation 

^ =s, 

multiplying each of these equals by a, the result is 
I =■ oft, the value of x required. 

From this it follows that, 

When ike laiknoum quantity is divided by a known quantity, the 
equalim is solved by mvltiplying both members by this known 
quantity. 

(103.) V. Several tenns of an equation may he /radionid. 

Let the equation be 

-^== A 4.i. 
2 3 "*" 5' 



Multiplying each of these equals by 2, the result is 
Multiplying each of these last equals by 3, we obtain 



and multiplying again by 6, we obtain 

15x =- 20 + 24, 
an eqnatioD free from fractions. 

We might have obtained the same result, by multipljing the 
original equation at once by the product of all the denominators. 
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Thus multiplying by 2 x 3 x 5, we have 



or reducing, we have 

153: = 2 
So also in tbe equation 



muIKplying successively by all the denominators, or by a c e at 
once, we obtain 

aixx abce acde 
a ,. c e * 

Cancelling from each term the letter which is common to its 
numerator and denominator, we have 

cex =■ ahe + acd, 
an equation clear of fractions. 
Hence it appears that 

•An equation may be cleared of fractions, by multiplying each mem- 
ber into all the denominatori. 
,(104.) From tbe preceding remarks we deduce tbe following 



KULE FOR THE SOLUTION OF A SIMPLG EQUATION C 
UNKNOWN QCANTITT. 

1. Clear the equation of fractions, and perform in both meters 
all the algebraic operations indicated. 

2. Transpose all the terms containing the vnknovm quantity to one 
tide, and all the retnaining terms to the other side of the equation, and 
reduce each member to its 'moat simple form. 

3. Divide each mendier by the coefficient of the vnknown quantity. 

EXAMPLES. 

1. Given Si + 8 = 4a: + 10, to find the value of a;. 

Transposing 4a: to the first member of tbe equation, and 8 to 
the second member, taking care to change their signs, (Art. 100) 
we have 

51 — 43! =10 — 8. 
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UnitiDg similar terms, x >=> 3. 

Id order to verify this result, put 2 in the place of x wherever 
it occurs In the original equation, and we shall obtain 

5x2 + 8-4x2+10. 
Thatis 10 + 8=8 + 10 

or 18 = 18 

an identical equation, which proves that we hare fbund the 
correct value of x, 

% Given x — 7 = — + — , to find the value of x, 
5 i 

Multiplying eveiy term of the equation by 5 and also by 3, in 

order to clear it of fractions, (Art. 103) we obtain 

15a:— 105 — 3a; + 5a;. 

Hence, by transposition 

15i— 3*— &r = 105 

or 7a! = 106 

and therefore a; — -;--• = 15. 

To verify this result, put 15 in the place of x in the original 
equation, and we have 

Thatis, 16 — 7 = 3+5 

or 8 = 8 

an identical equation. 

3. Given 3a» — 4a6 = 2(m; — 6ac, to find the value of i in 
terms of b and c. 

Dividing every term by a, we have 

3a: — 46 = 21 — 6c. 

By transposition 

Z3i — %s~4i} — Qc 
or jc — 46 — 6c. 

This result may be verified in the same manner as the pre- 
ceding. 
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4. Given 3ar»~iar = 8j; + a^tofind the valoeofa:. 

Ans. x = 9. 

5. GiFen ~ +-^ "= 1-7 to find the value of x. 

2 o 4 ' 

Ans. a! - 12. 

x — 5 '' 284—3; . , 

6. Given — ; — + 6x = = — to find x. 



11— a; 19— X. . . 
1. Given X + — — — g— to find a;. 



16 8 

(105.) An equation may always be cleared of fractions by 
multiplying each member into all the denominators according to 
Art. 103. But sometimes the same object may be attained by a 
less amount of multiplication. 

Thus in the preceding example, the equation may be cleared 
of fractions by multiplying each term by 16, instead of 16 X 8 
X 2, and it is iinportant to avoid all useless multiplication. In 
general, it U sufficient to multiply by the kast common multiple 
of all the denominators. See Art. 86. 

.^"^ -io_?^Zli to find the value of «. 

x~i ^ 5ir + 14 1 , ^ , 

12. Given 3a? — — -^~ —4= g jg *" """^ "' 

x — l , 23— i ^ 4 + « 

13. Given — ~ + —5—""^— -"4 ^°^^^ *■ 
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14. Given - 



3 
20 — 1 6a: _ 8 , 4ai — 4 



to find X, 



20. Given -g- + g^— j^ - -^^ to find x. 



SOLUTION OF PROBLEMS. 

(106.) The solution of a Problem by Algebra, consists of two 
distinct parts : 

1. Toflxpiesfl the conditiqns of the problem algtbraicallj; tiiat 
is, to^orm tbe equation. 

3. To solve the equation. 

The second part of the work has already been explained, but 
tbe first part is oAeu more embarrassing to beginners than the 
second. Sometimes the statement of a problem furnishes the 
equation directly ; and sometimes it is necessary to deduce from 
the statement new conditions, which are to be expressed alge- 
braically. The former are called expUcU conditions, and those 
which are deduced from them, implicii conditions. 

It is impossible to give a general rule which will enable us to 
translate every problem into algebraic language. The power of 
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doing this with bciiitj can only be acquired 1>y r^ection and 
practice. 

The following directing may be found of some snrice. 

Denote the requind quaniilies by tome of UufaftU letter* tf the 
alpluAet ; then, by meant of thete lettert with the vtual signtf per- 
form the tame operatumt tohich teould be jtecettary to ver^ their 
values if they were already known. • 

Problem 1. What number is that, to the double of which if 16 
be added, the sum is equal to four times the required number? 

Let X represent the number reqaired. 

The double of this will be 2x. 

This increased by 16 should equal 4x. 

Hence by the conditions, Sz + 16 = 4x. 

The problem is now translated into algebraic language, and it 
only remains to solre the equation in the usual way. 

Transposing we obtain 

lS = 4e— 2x = 2a:, 
and 8 = 3! 

or x = S. 

To verily this number, we have but to double 8, and add X6 
to the result ; the sum will be 32, which is equal to four limes 8, 
according to the conditions of the problem. 

Prob. 2. What number is diat, the double of wluch exceeds its 
half by 6 ? 

Let X V the nomber required. 

Then by the conditions 

Clearing of fraclions 

4a: — I = 12 
or Si = 12. 

Hence i = 4, 

To verify this .result, double 4 which makes 8, and diminbh it 
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by the half of 4, or 2 ; the result is 6accortliQgtothe conditions of 

the problem. 

Prob. 3. The sum of two numbers is 8, and their difference 2. 

What are the two numbers ? 
Let X = the least number- 
Then x+ 2 will be the greater number. 
The sum of these is2x + Zt which is required to equal 8. 

Hence we have 

2a: + 2 — 8. 

By transpoation Sx -■ 8 — 2 = 6 

and Z = 3, the least number. 

Also X + 2 = 6, the greater number. 

Vmjlcalim. 6 + 3-8| according lo the oondWon.. 

The following is a generalization of the preceding Problem. 

Prob. 4. The sum of two numbers is a, and their difference b. 
What are the two numbers? 

Let X represent the least number 
then x+ b will represent the greater number. 

The sum of these is2x + b, which is required to equal a. 

Hence we have 

2x + b = a. 
By transposition, 2x = a — b 

or r = — - — = — ^ — , the less number. 

Hence x + b'= — ~ + J = -^+ -^, the greater number. 

As these results are independent of any particular Talue 
attributed to the letters a and b, it follows that 

Udf the difference of two qtianliiiei, added to half thnr sum, is 
equal to the greater ; and 

Half tht difference tubtracted from half the mm is equal to the 

/MS. 

11 * . 
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The expressions — + -— and — — -— ■ are called Jonnulas, be- 
cause they may be regarded as comprebending the solution of all 
questions of tbe same kind ; that is, of all problems in which we 
hare given the sum and difference of two quantities. 



Tboe let a - 
6 = 



n tbe preceding problem. 



» 3, tbe less number. 



«" = 10 ; their diffei 
S 12 
S 23 
c 100 
t 100 



c 



10 



ence ~ 6 ; required the numbers, 



Prob. ^. From two towns which are 54 miles distant, two 
travelers set out at Ibe same lime with an intention of meeting. 
One of them goes 4 miles and the other 5 miles per hour. In 
how many hours will they meet ? 

Let X represent the required number of hours. 

Then 4x will represent tbe number of miles one traveled, 

and bx the number the other traveled ; 
and since they meet, they must together have traveled Ihe whole 
distance. 



Consequently 
Hence 



4x + 5x - 54. 
93: =54 



Proof. In 6 hours, at 4 miles an hour, one would travel 24 
miles ; the other at 5 miles an hour would travel 30 miles. The 
sum of 24 and 30 is 54 miles, which is tbe whole distance. 
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This Problem may be generalized aa'followa : 

Prob. 6. From two places which are a loilea apart, two bodies 
move tofvards each other, the odc at the rate of m miles per hour, 
the other at the rate of n miles per hour. la how, many hours 
■will they meet ? 

Let X represent the required number of hours. 

Then ma: will represent the Dumber of miles' one body mores, 

and nx the miles the other body mov^, 
and we shall obviously have 

ffir + n« = a. 



This is a general formula, comprehending the solution of all 
problems of this kind. _ Thus 

<i) * =■ 150 ; one body moves 6 ; the other 4 miles per hour ; 

« g 90 " 8 7 ( Required the 

■B ^ 135 " 16 . 12 J time of meeting. 

■-5-0 210 " 20 15 " 

We see that an infinite number of problems may be proposed, 
all similar to Prob. 5 ; but Ihey are all solved by the foiinula of 
Prob. 6. We also see what is necessary in order that the 
answers may be obtained in v^U nvmbers. The given distance 
(a) must be exactly divisible by m + n. 

Prob. 7. A gentleman meeting three poor persons, divided 60 
cents amongst them ; to the second he gave twice, and to the 
third, three times as much as to Ae first. What did be give to 
each .' 

Let X =■ the sum given to the first. 

Then 2x •— the sum given to the second, 
and 3x =» the sum given to the third. 
-Then by the conditions 

a: + 2x -f 3a: = 60. 
Thai is . 6i ** 60 

or x= 10. 
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Therefore he gave 10, 20 and 30 cents to them respeatively. 
The learner should verify this, and all the subsequent results. 

The same Problem "generalised. 

Prob. 8. Divide the number a into three such parts, that the 
second may be m times, and the third n times as great as the 
first. 

Ans. 



1+m + ji' 1+m + n' 1+m + n" 

What is necessary in order that the preceding ralues may be 
expressed in whole nnmbers? 

Prob. 9. A bookseller sold 10 books at a certain price ; and 
afterwards 15 more at the same rate. Now at the latter time he 
received 25 dollars more than at the former. What did he 
receive for each book ? 

Ans. Five dollars. 

The same Problem generalised. 

Prob. 10. Find a number such that when multiplied succes- 
sively by m and by n, the difference of the products shall be a. 

. a 
Ans. . 



Prob. 11. A gentleman dying, bequeathed 1000 dollars to 
three servants. A was to have twice as much as B, and B three 
times as much as C. What were their respective shares ? 

Ans. A received $600 ; B |300 ; and C $100. 
Prob. 12. Divide the number a into three such parts that the 
secood may be m times as great as the first, and the third n times 
as great as the second. 

a_ ma mna 

I +m + mn ' 1 + m + mti' l + m + mn* 

Prob. 13. A cask which held 120 gallons, was filled with a 

mixture of brandy, wine and water. In it there were 10 gallons 

of wine more than there were of brandy, and as much water as 

both wine and brandy. What quantity was the^e of each ? 

Ans. Brandy 25 gallons ; wine 35 ; and water 60 gallons. 
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Prob. 14. Divide the number a into three such parts, that the 

second shall exceed die first by m ; and the third shall be equal 

to the sum of the first and second. 

a — 2ni a + 2jn . a 

4 ' 4 ' 2 

Prob. 15. A person employed four workmen; to the first of 

vrbom he gare 2 shillings more than to the second ; to the second 

3 shillings more than to the third ; and to the third 4 shillings 

more than to the fourth. Their wages amount to 32 shillings. 

What did each receive ? 

Ans. They received 12, 10, 7 and 3 shillings respectively. 

Prob. 16. Divide the number a into four such parts, that the 

second shall exceed the first by m; the third shall exceed the 

second by n; and the fourth shall exceed the third by p. 

a — 3jft — 2n — v a + m — 2n — p a + m + 2»^p. 

Ans. -. ; -. ~ ; ^ • 

4 ' 4 ' 4 

g + m + 2n + 3p 

4 , ' ' 

(107.) Problems which involve several unknown quantities, 
may often be solved by the use of a single unknown- letter. Most 
of the preceding examples are of this kind. In general, when 
we have given the sum or difTerence of twp' quantities, both of 
them may be expressed by means of the same letter. For the 
difference of two quantities added to the less must be equal to 
the greater; and if one of two quantities he subtracted £rom their 
sum, the remainder will be equal to the other. 

Prob. 17. ^X a certain election 36000 votes were polled ; and 
the candidate chosen wanted but 3000 of having twice as many 
votes as his opponent. How many voted for each ^ 

Let X =* the number of votes for the unsuccessful candidate. 

Then 36000 — a; = the number the successful one had, 

And 36000 — I + 3000 = at. 

Ans. 13000 and 23000. 
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Prob. 18. Divide the number a into two such parts, that o 
pnrt iacreased by h shall be equal to m times the other part. 



■ »i+ 1' wi+ 1 ' 
Prob. 19. A train of cats moving at the rate of 20 miles per 
hour, had been gone three hours, when a second train was started 
at the rate of 25 miles per hour. In what time will the secood 
train overtake the first? 

Let X = the number of hours the second train is in motion, 

it + 3 ■» the time of the first train. 
Then 26a: — the number of miles traveled by the second train, 
20 (a: + 3) ■• the miles traveled by the first train. 
But at the time of meeting they must both have traveled the same 
distance. 

Therefore 253: — 20a: + 60. 

By transposition, 5i = 60 

and ;r — 12. 

Proof. In 12 hours at 25 miles per hour, the second train goes 
300 miles ; and in 15 hours at 20 miles per hour, the first train 
also goes 300 miles ; that is, is overtaken by the second train. 

Prob. 20. Two bodies move in the same direction from two 
places at a distance of a miles apart; the one at the rate of n 
miles per hour, the other pursuing at the rate of m miles per 
hour. When will they meet ? 



This Problem it will be seen is essentially the same as 
Prob. 10. 

Prob. 21. Divide the number 197 into two such parts, that 
four times the greater may exceed five times the less by 50. 

An's. 82 and 115. 

Prob. 22. Divide the number a into two siieh parts that m 
times the greater may exceed n times the le.ss by h. 
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ma — h va + b 
Ans. i ; x — • 

When n= 1, this Problem reduces to Problem 18. 
"When i = 0, this Problem reduces to Problem 26. 

Prob. 23. What number is that whose third part exceeds its 
fourth part by 16.' 

Let 12x " the number. 
Then 4a: — 3x =- 16 

or ■ x" 16. 

Therefore the number = 12 x 16 — 192. 

Prob. 24. Find a number such that when it is divided suc- 
cessively by m and by n, the diSeience of the quotients shall 
be a. 

mna 

Ans. . 

m — n 

Prob. 25. A prize of 2329 dollars was divided between (wo 
persons, A and B, whose shares were in the ratio of 5 to 12. 
What was the shafe of each ? 

Beginners almost invariably put x to represent one of the quan- 
tities sought in a problem ; but a solution may oAen be very 
much simplified by pursuing a diflerent method. Thus in the 
preceding problem, we may put x to represent one fiflh of A's 
share. Then 5x will be A's share, and 12a will be B's, and we 
shall have the equation 

bx+l2x~ 2329, 
and X = f37, 

consequently their shares were^85 and 1644 dollars. 

Prob. 26. Qivide the number a into two such parts, that the 
first part may be to the second as m to n. 

Ans. — -J— ; . . 

Prob. 27. What two numbers are as 2 to 3 ; to each of which 
if four be added, the sums will be as 5 to 7 ? 
Ans. 



^dbvGoO^^lc 



88 EOHPLE E(1DA.TI0HS. 

(108.) A rigid adherence to system would have required this 
example fo be placed after the subject of Proportion, which is 
treated of in Section XIII. It is, however, only necessary to 
assume one simple principle which is employed in Arithmetic, 
viz. If four quantities are proportional, the product of Ike extremes 
is equal to the product of the means. 

Thus if a:b::c:d. 

Then ad = be. 

In the preceding Problem, let 2x and 3x he the numbers. 
Then 2a: + 4:3x-+4::5:7, 

and by the last principle 

14i + 28 — 15x + 20. 

Prob. 28. What two numbers are as m to n, to each of which, 

if a be added, the sums shall be as ;i to 5 ? 

I . ma{p—q)'na{p — q) 

Ans. ; • 

mq — np mq — np 

Prob. 29. A gentleman divides a dollar among 12 children, 
giving to some 9 cents each, and to the rest 7 cents. How many 
were there of each class ? 

Ans, 

Prob. 30. Divida the number a into two such parts, that if 
the first is multiplied by m, and the second by n, the sum of the 
products shall be 6. . 

h — fiffl ma — b 
m — n ' m — n * 

Prob. 31. If the sun moves every day one degree, and the 
moon thirteen, and at a certain time the sun is 60 degrees in 
advance of the moon ; when will they he in conjunction for the 
first time, second time, and so on.' 3"- ', 'T 

Prob- 32. If two bodies move in the same dijpction upon the 
circumference of a circle which measures a miles, the one at the 
rate of n miles per day, the other pursuing at the rate of m. miles 
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per day, when will they meet for the first time, second time, etc, 
supposing them to be b feet apart at starting ? 

Ans. In : — ■ — — ; etc. days. 

m — n m — n m — n 

Pcob. 33. Divide the number 13 into two such parta, that the 

difiference of their squares may be 48. 

Ans. 

Prob. 34. Divide the number a into two such parts that the 

difference of their squares may be b. 

? — b a* 4-& 

2a ' 2a ' 

Prob. 35. The estate of a bankrupt, valued at 21000 dollars, 

is to be divided amongst three creditors proporiionably to what 

is due them. The- debts due to A and B are as S to 3 ; while 

B's claims and C's are in the ratio of 4 to 5. What sum must 

each receive ? 

Ans. 

Prob. 36, Divide the number a into three parts which shall 

be to each other »sm:n:p. 



Ans. 



Ans. 



pa 



m + n +p ' m + n+p ' m + n+p' 
When wi = I, Prob. 36 reduces to the same form as Prob. 8. 
Prob. 37. What sum b that who3e_ fifth and sixth parts added 
together amount to 44 ? 

Ans. 
Prob. 3S. Find a number such that when it is divided by m 
and by n, the sum of the quotients ^all be a. 



Prob, 39. A can perform a piece of work in 6 days ; B can 
perform the same work in 8 days ; and C can perform the same 
work in 24 days. In what time will they finish it if all -v^rk 
together ? • 3 

Prob. 40. A can perform a piece of work in a days, B in 6 
12 ' 
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days, and C id c days. In what time will they perform it if w 
woric toeether? < 



woric together 



. abc , 

nh -\- nr 4- A/* ' 



b + ac + hc 

'Prob. 41. There are three workmen, A, B and C. A and B 
together can perform a pie.ce of work in 27 days ; A and C 
together in 36 days ; and B and C together in 54 ^ays. In 
what time could they finish it if all worked together ? 
A and B together can perform ^V of the woric in 1 day. 
A and C " -jy *' 1 '* 

B and C " ^^ " 1 *' 

Therefore adding these three results, 

2A + 2B + 2C can perform -^j + -^j + ^^ in J day. 
~ yj in one day. 
Therefore A, B and C together can perform j'j of the work in 
one day ; that is they can finish it in 24 days. If we put x to 
represent the time in which they would all finish it, then they 
would together perform ■]■ part of the work in one day, and we 
should hare 

,V+iV + tV = -| 

Prob. 42. A and B can perform a piece of labor in a days ; A 
and C together in b days ; and B and C together in c days. In 
what time could they finish it if all work together ? 

2abc , 

Ans. — r-i i-r- days. 

o6 + ac + 6c ■' 

This result, it will be seen, is of the same form as that o! 
Problem 40. 

Prob: 43. A has two kinds of change. It takes 20-pieces of 
the first to make a dollar, and 4 pieces of the second to make &e 
same. Now B wishes to have S pieces for a dollar. How many 
of each kind must A give him ? 

t*rob. 44. A broker has two kinds of change ;, there must be a 
pieces of the first to make a dollar, and b pieces of the second to 
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make the same. Now a person wi^es to have c pieces for a 
dollar. How many pieces of each bind must the broker gire 



b{a~c) 



of the second. 



a — b ' a — b 

Prob. 45. Divide the number 45 into four such parts, that the 
first increased by 3, the second diminished by 2, the third multi- 
plied hy S, and the fourth divided by 2 shall all be eqaal. 

In solving examples of this innd, several unknown quantities 
are usually introduced, but this practice is worse than super- 
fluous. The four parts into which 45 is to be divided, may be 
represented thus : 

The first =a^ — 2, 

second == a: + 2, 

third = I, 

fourth =''2x, 

for if the first expression be increased hy 2, the second dimin- 
ished hy 2, the third multiplied by 2, and the fourth divided by 
2, the result in each case will be x. The sum of the four parts 
is 4^x, which must equal 45. 

Hence x = 10. 

Therefore the parts are 8, 12, 6 and 20. 

Prob. 46. Divide the number a into four such parts, that the 
first increased by m, the second diminished by m, the third mul- 
tiplied by m, and the fourth divided by m shall all Be equal. 



Ans. 



im+lf ""■ {m + \f-"'' {m+lf (m+lf 
Prob. 47. A merchant maintained himself for three years at an 
expense of $500 a year ; and in each of those years, augmented 
that part of his stock which was not thus expended by one third 
thereof. At the end of the third year his original stock was 
doubled. What was that stock .-' ,y 

Prob. 48. A Bierchant supported himself for thre^ years at an 
expense of a dollars per.year ; and each year augmented that part 
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of bis stock which was not thus expended, by one third thereof. 

At the end of the third year, his ongioal stock was doubled. 

What was that stock ? 

148a 
Ans. -^^. 

Prob. 49. A father, aged 54 years, has a son aged 9 years. 

In bow many years will the age of the fathei be four times that 

of the son ? ^ 

■ Prob. 50. A father has lived a number of years expressed by 

a, his son a number of years expressed by b. lA how many 

years will the age of the father be n times that of the sod ? 

a. — tA 

Ans. =— . 

n — 1 
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SECTION vin. 



SOLUTION OF SIMPLE EQUATIONS, CONTAINING 
TWO OR MORE UNKNOWN QUANTITmS. 



(t09.) In the examples which hare been hitherto given, each 
problem has contained hut one unknown quantity ; or, if there 
hare been more, they h^re been so related to each other that all 
hare been expressed by means of the same letter. This, how- 
ever, cannot always be done, and we are now to con^der how 
equations of this kind are resblred. 

If we hare two equations, with two unknown quantities, we 
must endeavor to deduce from them a single equation, containing 
only one unknown quantity. We must, therefore, make one of 
the unknown quantities disappear, or as it is termed, we must 
eliminate it. There are three different methods of elimination 
which may be practised. 

lite Jkst is by substitution, 



third *'. addition and subtraction. 



ELIUINATTOir BT E 



(110.) Let it be proposed to solve the system of equations 
a: + y = 12 
' X — y= 6. 

From the second equation, we find the value of x in terms of 
y, which ^ves 

a: ™ y + 6. 
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SabsHtDting the expresnon y + 6 for x in the first equ^m, it 
becomes 

y + 6 + J, = 12 ; 
from which we find that y = 3; and ^nce we hare already seen 
ttiat X = y + 6, we find that a: = 3 + 6 — 9. 

To rerify these values, substitute them fi>r x and y in the 
original equations, and we shall obtain 
9 + 3 = 12 
9 — 3= 6. 

Again, take the equations 

2r + 3y " 13 

5x + 4 - 23- 
From the first equation we find 

13 — 2* 

y — i3-- 

Substituting this value of y in the second equation, it becomes 



3 ' 

an equation containiog only x, which when solved gives 

1-2; 
and tlus value of x, substituted in either of the original equations, 
gives 

y = 3. 
The method thus exemplified, b expressed in the following 

RULE. 

find an tj^rasionfor the value of one of the unknovm ^uanii- 
Ues in me of the equaUons ; then mbstiiute this value in the place 
of its equal in the other equation. 

EI.IUINATION BY COUPiBJBOS, 

(111.) To illustrate diis melliod, take Oie first of the preceding 
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ezaB|iles, Derive fiom etieh equation an expresnoa for x tn teims 
of y, we shall then have 

a— 12— sf 
X "- 6 + ff. 
These two values of x must fae equal to each other, and by 
cpmipaTrmg them we shall obtain 

12— y=x6 + y, 
an equation involving only one unknown quantity ; 
"whence y ™ 3. 

SubsUtuting this value of y in the expression x » 6 + y, and 
we find ;r — 9 as before. 

Again, take the second of the preceding examples. 
From equation first, we find 

13 — ar 

y 3— 

and ffom equation second 

22 — 51 



'- 4 
Putting these values of y equal to each other, we have 
13 — ar 22 — 5j 
3 " 4 * 
an equation containing only a:, whence we obtain 
x-"2. 
Substituting this value of a: in dthei of the preceding expres- 
sons for y, we find 

S-3. 
The method thus exemplified is expressed in tiie following 

RULE. 

lind an expression Jor the value of (me of the unknown quanH- 
ties in each of the equations, and form a new equation by putting 
me of.these values equal to the other. 

EXIHOIATIOIT BY AODITIOH ADD SUBTKACTION. 

(112.) To illustrate this method, take the first of the same two 
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examples as in Arl. 110. Since the coefficients of y in the two 
equations are equal and hare contrary signs, we may eliminate 
- this letter by adding the two eqnations together, vhence we 
obtain 

2^-18 
or 1 = 9. 
We may now deduce the value of y by substituting the value 
of X in one of the original equations. Taking the first for 
example, we have 

9 + J, = 12, 
whence y = 3. 

Since the coefficients of x are equal in the two original equa- 
tions, we might have eliminated this letter by subtracting one 
equation from the other. Subtracting the first from the second 
we obtain 

2j/ = 6 
or J) = 3, 
Let us apply the same method to the second example of Art. 
1 10. We perceive that if we could deduce from (he proposed 
equations two other equations, in which the coefficients of y 
should be equal, the elimination of y might be effected by sub- 
tracting one of these new equations from the other. 

It is easily seen that we shall obtain two equations of the form 
required, if we multiply all the terms of each equation by the 
coefficient of y in the other. Multiplying there&ire, all the terms 
of equation first by 4, and all the terms of equation second by 3, 
they become 

ar + 12y = 52 
16a: + I2y= 66. 
Subtracting the former of these equations from the latter, we 
find 

^x = 14, 

whence a: = 2. 

In like manner, in order to eliminate x, multiply the first of 
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the proposed equations by 5, and the second by 2, ihey ¥nll 
become 

l(ir+15y = 65 
l(te+ 83/= 44. 
Subtracting the latter of these two equations from tbe former^ 
■we have 

7y = 21, 
■whence 5= 3. 

This last method is expressed in the following 

RULE. 

Mult^y or (&vide the equations, ^ •necessary, in such a manna- 
thai one of the unknown quantities shall have the same co^lident in 
both. Thai subtract one equafUmJrom the other, if the signs of 
these coefficients are the satne, or add them together if £Ac signs are 



^ ' ^ -4- 7 = 67 t *** °°^ ""^ values of x and y. 

By the first method. 
From the second equation we find 

31 = 67 — 7y. 

67— "^y 

Therefore x = = . 

Substituting this value of x in the first equation. 



3 

Hence 336 — 35y + I2y =- 174. . 

By tran^Kjsition, 335 — 174 = 3^— 12y, 
or 161 =2^. 
Therefore y = 7. , 

Substituting this ralue of 3/ in the expres^on foi the value oix 
giren above, it becomes 
13 
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67 — 7>;7 67 — 49 18 . 

3 '~3 =T =*• 

Thus we have y^l,x =6. 

By the second method. 

From the first equation we find « 

, 5x = 58— 4y, 

58— 4« 
Thence x = — ~. 


From the second equation x = s — =■ 

Tker^te 68-^=67-7,. 

5 d 

Clearing effractions, 174— 12y =336 — 35y, 
By transposition, 35y — 12y = 335 — 174, 

or23y = 161. 
Therefore y = 7, 

whence as before x =: 6. 

JBy the third method. 
Malttpljmg the second equation by 5 and the first by 3, we 
obtain 

15ar + 35y=336 

and 15i+12y = 174. 

By subtraction 23y = 161, 

or y= 7. 

Whence from equation first, 

5ar = 68 — % = 68— 28 = 30, 
and therefore a; = 6. 

(114.) Thus the same example may be solved by either of the 
three methods, and each method has its advantages in particular 
eases. Generally, however, the first two methods give rise to 
fractional expresdons which occasion mconvenience in practice, 
while the third method is not liable to this objection. When the 
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coefficient of one of the uoknowa quantities in one of the equa^ 
tioQS ia equal to unity, this inconvenience does not occur, and 
the method by substitution ma; be preferable ; the third will, bow- 
erer, commonly, be found most convenient. 
Examples. Given 11^+^=100 | ,„j„ja,^^„^„f,„jj,. 

Multiplying the first equation by 7 and the second by 3 we 
obtain 

77x + 21y = 700 
12a: — 21y— 12. 
Therefore by addition 89a: =712 

ori«" 8. ' 
From equation first, 3y ™ 100 — 11a: 
^ =]100 — 88=12 

and y = 4. . 

These values of x and y may~be easily verified by substitution 
in the original equations. 
Thus 11x8 + 3x4—100; or 88 + 12-100. 

And 4X8—7X4 = 4; or 32 — 28- 4. 



Er. 3. Given-| + -|=7 



3 
y+5 



' to find the values of x and y. 

Aris. a: — 6, y =»■ 12. 
to find X and y. y, — . 



;y=31 



a; + 3 3a; — 2w 

Ex. 5. Given 2y— ^^ ^7+ ^^ 



\ tofindzandy. T 
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a b 
Ex. 6. Given— +—=m 
X y ' 



■ to find X and y. 



— + — = n 
a: y ) 

_ 6c — flrf_ 
Tift — md 

be — ad 

w"= . 

" mc — na 

(115.) When a problem uiTolres a large number of quantities, 
it is common to designate a part of them by difierent letters, and 
for the remaining quantities to employ the same letters accented 
or numbered. 

Thus o, a', a", a", a", - - - - - a'"*' 

ffl<'),a(=l, fl'^l,a'*l, a<"> 

fli, Aj, Oa, "4, . - . . . (i(„j 

are used to denote difierent quantities, though tbey generally im- 
ply some similarity between the quantities which they represent. 
a' is read a prime; a", a second; a", a third, etc. We must 
carefully distinguish between Oj and a* ; between a^ and a*, 
etc. In the one case the numerals are exponents, and denote 
powers of a; while in the other case, the numerals are only used 
for the sake of convenieDce to denote disUnct quantities. 

&.g. GiTMox+ij-c j,„5 J ^ , f J 

b'c — bc' ac' — a'c 

Ans. X "= ~r. vr ; y = — ,-; A ■ 

ab — ab ' ab — ab 

The symmetry of these expressions is calculated to fix them in 
(be memory. 

Ex. 8. What fraction b that, to the numerator of which if 4 be 
added, the value is one half; but if 7 be added to the denomi- 
nator, its value is one fifth ? 

Let — represent Ihe fraction required. 
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Then by the first condition 

— =4; whence-2a; + 8 = w. 

By the secoDcl condition 



, + 7 '■™- 


y -r . 


Subtracting the firs 
whence 


equation from the second 
31 — 8-7, 
3i-15 


Therefore y = 
and the fraction is 


or I " 5. 
21 + 8 = 10 + 8-18, 
A- 


Proof. 


6 + 4 1 
18 3' 




6 1 



18 + 7 5 * 

Ex. 9, What fraction is that, to the numerator of which if a be 
added, the value is m ; but if & be added to the denominator, its 
value is 71? 

Ex. 10. A certaTn sum of money, put out at simple interest, 
amounts in 8 months to $1488 ; and in 16 months, it amonnts to 
$1530. What is the sura and the rate per cent? 

Ex. 11. A sum of money put out at simple interest amounts 
in tn months to a dollars: f^d in n months to h dollars. * 

Required the sum ahd F^Je per cent ? 

h — a 



The sum is ; the rate is 1200 X - 



~m6' 



Ex. 13. There is a number consisting of two digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of its digits, the quotient is 4 ; but if the digits be 
inverted, and that number be divided by a number greater by 
two than the difference of the digits, the quotient is 14. 

Required the number. 
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Let X represent the left hand digit 
and y " right band " 

Theo since x stands in the place of tens, the number mil be 
represented by Idx + y. 

Hence by the first condition, 



-=4. 
x + y 



Sy the second condition, 



lOy + a; 



= 14. 



c + 2 

"Whence a: = 4, j) — 8, 

and the required number is 48. 

"Ex. 13. What fraction is that whose numerator being doubled, 
.and denominator increased by 7, the value becomes -| ; but the 
denominator being doubled, and the numerator increased by 2, 
the value becomes | .' 

Ex. 14. A person expends thirty pence in apples and pears, 
buying his apples at 4 and his pears at 5 for a penny ; and after- 
wards accommodates his neighbor with half his apples and one 
third of his pears for 13 pence. How mtvy did be buy of 
each ? '' ■ 

EQUATIONS WHIca CONTAIN THREE OE MOKE UNKNOWK QUANTITIES. 

(116.) Let us now consider the case of three equations in- 
volving three unknown quantities. 

Take the system of equations ^ 

3j:-|-2i/+ 2 = 16 (1) 

2:c-l-23( + 2z=l8 (2) 

237 + 331+ z-17. (3) 

In order to eliminate : between equations (1) and (2), we will 
divide both members of the second equation by two ; we thus 
obtain 

a: + jf + 2 - 9, 
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Subtracting this from the first equfttion, we find a new equa- 
tion between two unknown quantities, 

ac + y = 7. (o) 

In order to eliminate z between equations (1) and (3), sub- 
tract the former from the latter, which gires 

— x + y~l. (ys) 

From the two equations, (o) and ($), one may be deduced 
containing only one unknown quantity. For by subtracting one 
from the other we have 

ac = 6, or a; =- 2. . .^^ 

Substituting this value of x in equation {$) we obtain 

y-3. 
Substituting these values of x and y in equation (1),. we , 
obtain 

3X2-H2x3-l-z = 16. 
Hence z = 4. 

These values of x, y and z may be verified by substttutiou in 
the original equations. 

We have effected the elimination ia this case by method ^rd, 
Art. 112; but either of the other methods might have bera 
employed. Hence to solve three equations containing three un- 
known quantities, we have the following 

RULE. 

(117,) From the th^ee eguoHons, deduce two cojiiaining only two 
unknoton quantities ; tk^ from these two deduce one containing otdy 
one wJcnoton quantUy. 

Ejc. 15. Given x+ y+ z — 29 (1)) 

a: + 2y + 32 = 62 (2) V to find x, y and 2. 

h^ + hy + iz = io{3)) 

Subtract equation (1) from (3) and we obtain 

y + 2z = 33 C«) 

clearing equation (3) of fractions 

&E -1- 4y -f- 3z - 120. y (4) 
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Multiplying equation (1) by 6, 

&r + 6y + 6z =- 174. (6) 

Subtracting (41 from (5), 2y + 3z «= 54 {§). 
We have thus obtained two equations (a) and (^), containing 
two unknown quantities. 

Multiplying (o) by 2 we have 2y + 42 = 66. (6) 

Subtracting U) from (6) z = 12. 
Substituting this value ofz in {fi) 

2 y + 36 = 54. 
Whence y = 9. 

Substituting Qiese values of y and z in equation (I) 

X + 9 + 12 = 29. 
Whence x = 8. 

These values may be verified as in former examples. 

Ex. 16. Given Sx + 4y — 32 — 22 ) 

4x — 2y + 5z = 18 > to find x, y and z. 
6a: + 7y— z = 63) 

F-y - 17. Given x 

3 find a;, y and z. 



n a; + y=a'i 

x + 2 = 6>fo£ 

y + Z = c) 



Ex. J8. Given i4-^y + 4r = 32i 

^x-{-iy + iz=Bl5> to find jc, y and z- 
i^ + yy + iz == 12 ) 

(118.) If we hill four equations involving ybur anknown 
quantities, we might by the methods already explained eliminate 
one of the unknown quantities. We should thus obtain three 
equations between three unknown quantities, which might be 
solved according to Art. 116. .So also if we had J?i^ equations 
involving five unknown quantities, we might by the same pro- 
cess reduce them ^ Jour equations involving _/b«r unknown 
quantities; then to three, and so on. By following the same 
method, we might resolve a system of any number of equations 
of the first degree. Hence if we have m equations, involving 
m unknown quantities, the unknown quantities may be elimi- 
nated by the following 
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RULE. 

1. Combi}ie swcessivelif any one of the eguaUora wUh each of 
the m — 1 others, so as to elijmnaie the same unhwvm quantity ; 
you mil thus olftain m — 1 txw equations containimg m — 1 unknown 
quanHHes. 

2. EUminttie a new unknown quantity by combining one of these 
fisw equations with the m — 2 others ; this will give m — 2 
equations containing m — 2 wiknovm quatitities. 

3. Continue this series of operaiions until you arrive at a single 
equation confmning but one unknown quantity, from which the 
value of this unknown quantity is easily deduced. Then by going 
back step by step to one of the original equations, the values of the 
other unknoton quantities may be successively determined. 

Ex. 19. Given 7a: — 22 + 3« = 17 1 

4y — 2z + / = 1 1 

5y-^3a;— 2ii ^ 8 ^ to find x, y, z, u and /. 

4y_3!i + 2(= 9 

32 + 8m = 33 J 
Ans. I = 2, y s= 4, 2 = 3, K == 3, / = I. 
(119.) Hitherto we have supposed' the number of equations 
equal to the number of symbols employed to denote the ^unknown 
quantities. This must be the case with every problem in order 
that it may be determinate ; that is, that it may not admit of an 
indefinite number of solutions. 

Suppose for example, that a problem involving two unknown 
quantities, (xand y) leads to the single equation, 
ar — y=3. 
Kow if we make y = 1 then x = i 
y=2 " x = 5 



and each of these stystems of values, 1 and 4 ; 2 and 5 ; 3 and 6, 
etc. subsiituted for x and y in the original equation, will satisfy 
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it equally veil. Hence the probteni is indeterminaie ; that is, 
admits of an indefinite number of solutions. 

(120.) If we had tioo equations involving three unknown 
quantities, we could in the first place eliminate one of the un- 
known quantities by means of the proposed equations, and thus 
obtain one equation containing two unknown quantities, which 
would be satisfied by an infinite number of systems of values. 
Therefore in order that a problem 'may be detehninaie, its enun- 
ciation must contain as many different conditions as there are 
unknown quantities, and each of these conditions must be ex- 
pressed by an ind^Kndent equation. 

Equations are said to be independent, when they express con- 
ditions essentially different ; and dependent, when they express the 
nrnie conditions under different forms. 

- ■•,~io(^'^ independent equations. 
"* 2^ +2y = 14 1 ""^ ""' i"<^epentlent, 
because the one may he deduced from the other. 

(121.) If on the contrary, the number of independent equations 
exceeds the number of unknown quantities, these equations will 
be coniradklory. 

For example, let it be required to find two numbers such that 
their sum shall be 7, their difference 1, and their product 100. 

From these conditions we derive the following equations ; 
*-l-y= 7 
x—ys=s 1 
3ry = 100. 

From the first two equations we easily find 
x =s= 4, and jr = 3. 

Hence the third condition, which requires that their product 
shall be equal to 100, ctnmot he fuljilled. 

Ex. 20. A person owes a certain sum to two creditors. At 
one time he pays them $530, giving to one four elevenths of the 
sum which is due ; and to the other $30 more than one sixth of 
bis debt to him. At a second time, he pays them $420, giving 
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to the first, three aeventtis of what remains due to him ; and to 
the other, one third of what remains dae to him. What were 
the debts ? 'i j ' . ' 

Ex. 21. If A and B together can perfonn a piece of work in 
12 days, k- and C together in 15 days, and B and C in 20 days ; 
how many days will It take each person to perfonn the same 
work alone ? 

Ex. 22. If A and B together can perform a piece of work in, a 
days, A and C together in h days, and B and C in c days, how 
many days will it take each person to perform the same work 
alone ? 
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DISCUSSION or EQUATIONS OF THE FIRST 
DEGREE. 



(123.) By the discKssion of on equation we understand, tfae de- 
termination of the values which the unknown quantities assume 
for particular hypotheses made upon the values of the quantities 
which are given, and the interpretation of the peculiar results 
obtained. The term, therefore, is not strictly applicable, except 
to problems which are stated In the most general form, like some 
of those in Arts. 106 to 108. If the sum of two numbers is 
represented by a and their ditTerence by b, the greater number 

will be expressed by — +'■„■ ; and the less by — „■ Here 

a and b may have any value whatever, and still these fbrmuls 
will always hold true. It frequently happens that by attributing 
different values to the letters which represent known quantities, 
the value of the unknown quantities assume peculiar formswhich 
deserve consideration. 

(123.) We may obtain five species of values for the unknown 
quantity in a problem of the first degree. 
I. Positive values. 
11. Negative values. 

III. Values of the form of 0, or — . 
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IV. Values of the form of -^r 



We will consider these five cases io succession, 

I. Po^ive vtUues are generally answers to problems in the 
sense in whicli they are proposed. Nevertheless all positive 
values will not always satisfy the enunctatioQ of a problem. If, 
for example, a probleip requires an answer in whole numbers, 
and we obtain a fractional value, the problem is impossible. 
Thus in Problem 17, page 85, it is implied that the value of x 
must be a whole number, although this condition is not expressed 
in any equation. It would be easy to change the data of the 
problem so as to obtain a fractional value of x, which would indi- 
cate an impossibility in the problem proposed. Problem 43, 
page 90, is of the same kind. 

If the value obtained for the unknown quantity eren when 
positive does not satisfy all the conditions of the problem, the 
problem is impossible in the form proposed. 

(124.) II. Jfegative values. 

hei it be proposed to find a number, which added to the num- 
ber b, gives for a sum the number a. 

Let X = the required number. 

Then by the terms of the problem 

x + b^a, whence x^a — J. 

This fiirmula .will give the ralue of x for every case of the 
proposed problem. 

For example, let a = 7, 6 = 4. 

Then a:=7 — 4=3. 

Again let a = 6, 6 = 8. 

Then a: = 6 — 8=— 3. 

We thus obtain for x a negative ralue. How is it to be inter- 
preted ? 

By referring to the problem, we see that it ia proposed to find 
a number which added to 8 shall make it equal to 5. Con- 
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sidered arithmetically, the problem is plainly impossible. Never- 
theless, if in the equation of the problem 8 + 2; c= 5, we 
substitute for + x its value . — 3, it becomes 

8—3=5, 
an identical equation ; that is, 8 diminished by 3 is equal to 5. 

The negative solution fc = — 3, shows therefore the impos^- 
bility of satisfying the enunciation of the problem as above 
stated ; but taking this value of x with a contraiy sign, we see 
that it satisfies the enunciation when modified as follows : 

To find a number which subtracted from 8 gives a difference of 
6 ; en enunciation which differs from the former only in this 
that we put subtract for add, and difference for sum. 

If we wish to solve this new question directly, we have but to 
form the equation 

8— »=5. 

Whence « = 8 ~ 5, or x == 3. 

(126.) For another example, take Problem 50, page 92. The 
age of the fetber being represented by a, that of the son by b, 

then =■ will represent the number of years before tht; age of 

the &ther will be n times that of the son. 
Thus suppose a ^ 54, 6 = 9 and n = 4. 
■n,™ 64-36 :8_ 

That is, the father having lived 54 years and the son 9, in 6 
years more, the father will be 60 years old, and the son 15. But 
€0 is 4 times 15 ; hence this value x = Q, satisfies the enuncia- 
tion of the problem. 

Again, suppose a = 45, & = 15 and n = 4. 

Here again we obtain a negative tolutUm, How are we to 
interpret it ? 

By referring to the problem, we see that the'age of the son iB 
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already more than one fourth that of the father, so that the time 
required is already ^xu^ by five years. The value of x just ob- 
tained, taken with a contrary sign, satisfies the following enuncia- 
tion: 

A father is 45 years old, his son 15 ; how many years since the 
age of the father was four times that of his son ? 

The equatiftn of this new enunciation vould be 

45 — a; 
15 — a: = . 

Whence 60 — 4a: = 45 — x ; and ar ^ 5. 
(126.) Reasoning from analogy, we •re led to the following 
general pqnciple : 

1. Every negative value found for the unhwton guaniUyin a 
problesn of the first degree, indicates an absurdity in the conditions 
of Vie enunciation, or at lea^t iii Us algebraic statement. 

2. 77ns value taken with a contrary sign, may be regarded as 
the answer to a problan, of which the enunciation only differs from 
that of the proposed problem in this, lh(U certain quantiiies which 
were added should have be^ sobtracted, ajid reciprocally. 

(127.) In what case would the value of the unknown quanti^ 

in Prob. 20, page 86, be negative .' 

Ans. when n > m. 

Thus let TO = 20, n = 26, and a = 60 miles. ' 

60 60 

T»- ^=20^r26 = =5 = -12. 

To interpret this result, observe that it is impossible that the 
second train which moves the slowest, should overtake the first. 
At the time of starting, the distance between them was 60 miles, 
and every subsequent hour the distance increases. If, however, 
■we suppose ^ two trains to have been moving uniformly along 
an endless road, it is obvious that at some former fcne, Mey mast 
have been together. 

TUa negative solution then shows an absurdity in the condi- 



^dbvGoO^^lc 



113 Discussion OF eqcitiohs 

tions of tbe problem. Tbe problem Hhould hare been stated 
thus: 

Two trains of cars, 60 miles apart, are moring in the same 
direction, tbe forward one 25 miles per hour, tbe other 20. Ii>» 
long mce they loere together ? 

Let X = the required number of hours. 

Then 25x^the distance traveled by the first train, 
20x^ " " second " 

And -ts they are now 60 miles apart 

25>r = 201 + 60. 

Hence 6r=60, 

and • i = +12. 

We thus obtain a positive value of x. 

Id order to include both of these cases in the same enunciation, 
the question should hare been asked : Required the time of their 
being together, leaving it uncertain whether the time was past or 
J\ttare. 

In nhat case would the value of one of the unknown quanti- 
ties in Problem 34, page 89 be negative ? Why should it be 
negative ; and how could the enunciation be corrected for this 
case? 

(128.) III. Vaiues o/thefcmn o/Oor -^. 

In what case would the value of the unknown quantity in 
Problem 20, page 86, become 0, and what would this value 
signify? 

Ads, This value becomes zero when a = 0, which signifies 
that the two trains are together at the outset. 

In what case would the value of the unknown quantity in 
Problem 50, page 92, become zero, and what would this value 
Mgnify ? 

Ans. when a = nb, which signifies that the age of the father is 
now n times that of the son. 

When a problem gives zero for the value of the unknown 
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quaotity, this value is sometimes a true solution, and sometimes 
it indicates an impossibility in the proposed question. 

(129.)IV. Vdueaoflheformof^. 

In what case does the value of the unknown quantity in Prob- 
lem 30, page 86 reduce to -r- ? and how shall we interpret this 

result ? Ans. When m = n. 

On referring to the enunciation of the problem, we see that it 
is absolutely impossible to satisfy it ; that is, there can be no 
point of meeting, for the two trains being separated by the dis- 
tance a, and moving equally fast, will always continue at the 

same distance from each other. The resnlt -t' , may then be re- 
garded as a sign of impossibility. 

Neveitheless algebraists regard the result jr-, as forming a spe- 
cies of value to which they have given the name of tn/iin^y; and 
for the following reason : 

When the diflerence tn — n, without being absolutely nothing, 

is very smiUl, the result is very large. 

For example, let m — n = 0.01 

Then, » = — - — = -^= lOSa. 

m — n .01 

Let m — n = 0.0001 

_?__„_^^_ 10000a. 
m — n .0001 

Hence if Ihe difierence in the rates of motion is not zero, the 

two trains must meet ; and the time will become greater and 

greater as this difference is ditninisbed. ^ then we suppose this 

diffkrence less than any assigrujble quantity, the time represented by 

vjill be greater than any Oisigndile quantity, or infinite. 
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the unknown quantity, indicates the impossibility of satisfying the 
problem, at least infinite numbers. 

Id what case would the values of the unknown quantities in 



interpret this result ? 

(130.) V. Values of the form of ~. 

la what case does the ralue of the unknown quantity in 
Problem 20, page 86, reduce to — ? and bow shall we interpret 

this result ? 

Ans. When m = n and a = 0. 
To interpret this result, let us recur to the enunciation and 
observe that since a is zero, both trains start from the same point ; 
and since they both travel at the same rate, they will always 
remain together, and therefore' the required point of meeting will 
be any where in the road traveled over. The problem then is 
entirely indeterminaie, or admits of an infinite number Of solutions, 

and the expression -z- is the symbol of an indetemattaie quantity. 

We infer, therefore, that an expresaon of the form -z- found for 

the unknown quanti^, generally indicates that it may have any 
value whatever. In some cases, however, this value is subject 
to limitations. 

In what case would the values of the unknown quantities in 

Problem 44, page 90, reduce to -jt- ? and how would they satisfy 

the conditions of the problem ? 

Am. When a^h^c. 
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which iodicates that the coins are all of the same value. 6 
might therefore be paid in either kind of coin ; but there is a 
limitation, viz. that tbe value of Oie coins must be one dollar. 
OF ranuiTY. 

(131.) From Art. 129, it is seen tbat in Algebraize sometimes 
have occasion to consider infinite quantities. It is necessarj, 
therefore, to establish some general principles respecting them. 

^ v^nite quantUy is one which exceeds any assignable limit. 
It may be expressed by the character ao . Thus a line produced 
beyond any assignable limit, is said to be of infinite length. A 
surface indefinitely extended, and also a solid of indefinite extent 
in any one of its three dimensions, are examples of infinity. 

An infinite quantity does not mean an infinite member of terms. 
Thus the fi-action \ reduced to a decimal, is .3 3 3 3 3 3 etc. without 
end, but the value of this series is less than uni^. 

Infinite quantities are not all equal among themselves. 

Thus the series 1 + 1 + 1 + 1 + 1 + etc. 

"3 + 2+2 + 2 + 2+ etc. 

3 + 3 + 3 + 3 + 3 + etc. 

continued to an infinite number of terms will each be infinite, 

although tbe second series will be double, and the third treble 

the first. 

So also a line rnay be infinitely extended both ways ; or it may 
b6 it^nitety extended in one direction and limited in the other. 
In either case tbe line is said to be infinite. 

By nothing, is to be understood a quantity less than any assign- 
able quantity. 

Thus take the aeries of fractions tV. ttitj tsuth ttWit «*<=. 
By increasing tbe denominator, we diminish the value of the 
fraction ; and if the denominator be made infinitely great, the 
quotient will be zero. 

We have seen in Art. 129, that ^r ™ °°» where a may repre- 
sent any finite quantity. That is 
Ifajimte quantUy be divitUd by zero, the quotient is infinite. 
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From the same equation we deduce — =0. That is 

00 

Ifajinite quaniiiy he divided by in^tt^, the quotient is zero. 

From the same equation we deduce a ■= X co. That is 
Ifsero be mmltiplud by it^imiy, the product isjimle. 

If a finite quantity be multiplied by a proper fraction^ it will be 
diminiiked, and the smaller the multiplier, the less the product. 
Hense if the multiplier be infinitely small, the product will be 
infinitely small, or a X ™ 0. That is 
IfajaMe juantiiif be jmtUiplied by zero, the product vnU be tero. 

From this equatioo, we deduce a '* tt- ; that is 

If zero he divided by zerOf the quoHent is afimte quantity. 

The greater the multiplier, the greater will be the product. 
Hence, ^ afimte qaanti^ be multiplied by injimiy, the product will 
be iijfimte ; that is 

a X CO ™ 00. 

From this equation we deduce <^'^% i that is 
ff' ijtfinity be divided by infmty, the qaotterU isfivile. 

An infinite quantity cannot be increased by the addition of a 
finite quanti^, or diminished by its subtraction ; that is 

w +o» X. 

So also, a finite quantity is not altered by the addition or sub- 
traction of nothing ; that is a + ■- a. 

It has been shown, Art. 70, that o" = 1 ; that is any quanti^ 
with the exponent is equal to 1, hence the same must be true 
when Ais quantity is infinitely small ; that is 0" <= I. 

OF INEQUALITIES. 

(132.) In discus^ng algebraical problems, as shown in Arts. 
122 — 130, it is frequently necessary to employ inequalities, or 
expres^ons of two quantities which are not equal to each other. 
Generally the principles already established for the transformation 
of equations are applicable to inequVlilies also. There are, how- 
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ever, some important exceptions to be noted, arising chiefly from 
the use of negative expressions as qutmtities. 

Two inequalities are said to subsist in the smne sense, vhen'the 
greater quantity stands at the left in both, or at the right in both ; 
and in a contrary sense, when the greater quantity stands at the 
right in one, and at the left in the other. 
Thus 9>7and 7>6. 

As also 5 < 8 and 3 < 4, 

are inequalities which sub^st in the same sense; and the in- 
equalities 10 > 6 and 3 < 7, 
subsist in a contrary sense. 

(133.) I. If we add the same qutmiUif to both members of an 
inequidity, or subtract the same quantity from both members ; the 
resulting inequality will always subsist in the same smse. 
Thus 8 > 3. 

Adding 6 to both members, 

8 + 6>3 + 5, 
and subtracting 5 from both members, 
8 — 5>3 — 5. 
So also 3 < — 2. 

Adding 6 to both members, 

_3 + 6< — 2 + 6, or3<4; 
and subtracting 6 from both members, 

— 3 — 6< — 2 — 6, or — 9<~8. 
The student must here bear in mind what was stated in Art. 
47, of two negative quantities, that is the least whose numerical 
Talue is the greatest. 

This principle enables us to tranipose any term from one mem- 
ber of an inequality to the other by changing its sign. 
Thas a* + 6'>3ft» — 2a*. 

Adding 2c? to each member of the inequality, it becomes 

(i* + 6' + 2a'>3&\ 
Subtracting &*!from each member, ) 

a" + 2a'>36»— 6% 
or 3a* > 2i*. 
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II. If we add together the correipoTiding members of Itoo or more 
inequalities which suhdst in the tame sense, the resid&ng inequality 
vnil always tubHst m the tame sense. 

Thus 5>4 

4>2 
7>3 

Adding, 16 > 9. 

III. But if we subtract the corresponding members of two or 
more inequalities which subsist in the same seTise, the resulting in- 
eqaalUy wiU not always subsist in the same sense. 

Take the inequalities 4 < 7 

2<3 

Subtracting, we have still 4 — 2 < 7 — 3, or 2 < 4. 

But take 9 < 10 

and 6< 8 



Subtracting, the result is 9 — 6 > (not <) 10 — 8 ; or 3 > 2. 

We must therefore avoid as much as possible the use of this 
transformation ; or when we employ it, defermine in what sense 

the resulting inequality subsists. 

IV. If we multiply or divide the two members of an inequaUty 
by a positive nwmber, the resulting inequality will subsist m the 



same sense. 




Thus it 


o< '6. 


Then 


m,<ab. 


And 


m m 


If 


-0>-J. 


Then 


— mi>—«b. 
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And _ - > _ A. 

n n 

This principle will enable us to clear an iuequality of fiactions. 
Thus if we have 

a' — y c' — d* 
3d ^ 3a ■ 

Multiplying both members by Gad, it becomes 
3a(o» — 6>)>3d(c^ — (f). 

Y. If we mulUply or ^vide the two Toembers of an mequalHy by 
a vegaUve lawmber, the resviUng^ inegtuUvty mil subtiit in a con- 
trary sense. 

Take for example 8 > 7. 

Multiplying both members by — 3, we bare the opposite in- ' 
equality. 

— ^24< — 21. 

So also 8>7. 

Therefore if we multiply or divide the two members of an 
inequality by a number expressed algebraically, it is necessary 
to ascertain whether the multiplier or divisor is negative, for in 
this case the inequality submits in a contrary sen^e. 

VI. We canTWt change tke signs of both members of an in 
eqtialiiy, unless we reverse the sense ofihz inequality, for this trans- 
formation is evidently the same as multiplying both members 
by — 1. 

VII. If both mmibers of an ineqw^iy are positive nvmhers, we 
can raise them to any power without altering the sense of the 
tatqualHy. 

Thus 6>3, 

hence, 5'>a» or25>9. 
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So also if a >|& 

a" > 6". 

Vni. If ht^hjutmbert of an inequalUy are not positive nttviberg^ 
mnd they be rawed to any paver, the reauUing ine^ualiiy mil ftof 
always sttbsUt in the sane sense. 

Thus — 2 < + 3. 

Gives {— 2)'<3», or4<9. 

But — 3 > — 5. 

Gires (— 3)* < (— 5)% or 9 < 25. 

IX. in extracting the root of both members of an inequr^y it is 
tometimes necessary to reverse the sense of the ineqaaUty. 

Thus from 9 < 25. 

Bj extracting the square root we obtain 
either 3<6, 

or— 3> — 5. 

EXAMPLES. 

1. Giren 7x — 3 < 25, to find the limit of x. 

Ans. x<4. 

2. Given 2a: + -^ — 8 < 6 to find the limit of x. 

Ans. X < 6. 
-^ 7 > 9, to find the limit ' 



-ac< 
.dx^bd 



> , to find the limits of x. 



>be 



6. A man being asked bow much he gave for bia watch, re- 
plied ; If you multiplj the price by 4 and to the product add 60, 
the sum wilt exceed 256 ; but if you multiply the price by 3, 
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and fiom the product subtract 40, the remaioder -mil be less 
than 113.* Required the price of the watch. ' 

6. What sum of money is that nhose half and third part 
added together are less than 105; but its balf diminished by its 
fifth part is greater than 33 ? 

7. The double of a number diminished by 6 is greater Uia* 
34; and triple the number diminished by 6 ia less than double 
the number increased by 10. Required the number. 
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(134.) According to Art. ^l,the products /ormed by tAe suc- 
cessive multiplication of the same number by itself, are coiled the 
powers of that nuTnber. 

Thus, the first power of 3 is 3. ' 

The second power of 3 is 9 or 3 x 3. 

The third power of 3 is 27 or 3X 3 X 3. 

The fourth power of 3 is 81 or 3 X 3 X 3 X 3, 
etc. etc. etc. 

(iSS'.) According to Art. 20, the exponent or index is a nttmber 
or letter written a little above a quantity to the right, and denotes 
the number of times thai quantity enters as a factor into a product. 

Thus the first power of a is a' ; where the exponent is I, which, 
however, is commonly omitted. 

The second power of o is a x a or a*; where the exponent 2 
denotes that a is taken twice as a factor to produce the power aa. 

The third power ofaisaXaXa, or o^; where the expo- 
nent 3 denotes that a is taken three times as a foctor to produce 
the power aaa. 

The fourth power of o is a X a X a X a, or a*. 

Also, the nth power ofaisaXaXaXa . . . repeated 
as a factor n times, and is wrUten <^. 

Indices may be applied to polynomials as well as to mono- 
mials. 
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Thus {« + i + cY is the same as 

"(a + ft + c) X (a + 6 + c) X (a + 6 + c), 
or the third power of the entire expression a + ft + c. 

(136.) According to the rule for the multiplication of mono- 
mials, Arts. 49 and 60, 

(3aA«)* — 3nb' X SoJ' ~ 9a'h*. 

So also (ii^iy^f =■ Wbc' X 4a'Ac' = 16a*bY. 

Hence it appears that in order to square a mmionaal, tee must 
square its coe^cient, and mtdHply the exponent of each of the letters 
by 2. 

EXAMPLES. 

1. Required the square of 7ax^. 

Ans. 49aVy'- 

2. Required the sqaare of lle^bc^. 

3. Required the square of ISoVy. 

4. Required the square of l&t^ex*. 

5. Required the square otlSx'yz*. 

(137.) According to Art. 53, + multiplied by +, and — 
i«u}tipUe4 by — give +. Now the square of a mononial beisg 
the product of the monomial by itself, it necessarily follows that 
whiter may he the sign of a moTumaal, its square must be i^ffeded 
with the sign +. 

Thus the square of + Sac or of — Zax, is + 9aV. 

(138.) The method of involving a quantity to any power, is 
easily derived &om the preceding principles. 

hei it be required to form the fifth power of 2a'6*. 

According to the rules for muliiplication, 

[ifc'b^y = ^t^b" X 2a'b* X 2a'b^ X 2a'6* X So'ft' 
= 32a"ft". 

Where we perceive 

1. That the coefBcient has been raised to the tif^b power. 

2. That the exponent of each of the letters has been multi- 
plied by 6, 
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In lil^ maniwr 

(3flWc)» = 3a'6'c X 3aVc X 3aVc 

- 27a*JV. 
H«Dce we deduce the following geoeral 

EULE TO RAISE A MONOMIAL TO ANY POWER. 
Raite the nitmaical cotffiderU to the given power, and multiply the 
txponerU of each of the letters by the index of the power required. 



I. Reqaired the fourth power of 4a&V. 



Ads. 256«Vc". 



2. Required the fifth power of Saa^y*. 

3. Required the third power of Gxj^x'. 

4. Required the sixth power of 2af^(Pv. 

5 Required the seventh power of 2a'bn*, , 

6. Required the axlh power oi dto'xi^S*. 

(139. Let us now consider the Eigtt with which the power 
should he affected. 

We have seen, Art. 137, that whatever may be the sign of the 
monomial, its square is always positive. It is obvious from the 
same conaderations that the product of an even number of nega- 
tive Actors is positive ; but the product of an odd number of 
negative factors is negative. 

Thus _ o 'x — a — + a' 

— nX — aX — dX — a=+a' 
— aX~aX— oX— flX — a = — a* 



The product of several factors which are all positive, it in- 
variably positive. Hence 
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£tMry ETKM pcwer ix positine, but on odd pouitr hat iht fame 
agn as Us root. 

EXAUFLES. 

1. Reqaired flie square of — 2x*. 

Ans. +4a:« 

2. Required the square of — 3j". 

3. Required the cube of — So*. 

4. Required the fourth power of — 3a*6*A. 

6. Required the fifth power of — 2o' X 3i*y. 
(140.) AJracHon is involved by involving both the numerator atid 
denovwuitor. ' 

1. Thns the square of -T- is -7- X — ; which, by Art. 90, is 
equal to-rj, which by Art. 68, may be written «%"■. 



3. Required the nth power of — —. 

(141.) Hence eicpres^ons with iKgaHve indices are ioTolred 
by the same role as those with positive indices. 
Thus to find the square of a~'. 

This expresfflon may be written —j , which raised to the second 



power becomes —^ or a~', the same result as would be' obtuned 

by multiplying the exponent — 3 by 2. 
£k. 1. Required the square of St^b"*. 
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Ei. 2. Required the square of 7a-^i'<r*(iB-'. ■ - 

Ex. 3. Required the cube of Bt^-'dr/-'. 
Ex. 4. Required the fourth power of 3a~^. 
Ex. 5. Required the fifth power of 2ii6~*c*. 
(142. Apotynomial if involved h/ mulUplyiaig.Umto itielf at 
many tmts less me as u denoted by the index of the povter. 
Ex. I. Required the fourth power of a + 6. 

a + b 

a'+b 

o»+ ab 
+ «*+ i" 



(a + bf = a* + 2iii + 6*, the second power of a + 6. 
a +b . 



+ <^b+2ab^+ J* 



(a + i)» — a* + 3a«6 + 3(i&* + 6^,- the third power. 
a +b 



+ a'b+3a'l^+3ab' + b* 



[a + by = H* + ■ia'b + 6a*6* + 406^ + 6*, the fourth power. 

Ex. 2. Required the fourth power of a — b. 

Ans. a* — 40^6 + 6o*6* — 4atf + i'. 

Ex. 3. Required the cube of 2a — 1. 

Ex. 4. Required the fourth power of 3a — h. 

Ex. 5. Required the square of a + 6 + c. 

Hence U appears that the sqamt of a tmumiiai is composed of 
the sum of the squares of all the terms, together with twice the swm 
of the products of all the terms multiplied together two and two. 

Ex. 6. Required the cube of 2ft6 + «d. / 
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Ex. 7. Required the square of a* + &*.' 
Ex. 8. Required the square of a + — . 

Ex. 9. Required the cubeof * + -j-. 

Ex. 10. Required the square ofa + 6 + c + rf+e. 

From tbb example ve infer that 'Ae tqtiare of any polynomial 
is eompoted of the gum of the agvara of ali the terms, together ictfA 
twice the turn of the products of all the terms KiUHpUtd together, 
two and two, and this proportion may be rigorously demou- 
fltrated. 

It is easy to perceive that this rule for a polynomial includes 
the preceding rule for a trinomial, and that in Art. 60 for B 
binomial. 
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(143.) Tht tquare not of a qtunUiii/ii a factor wAt(A maltiplitdb^ 
iiitlf once, v(U product that quatUiiy. 

Tbus the square root of a' is a, because a when multiplied by 
itself produces o*. 

The square root of 144 is 12 for the same reason. 
According lo Art 23, the square root is indicated by the 
ngn "/ 
Thus v''ffl' ™ «. 

Vl44o» — 12a. 
(144.) According to Art 136, in order to square a monomial 
we must square its coefficient, and multiply the ex|ftnent of each 
of the different letters by 2. Therefore in order to derive the 
square root of a monomial from its square, we must 
I. EsArad the square root of Us coefficimt. 
n. Divide each of t/te BrponoUs by 3. 
, * Thus we shall hare 

v' 640' Visa's*. 
This is manifestly the true result, for 

{8a*b'Y - So^ft* X 8a*5» = 64o*6*. 
So also 

v'626«r%V - 26fl6V. 
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For (25<ifrV)»«=25a6VX25fliV 

ReqoireiJ the square root of 196a'b*<^<f. 
Required the square root of 225a'"6'V. 

(145.) According to Art. 140, a traction is involved bj in- 
volving both the numerator and denominator ; hence it is obvious 
that the squareroot ofa/racHon is equal to the root of the n 
lor divided by the root of the denmnxnator. 



2. Find the square root of - ^j^ . 

(146.) It appears from Article 144, that a m/mamial can- 
not be the squwe of another monomial, itideta ita coefficient be a 
sqttart nambw, and the exponenia of the different letters all even 
numbers. 

Thus Toi* is not a perfect square, for 7 is not a square num- 
ber^ and the exponent of a is not an even number. Its square 
root may be indicated by the usual sign, thus y^ lab*. Expres- 
sions of this nature are called aurds, or radicals of the second 
degree. 

(147.) We have seen, Art. 137, that whatever may be the sign 
of a monomial, its square must be affected with the sign +. 
Hence we conclude that 

If a monomial be positive, its sqaare root may be either positive or 
amative. 

Thus •y^a' — + 3a', or — 3a*, 

for either of these quantities when multiplied by itself produces 
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9a*. We therefore always affect tbe square root ot a quaiitilj 
with the double Gign +, which is read plu^ or minus. 
Thus *^la* = + 2a^ 

(148.) If the monomiBl be affected with a negative sign, tbe 
extractioD of its square root is injpossible ; ranee we have just 
Been that the square of eveiy quantity whether poMtiye or nega- 
tive is Decessarily positive. 

Thus v'^*. *^— 5a, ^/ITg 

are algebraic symbols which represent operations which it is 
impossible to execute. Quantities of this natufe are called imagi- 
nary or impossible quantities, and are symbols of absurdity which 
we frequently meet with in resolving quadratic equations. 

Such quantities may be represented by the general form 

%/ — a, which equals 
v'ax — 1 = v'V%/ — 1. 
So that i/ a-s/ — 1 is a genera! form for all imaginaiy quanii- 
ties of the second degree. Thus 



■J 


— 4 

— 60 

— 9 


-•4 


X- 


-1- 


2 ,/ — 1 


</ 


-Vba 


X - 


-1- 


v'5o>/— 1 


•/ 


-v/9 


X - 


-1 = 


3 v'— 1 



That is, the square root of a negative quantity may always be 
rtprttenttd by the square root of a positive qtumiity multiplied by the 
aquarerootof — 1. 

(149.) According to Article 138, to raise a monomial to any 
power, we raise the numerical coefficient to the given power, and 
multiply the exponents of each of the letters by the index of the 
power required. Hence reciprocally, to extract the root of any 
degree of a monomial, we obtain the following 
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I. Extrad the root of the numerical coefficient. 
11. Divide the exponent of each letter by the index of the required 

root. 

Thus V 64^ = 4o% 

V'lei'V ^ 26V. 

From Article 145, it is obvious that to extract any root of a 
fraction, we maet divide the root of the nummitar by the To<a of the 
denominator. 

Ihus the cube root of „ , „ is :r — = : 



(150.) Let us now consider the sign with which the root 
should be affected. We have seen, Article 139, that every even 
power is positive, but an odd power has the same sign as its 
root. 

Thus — a, when raised to different powers in succession, will 
pre 

— a, + a*, — a', + a*, — a', + a», — a% etc. 
and + a in like manner will give 

+ ffl, + a*, + «=, + o*, + a*, + a\ + a\ etc. 

In fact every even power (being expressed by 2») may be con 
sidered as the square of the nth power, or a*" ■" {<^y, and must 
therefore be positive ; and in like manner every power of an un- 
even degree (being expressed by 2ji + 1) may be considered as 
the product of the 2nth power by the original monomial, and 
must therefore have the same sign with the monomial. 

Hence it appeais 

I. That an odd root of any qunntiiy must have the same sigit a» the 
quantity itself. 
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Thus V + 8a* =- + 2(1 

V— 8a' = — 2o 

W — aaa'^i' = — 2fl'6 

V + aaa'^i* "= + 20*6. 
II. Thnl an even rod of a posiltve quantUy is aTnbiguous. 

Thus V 8la*b" = +3flfi» 

m. 7W on wen root <^a negative qaantay it impottible. 

For DO quaadty can be found which when raised to an even 
power can pve a negative result. 

Thus *\/ — a, *\^ — c are symbols of operations which can- 
not be performed, and they are therefore called impossible or 
imaginary quantities, as >/ — a, y/~b in Art. 148. 

EXAMPLES. 

1. Find the fourth root of Sla*. 



2. Find the fifth root of — 243a"&*c-". 

3. Find the cube root of — 125(r'ar-'y. 



4. Find the square root of 

5. Find the fifth root of 






(161.) According to the preceding rule, we perceive that in 
order that a monomial may be a perfect power of that degree 
whose root is required, its coefficient must be a perfect power of 
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that degree, aod the exponenl of each letter must ^e divisible b; 
the index of the root. 

When the monomial whose root is required is no< a perfect 
power of the given degree, we can only indicate the operation to 
be performed. Thus if it be required to extract the cube root of 
4i^b', the operation may be indicated by writing the expression 
thus 

Expressions of this nature are called surdi, or irroHwial quanii' 
tieSy or rascals of the second, third or nth degree, according to the 
index of the root required. 

(153.) The method of extracting the roots of polynomials will 
be considered in Section XVII. There is, however, one class so 
simple and of so frequent occurrence that it may properly be 
introduced here. In Arls. 60 and 61 we have seen that 

the square of o + i is a* + 2ab + b', 

and the square of a — 6 is a* — Soft + i*. 

Hence the square root of o' + 2aft + 6* is « + 5. 

Hence a trinomial tg a perfect sqwnre, when two of its terms are 
squares, and the tfdrd is the double product of the roots of these 
squares. 

Whenever, therefore, we meet with a quantity of this descrip- 
tion, vre may know that its square root is a binomial, and this 
may be found by extracting the roots of the two terms which are 
complete squares, and connecting them by the sign of the other term. 

Ex. 1. To find the square root of a' + 4ab + 4S^ 

The two terms, a' and 4J* are complete squares, and tt b third 
term 4a& is twice the product of (he roots a and 2b ; hence a -(• 26 
is the root required. 

Ex. 2. Y'mA the squar? root of 9a»— 24aA + 166'. 

Ex. 3. I^d the square root of 9a' — 30a*6 + 25a*6'. 
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(153.) }fo binofttial can he a perfect square. For the square of 
a monomial is a monomial ; and Ibe square of a binomial consiGts 
of three distinct terms which do not admit of being reduced with 
each other. 

Thus such an expression as 

a* + J» 
is not a square ; it wants the tenn + 2ab to render it the square 

of a + 6. This remark should be continually borne in mind, 
as beginners are very prone to put the square root of a' + i* 
equal to fl + ft. 

ntKATIONAL QUANTITIES, OR EUKDS. 

(151.) iTToticnal quantiiies, or surds, are quantities afftcted wiik a 
radical sign, and which have no exact root, or a root whicA can be eav 
adty expressed in numbers. 

Thus v'' 3 is a surd, because the square root of 3 cannot be 
expressed in numbers with perfect exactness. 

In decimals it is 1.7320508 neaHy. 

A raHonal quantity is one which can be expressed in finite 
terms, or without any radical sign or fractional index ; as a, 
6(i», etc. 

(155.) We have seen, Art. 144, that in order to extract the 
square root of a monomial, we must divide each of its ex- 
ponents by 2. 

Thus the square root of a* is a' or o ; that of a* is a* ; that of 
a" is a' and so on ; and as this principle is general, the square 

root M o* must necessarily be o*, and that of a" must be a' ; 
consequently we shall in the same manner have «^ for the square 
root of a'. Wheijce we see that 

a* is equal to v* a 
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03 is the same as *•/ a* 

d^ is equivalent to %/ a' 

etc. etc. 

We have also seen, Art. 149, that in order to extract the root 

of any degree of a monomial, we must divide the exponent of 

each letter by the index of the required root. 

Thus the cube root of o^ is a', or a ; the cube root of a' is a' ; 
the cube root of a° is ir?, and so on. So also the cube root of a' 
is a^ ; the cube root of a^ is a^ ; the cube root of a, or a' is a'. 
Whence it appears that 

o^is the same as V a 
<t^ is equivalent to 'v' a* 
a^ is equivalent to 'v' a' 
etc. etc. 

la the same manner the fourth root of a is a*, which expres- 
sion has therefore the same value as *%/ a ; the fifth root of a will 

be a*, which is conseqently equivalent to '•,/ a, and the same 
observation may be extended to all roots oT a higher degree. 

(156.) Other fractional exponents are to be understood in the 
same way. Thus if we have a^, this means that we must first 
take the fourth power of a, and then extract its cube or third 
root ; 90 that a' is the same as ^■^ a*. 

So also to find the value of a*, we must first falie the cube or 
the third power of a, which is c^, and then extract the fourth root 
of that power ; so that d^ is the same as *v^ a', 
and «^ is equal to 's/ a*. 

Hence, the numerator of a Jractional index denotes the power, 
and the denojmnator the root to be extraded. 
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Again, let it be required to extract the cube root of— . 

In the first place -j — a~ . Now to extract the cube root of 
tr"* we must divide its exponent by 3, which gives us 



Bat the cube root of — may also be represented by 



Hence ~ is equivalent to a~^ 



So also --y is equivalent to a 



Thus we see that the principle of Art. €9, that a factor may be 
transferred from the numerator to the denominator of a fraction, 
or from the denominator to the numerator by changing the' sign 
of its index, is applicable also to JracHonal indices. 

We may, therefore, entirely reject the radical agns bitherlo 
made use of, and employ in their sttad ^e fractional exponents 
which we bave just explained; and indeed many of the diffi- 
culties in the calculation of radical quantities disappear when 
fractional exponents are substituted for the radical signs. 

CASE I. 
lb reduce surds to theiT most smple/orms. 
157.) Surda may frequently he simplifieci by the application 
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of the followiDg priociple ; the square root of t)ie product of two 
or more factors is equal to the product of the s^re roots of those 
factors. 

Or in algebraic language 

For each member of this equation squared, will g^ve the same 
quantity. 

Thus the square of v' oA is ab. 

And the square of %/« x s/6 is {y/ a)' y. [•/ b)' ^ ab. 

Hence, since the squares of the quantities %/ ab and %/ a x \/ ft 
are equal, the quantities theniselres must be equal. 

Take the example %/ 4a. 

TTiis liiay be put under the form v' 4 X \/ n. 

But s/ 4 is equal to 2. 

Hence, \/'4a = v'4 XV'a = 2v'a = 2a^ 
2 «/ a is considered a simpler form than \/ 4a for reasons which 
will be better understood hereafter. 

Again, reduce s/48 to its most simple form. 

y/ 48 is equal to^l6x3=-v'16Xs/3 = 4%/3. 

In general, therefore, in order to simplify a monomial radical 
of the second degree, separate it into two factors, one of which is a 
perfect square, extract its root, ond prefix it to tlie other factor with 
the radical sign between them. 

In the expressions 2\^a and 4 V* 3, the quantities 3 and 4 are 
called the coefftcienis of the radical. 

£ZAHPLGS. 

1. Reduce 2 y 32 to its most simple form, 

Ans. 8^/2. 

2. Reduce >/ 1250* to its most simple form. 

3. Reduce s/98a6* to its most simple form. 

18 
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4. Reduce v' 394<i^ to its most simple form. 

5. Reduce 7 v' 80a^ to its most ^mpk form. 

6. Reduce s/98^V W its most simple form. 

7. Reduce V 45a*6'c*d to its most simple form. 

8. Reduce v^ Sfrd^SV" to its most simple form. 

(158.) Surds of any degree may be simplified by the applica- 
tion of the following principle, which is merely an extension of 
that already proved in the preceding Article. 

TTie uth root of the product of any numba- of /actors is eqaal to 
the jmiduct of Ike Jitk roots of thoie factors. 

Or in algebraic language 

For raise each of these expresaons to the nth power and we 
obtain the same result. 

Thus the nth power of "v* abis ab. 

And the nth power of "V* a x -v" 6 is (-■/ a }" X (-%/ 6)- — ob- 

Hence, since the same powers of the quantities "■%/ ab and 
■-/ a X "%/ i are equal, the quanlilies themselyes must be equal. 

Thus take the expres^on 

V8a'. 

This is equivalent to '■%/ 8 X *v' o', which is equfi) to 2 * v' o*. 

Again, take the expression 

V48a'. 

This is equivalent to V 16o' X *%/ 3a, which is equal to 
2a*^'3a. 

Hence, to Amplify a monomial radical of any degree, we have 
the following 



Sepvate the quaiUily into tao factors, me of which is m exact 
power of the same name loith the root ; extract Us root ; imd prefx 
it to the other factor with the radical sign between them. 
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In the above expressions, the quantities 2 and 2a placed be- 
fore the radical sign, are called the coeJldmU of the radical. 

EXAMPLES. 

1. Reduce W56a'b* to its most simple form. 

Ans. 2«iyV7o*. 

2. Reduce *>/ 54a*6V to its most simple form. 
3- Reduce *v'48a^*c* to its most simple form. 
4. Reduce *■• 192o^6c*^ to its most simple form. 
6. Reduce '\/ 192a*6V to its most simple form. 
6. Reduce 9^\/ 816' to its most simple form. 

(159.) There is another principle which can frequently be emr 
ployed to advantage in simplifying radicals. 

The square of the cube of a is equal to the sixth power of a. 

For the square of the cube of a is a* X d^, 
which equals o* + * = o*. 

So also theyour^ power of the cube of a, is equal to the tweljlh 
power of a. 

For (o»)*=a?Xa'Xa'Xa^ 



And io general, the with power of the nth power of any quan- 
tity, is equal to the mnth power of that quantity. 
That is (a"J " = tf*. 
Hence reciprocally, 

The tnnth root of any qnanti^ is equal to the mth root of the 
nth root of that quantity. 

Thus, the fourth root » the square root of the square root, 
The sixth root « the square root of the cube root, 
or the cube root of the square root. 
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The eighith root =■ th« square root of tbe fourth root, 

or the fourth root of tbe square root. 
The niDth root * the cube root of the cube root. 

Hence, when the index of the root is the product of two or more 
Jactors, vje may obtain the root required by extracting in succession 
the roots denoted by those Jactors. 

£x. I. Let it be required to ezfa^ct the oxth root of 64. 

Tbe sixth root is equal to the cube root of the square root. 

The square root of 64 is 8, 
and tbe cube root of 8 is 3. 

Hence the sixth root of 64 is 2. 

Ex. 2. Let it be required to extract the eighth root of 256. 

The eighth root is equal to the fborth root of the square root ; 
or to the square root of the square root, of the square root. 

The square root of 266 is 16, 
and the fourth root of 16 is 3. 

Hence, the eighth root of 266 is 2. 

When one of the roots can be extmeteil, and tbe other not, a 
radical ma; be simplified by extmcting one of the roots. 

Thus, the fourth root of 9 is equal to the square root of the 
square root of 9 ; that is the square root of 3. 

Or algebraically *\/ 9 = v' 3. 

Ex. 3. Reduce *s/ 4a' to its most simple fbnn. 

Ex. 4. Reduce W 36a*A* to its most simple Ibnn. 

Ex. 5. Reduce "*/ a" to its most simple form. 

Ex. 6, Reduce *%/ 25fl*5V to its most simple form. 

CASE II. 

(160.) lb reduce a rational quaniUy to the form of a surd. 
The square root of tbe square of a is obviously a ; that is 

o = >/ a* = a '. 
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So alao the cube root of the cube of a is a ; 

tbat is a ™ 'v' a' " a^. 

Hence, to reduce a rational quantity to the form of a suid| we 
have the following 



Raise the qvantUy ta a fowef of the tame name with the given 
surd, and then apply the corresponding radicfd ^gn or index. 



1. Reduce 3 to the form of the square root. 

Here 3 X 3 = 3* = 9; whence 3 = v^ 9. Ans. 

2. Reduce ax to the form of the square root. 

Ans. •/^ or (tfj^.)^. 

3. Reduce 2af to the fona of the cube root, 

4. Reduce 5 to the form of the square root. 

5. Reduce — 3^; to the form of the cube root. 

6. Reduce — ^x' to the ibrsa of the fourth root. 

7. Reduce' 0*6^ to the form of the square root- 
It mil be observed that this Case is nearly the reverse of the 

preceijing, and consequently brings quantities into a less simple 
form ; nevertheless this fbrm is sometimes better suited to subse- 
quent operations, as will bo seen hereaAer. 

CASE in. 

(161.) To reduce quim^iies which have d^erent indicei to others 
of the same value having a conmum index. 

EEample 1. To reduce a* and a" to a common index. 
From the preceding Article it is obvious that the square ro 
of a is equal to the sixth root of the cube of a ; 

that is a^ •= d* = V (t". 
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So also Oj" a' ^ V^. 

Thus the quantities a' and a^ are reduced to t^ and a* 
vhich are of the same value, and have the common index j. 

Ex. 3. Bedace 3* and 2^ to a common index. 

Hence 'v^S? and "•t/A are the quantities required. 

Hffltce we derive the following 

RULE. 

Bedaee the indices to a common denonunaior ; raise each quamiily 
to the power denoted by the numerator of its reduced index ; and 
take the root denoted by the conatum denominator. 

Ex.. 3. Reduce S' and 4* to a common index. 

Ex. 4. Reduce a* and a^ to a common index. 

Ex. 5. Reduce a^ and &^ to a common index. 

Ex. 6. Reduce 5*^ and 7' to a commim index. 

Ex. 7. Reduce a" and fi" to a common index. 

(162.) If it is required to reduce a quantity to i given index, 
Divide the index of the quanlilj/ by the given index, place the que- 
rent over the quantity, and sd, the given index over the tohole. 

Reduce a' to the index }. 

Hence a^ — (o^ =" V aK Ans, 

Reduce 3^ and 4^ to quantities that idiall hare the common 
index |. 

CASE IV. 

To add turd guantiUes together. 
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(163.) Two Tadicals* are timilar, when they have the svne 
index, and the same quantity under the sign. 

Thus, 3 v' a and S \/ a are similar radicals. 

So also 7 '%/ 6 and 10'\/ b are similar radicals. 

But v^ a and 'v* a are tiot similar radicals, for although they 
hare the same quantity under the radical ^gn, they have not the 
same index. 

Ex. 1. Find the sum of 2 %/ a and 3 v' a. 

As these are smilar radicab, we may unite their coefficients 
by the usual rule, for it is evident that twice the square root of a 
and three times the square root of a, make fire times the square 
root of a. Hence the following 

RULE. 

Whm ths radicals are similar, add the coefficients, and annex the 
radical part. 

Sut if the quantOies are dissimilar, and cannot be made similar 
hy the reductions in the preceding articletf they can only be con- 
nected together by the sign of addition. 

Ex.2. Add%/6to2v'6. ^ 

Ans. 3*/ 6. 

Ex. 3. Add 5 V o and — 2 *■»/ a. 
Ex. 4. Add aV b + c and x-t/b + c. 

If the radical parts are or^mdly daffer&iiy they must if pos^ble 
be made alike by the preceding methods. 

Ex. 5. Add v* 27 to v^ 48. 

Here %/ 27 - v^ ~9X~3 = 3 v/ 3. 

And %/48-n/ 16x3 = 4%/ 3. 

Whence 7 %/ 3 ■■ the sum. 
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Ex. 6. Add V"600 and *Vl^. 



Ex. 7. Add 4*/ 147 and 3 »/ 75. 



Ans. 8V4. 



Ana. 43 %/ 3, 



Ex. 8. Add 3V| and 2 v* TV- 
Here 3v'4 -3*/ 4i - I -v^lO. 
And 2^/^Iff-2^■I'^=.■,V*'10• 



Whence 4 *'' 10 = the sum. 

Ex. 9. Add together >/ 72 and " V 128. 
Ex. 10. Add together %/ 180 and \/405. 
Ex. 11. Add together V 40 and V136. , 

Ex.' 12. Add together 8 V 32 and 5 V 2. 

CASE V. 

To^nd Vie ^fftrence ofaard qiuaUiius. 

(164.) It is evident that the subtraction of surd quantities may 
be performed in Qie same manner as addition, except that the 
signs in the subtrahend are to be changed according to 
Article 45. 

Ex. 1. Required to find the difference of •/ 448 and •/ 112. 

Here s/ 448 = y/ 64 x 7 = 8 %/ 7. 

And v'112 = v'16X7=4s/7. 

Whence 4 v* 7 = the difference. 

Ex. 2. Find the difference between V 192 and 'V 24. 
Here V 192 ■= V 64 X 3 = 4 V 3. 



And W24. =V 8X3=2V3. 

Wlience 2 *v^ 3 = the difference. 
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Ex. 3. Find the difference between 5 n/ SO and 3 ^ 46. 
Here 5 %/ 20=5 >/ 4 x 5 = 10 ^/ 5. 

And 3-»/45=3s/Fx5= 9 ^/ 5. 

Whence v^ 5 =tbe difference. 

Ex. 4. Find the difference of 2 */ 50 and v/ 18. 
Ex. 5. Find the difference of 2 >/ 320 and 3 -/ 40. 
Ex. 6. Find the difference of %/ SOa'x and */ 20oV. 
" Ex. 7. Find the difference of ^ 162a* and 2 ^ 72a'." 

CASE VI. 

7b m.ul%)/jr surii ^uon^ies together. 

(165.) Let it be required to multiply »*/ a by "\/ b. 

The result will be '-/l^. 

For raise each of these quantities to the power of n, and we 
obtain the same result <A ; hence these two expressions are equal. 
We thus obtain the followit^ 

RULE. 

Whm the surds have the same index, mulHply the quantities 
under the sign by each (dher, and affect the result with the common 
ratUcal sign. If there be coeffidetds, tliese must be multiplied 
separately. 

Ex. I. Required the product of 3 •/ 8 and 2^6. 

Here 3^*8. 

Multiplied by 2 n/ 6. 

Gives 6 */ 48 = 6 V ]6 X3 =• 24 y 3. Ans. 

Proof. Square 3 v* 8, and we obtain 9 x 8 = 72. 
Square 2^6, and we obtain 4 X 6 — 24. 
72 multiplied by 24 — 1728. 
A^o 24 -v/ 3 squared = 576 X 3 = 1728. 
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Ex. 3. Required the product of 5 V 8 and 3 v* 5. . 
Ex. 3. Required the product of 7 V 18 and 5 V 4. 
Ex. 4. Required the product of J V 6 and -jV V 17. 
Ex. 5. Required the product of \ V 18 and 5 V 20. 
If the surds have oot the same index, they must first be n 
duced to a common, index. 

Ey. 6. Required the product of %/ 2 and '\/ 3. 
Here v' 2-2^-(2n*-V8. 

And V 3 = 3' =- (3») ^ = "V 9. 



Whence ">/ 72 = the product 

(166.) Wfc have seen in Article 60, diat pow^s of the same 
quantity may be multiplied by adding th^ir exponents. The 
same principle may be extended to roots of the same quanti^. 

Let it be required to multiply -v/ a by '%/ a, or a^ by a'; 
We have seen in Art. 155, that a^ = a', and a* = a'". 
But a' = a^ X a' X a^. 
And a^ =a' X a'. 

The product therefore is a' X a^ X o'^ x a*" X a^ = a*. 
Hence, roots of the same quaniity may be muiUpUed by adding 
their JractiotuU exponents. 

Ex. 1. Multiply 5a* by 3a^. 



Ex.2. Mylliply 3a^ bySla* 

Ex. 3. Multiply 3i*y^ by 4x^y\ 

Ex. 4. Multiply {a+b^ by (a + b^. 

(167.) If the rational quantities, instead of being coefficients of 
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the radical qiiaotities, are coniwcted with them by die signs + 
or — , each term in the multipher must be multiplied into each 
term of the multiplicand. 

1. Let it be required to multiply 3 + v' 5 
by 2 — -v/ 5 





6 + 2V5 










-3/5- 


5 






We obtain the product 


6— Vi- 


5 




which reduces to 


1 — V6. 








2. Multiply 7 + 2-^/6 by 9- 


-bve. 










Aui 


3- 


- 17 ■/ 6. 


3, Multiply 9 + 2 ^/ 10 by 9 


-2v/10. 




Ans. 


41. 



CASE VII. 
7b divide one surd quantity by another, 
(168.) Let it be required to divide '%/ a* by 'v* a*. 
The quotient roust be a quantity which multiplied by the di- 
visor shall produce the dividend ; we thus obtain "v^a, for 
according to Art. 165, V «* X V a — V«*. 

That is -^.-^ = V a. 

V or 

Hence the ibllowing 

RULE. 

Quantities under the same radical s^ or index may be divided 
like ratiotud guantiHes, the quotient beiTig affected toilh the common 
rtjflieal siffn. If there are coefficients, they must be divided sepa- 
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If Ae radicals hare not the same index, we must fitst reduce 
them to 8 comman index. 



EXAMPLES. , 

1. It is required to diyide 8 %/ 108 by 2 -v/ 6. 

Here \^^ - 4 ^ 18 = 4 ^9X2 = 12 V 2. Ana. 

2. Divide 8 V 512 by 4 V 2. 



3. Divide 6 V 54 by 3 V 2. 

4. Divide4V72by2Vl8. 

5. Divide 4 V 6a*y by 2 %/ 3y. 

6. Divide 16 {(^b'^ by 8 (oc)-. 

7. Divide 4 V 12 by 2 %/ 3. 

As the radicals in tbis^ast example have not the same index, 
they must be reduced to a common index. 

4V 12==' 4(12)^ = 4(12)^ =4(144)*. . 

2^/3 = 2 (3)i = 2 (3)^ = 2 (27)*. 

(169.) We have seen in Art. 67, that in order to divide 
quantities expressed by the same letter, we must subtract the ex- 
poaetit of the divisor from the exponent of the dividend. The 
same principle may be extended to fractional exponents. 

Thus let il be required to divide a* by a*. ... 

Then by the preceding article 
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Hence, a root is divided l»f another root of the tame letter or 
qaanOty, by subtractmg the expormd of the Avisor from that oftkt 



Ex. 1. Divide (oi)* by (06)^. 

Ans. 

Ex. 2. Divide o* bya». 

Ex. 3. Divide ^ by o^. 

Ex. 4. Divide a" by a». 

Ex. 5. Divide 4 v* 06 by 2 'v* 06. 

CASE VIII. 
(170.) To raise surd qwanii^es to any power. 

Let it be required to find the square of a*. . 

The square of a quantity is found by multiplying it into itself 
jnee. 

Hence, the square of o* is equal to a* X a» » a* ./ — a*- 

That is (a^l — a^. ' 

Again, let it be rA)uired to find the cube of a*. 

The cube of a quantity is found by multiplying it into itself 
wice. 

Hence the cube of o' is equal to a^ X a'' X a"* ■- a''. 

That is {a») = a^. 

In the same manner ve should find the nth power of aii^ ~ ait. 
Hence we have the following 



Radical quantUies are involved by multiplying their fractional 
indices by the index of the required power. 
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Ex. 1. Required the fourth power of o*. 

Ex. 2. Required the fourth power of % aK 
Ex. 3. Required the cube of § v' 3. 



Ans. -J\/3. 



Ex. 4. Required the square of 3 *%/ 3. 
Ex. 5. Required the fourth power of | %/ 6. 

(171.) 1/ the radical quantities are connected with others by tlie 
tigns + and — , they must be mvolved by a muUtpHcaiian of the 
seoend terms. 

Ex. 1. Required the square of 3+^/5 
3+ VS 



9 + 3^/5 

Z^/b + b 

The square ia g+fiVS + S 

or 14 + 6 v* 5. Ans. 

Ex. 2. Required the square of 3 + 3 v' & 

These two examples are comprehended under the rule in Art. 
60, that the square of the sum of two quantities, is equal to die 
square of the first, plus twice the product of the first by the 
second, plus the square of the second. 

Ex. 3. Reqirid the cube oi V x + Z V y. 

Ex. 4. Required the fourth power of v' 3 — V 2. 

CASE IX. 

TofiTid the roots of surd quantities. 

(172.) A root of B quantity is that which multiplied by itself a 
certain number of times will, produce the given quantity. But 
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we have seen that a radical quantity is iDVoIved b; multipljring 
its index into the index of the required power. Hence 
To find the roots of surd quantities, 

Divide ike fractional index by the number expressing the root to 
be/ound. 

Thus, the square root of a' is a -* a*'. 

For by Art. 170, we obtaiir the square of a* by multiplying 

the index *" by 2. 

That is (oT)»»o'' — fli. 

EXAUPLEli 

1. Find the square root of 9 (3)^. 

Here (9(3)*)^ = 9^ x 3^'^*-3C3)^ -aVS. Am. 

S. Required the cube root of ^ V 2. 

Ans. J V 2. 

3. Required the square root of lO*. 

4. Rec|uired the cube root of ^V «*• 

a 

5. Required the fourth root of i^ a^. 

6. Required the cube root of -^/j a". 

7. Required the cube root of ^ s/f. 

CASE X. 

To find multijiUers wMch shall cause surds to become niiioml. ' 
(173.) I. When the surd is aTtumomial. 
The quantity -»/ a is rendered rntional by multiplying by ->/ a. 
For V a X V a — a* X (1^ = a. 
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So also a^ is rendered rational by multiplying by a^. 

For a' X a? m.a'^ =a. 

Also a* is rendered rarional by multiplying by a^. 

For oi X o^ = a^ = a. 

In general a^ b re&dered rattonBl by multiplying by air. 

Tot a'Xa'— o"— «'"«- 

Hence we deduce the following 

RULE. 

Mvitiply the surd by the same qumdiUy having tuck on ecponenty 
as when added to the exponent of the given surd shall be equal to 
UttUy. 

U. When the surd is a binomial. 

If the binomial contains only the square root, multiply the gieen 
binomial by the same expression with the sign of one of its terms 
(Aamged, and it u^l gioe a rational product. 



Ex. 1. Thus 
Multiplied b; 


ultipli 


^a — s/h 


' 


— Vai—b 


Gives a product 

El. 2. Find s m 

Given surd 
Multiplier 


a — 6, which is rational 
er which shall render 5 + */ 3 ration 

5 + v'S 

6 — ,/3 


Product 


25— 3 = 22 as required. 
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These two examples are cintiprehetided under the Rule in Art. 
62, the product of the sum and difference of two quantities is 
equal to the difference of their squares. 

Ex. 3. find a multiplier tiiat shall make v' & + v' 3 rational. 

Ex. 4. Find a multiplier that E^all make v'S — -t/.x cational. 

Ex. 5. YaA a multip&er that shall make v'a — v^ a5c rational. 

. . m. When the surd is a /nnotniaf, it m&y be reduced first to a 
binocual surd, and then to a rational quantity. 

Ex- 1. To find roultipUers that shall make v'5+ v'3— v^2 
t^ticmal. 

Giveusurd V5 + v/'3-^y'2 

First mulUplier v'5 + v'3+v'2 



5+v'15— \/10 
+ %/15 + 3 — v'6 

+ v^l0+v'6 — 2 



First product 6 + 2 v* 15 

Secmd multiplier —6 + 8 4/15 



-36 — 12v'15 

+ 12%/ 15 + 60 



Second product — 36 + 60 = 24 «■ ratbnal quantity. 

Ex.2. To find multipUeis that shall make v^a+Vd + Vc 
rational. 



(l74.) To reduce a^frOcHoft eonlaijdn^ surds, to attotlm having 
a T<Uional numerator or denominator. 
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RULE. 



Multiply both numeraior and denonmator by ajador tokick will 
render other of than ra&mal, as the case may require. 



*/ o, it will become -p—, in which the Ttitmerator is ratioBa]. 

Or if both tenns be multiplied by v' i, it will become — r- , in 
which the denominator is lational. 

Ex. 2. Reduce the fractio& — t-= to one that shall have a 
rational denominator. 



Ex. 3. Re<Juce-7T t-x to a fraction haTine a rational de- 

• o — • » ■ . = 

lomiiutor. 

Ann. '/5 + ^ii. 

Ex. 4. Reduce -^ -ri to a fraction having a rational de- 



Ex. 5. Reduce — ; — j-r to a fraction baTine; a rational de- 
_o + V 0, ° 
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(175.) The utiUty of the preceding transformatioiis may be 
illustrated by computing the numerictd value of a fiBctional 
mrd. 

Suppose it is required to find the yalue of the fraction /■,-,j_j<i } 

and to malce the illustration more striking, suppose great accuracy 
is required, -as for example that the result shall be correct to 20 
decimal places. , We might first extract the' ^iiare root of 5 to 
20 decimal places, then multiply ibis root by 7. We thus get 
the valu9 9f the given numerator. Then extract in succession 
the squaia roots tif 11 and 3 to 20 decimal places, take their 
sum, and divide by it the valub of the numerator just found ; it 
will give the value of the fraction. Observe that we have ex- 
tracted the square root of Mree diSerent numbers to 20 places^ 
and have divvied 23 figures by 21 figures, and after all we can- 
not be sure that our result is .correct to more than 19 decimal 
pUcea. : ' '. 

Suppose DOW We commence with making the denominator of 

die g^ven fraction rational. ' The fraction becomes 5 . 

It is now only necessary to extract two square rooiSf and divide 
by one figure instead of twenty-one. The mechanical labor is 
therefore reduced fr^ one Judf. Moreover, we have tables which 
^ve the square roots of all numbers op to 10,000. With the 
aid of such a table, it would only be necestery to subtract the 
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square root of 16 fiom the square root of 55, and take f of the 
dMerenCB. Thus 







- 7.4161986 

- 3.S729833 




"3~ 


3.5432168 
7 




8124.8026064 


• U + v' 


3.1003133 



s/6 

1. Compute the value of the expression ~prr~/v 

2. Cwapute the value of the eitpteaaioft ^ - ^ - ^ ^h^ ' fy__ t ' ^ - 

. . ^ ■ 9 + ^^/10 

3. Compute the value of the eipreaeum gt^g-^/Yo' 



CASE XII. 

( 176.) To free an e^iaUaifrom radical qmmUHes. 

This may generally he done by succesmve involutions. Fbf 
this pufpose, we first free the equation from fractions, Jf "wre 
is but one radical expression, we bring that to stand aTone on 
one die of the equation, and invQlve. the wM« equation to 4 
power denoted by the index of the radical. 

Ex. 1. Free die equation - 



a + v'2M + ^. 



from radical ({usnUties. 
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' dinting Df'ftwtlons, Rn«l trampiMing a «e oMbln - 
v^,2ax + X* » a6 — o. 
The square of this equation is 

which is free' from radical quantities. 
\ Ex. 2. Free the equation 

• g«' ■ 

» + ^'>* + a^~^/a' + «» 

from radical quantities. 

If the equation contains two radical expressions, coinbined 
with other terms wluch are rational, it will generally be best to 
bring one of the radicals to stand alone on one side of the equa- 
tion before involution. One of the radicals will thus be made to 
disappear, and the remaining radical may be ettenninated as in 
the former case. 

Ex. 3. Free the equation 

from radical quantities. 
Transposing one of the radicals we obtain 

Squaring we have 

a + a:s=c* — 2cv'6 + y + J+y- 
'- Transposing so as to bring the radical to stand alone, 

2c*/6 + y = c* + 6+y — a — ?, 
which ma; be freed from radioab by squaring a second 
time. 

Sometimes the two radicals may l^e of such a focm that it is best 
to bring both to one member of the equation before involu- 
tion. 
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When an «qaitioa contains WTsral radical qnautitiei, it aaj 
genetaJlj be freed from them by succes^re involutions, but the 
best mode of procedure can only be detennined by trial. 

Ex. 4. Fm the equation 

^/^x + 7 + \^ar— 18 = '/lx + 1. 
from radical quantities. 

When an cqnation cont^s a fraction involving radical quanti- 
ties in both nmnerator and denominator, it is sometimes best to 
render the denominator rational by Caise XI. 
, Kx. 5. Free the equation 

\/ X + y/ X — a an* 
\/x—\^x — a 3:— a 
from radical qoaolities. 

Multiply both terms of the first fraction by %/ a; + */ x — o, and 
we have 

{^/x+ V x^af an* 

X — (i — a) . X — o 

or(-v/x+ v/7t^)» = -^. 
x~~a 

Extracting the square root 

aw 

Vx — a 

clearing of fractions 

•/ n^ — ax+x — a = ori, 
which is easily freed from radicals. 
Ex. 6. Free the equation 
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from radical quantitieG. 
Ex. 7. Free the eqoatioD 

x~v^x+l _B 

x + vT+l^ii 

from radical quantities. 
Ex. 8. Free the equatioD 



from^dical quantities. 

(177.) I^lie difierent rules trhtch hare been girea for the cal- 
culation of radicals, ate exact, so long as we treat of sbaoititt 
numbers ; but are subject to some modifications when we con- 
sider ma^uiry ex^essions, such as >/ — 3, %/ — a, etc. 

Let it be required, for ei»mple, to determine the product <^ 
V — B by V — a- 

By the rule girai in Ait. 165, . 



■%/ — aX^ — ac-i/ — aX— a 

But %/ + (^ ■■ + ffl, so that fliene is apparently a doubt as to 
the «gn with wluch a ought to be affected in order to answer 
the question. Howerer, the true result is — a; because any 
quantity must be equal to the square of its square root 

Now ^/-^aX %/ — aistbe same thing as ( V* — «)', and con- 
sequently is equal to — -a. 

Next let it be leqniied to determine the product of v' — aby 
V^6. 
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Bj the rale in Art. 166, 



The true result however is — -y/idi, for we hare according to 
Art. 148 

v/'z:^ = ^o.v'"^i 

Hence 

— v'ai X wi 

According to this piinciiiU, we sbaJl find for the difieient 
powci* <tf v' — 1 the foHowing Hndte. 

v' — 1 '= v' — 1, the first power. 
\^ — 1)* ^ — 1. the second power. 

^ — %/■ — 1, the third power. 

= ^lx — 1 

= +.1, the fourth power. 

Since tbe four following powers will be fitund by multiplying 
+ 1 by the first, the second, the third, and the fourth powers, 
we shall sgaia find for the four next powers 

+ V^l, — 1, — V"^!* + I ; 
80 that aU the powers of ■/ — 1 will ' form ^ riipce^g (Tck of 
these four terms. , 

Whenever the student is sjt a loas to dettvmipe the product of 
two imagmary quantities, it is best to resolve each of them into 
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two Gictors ; one the square root of a positive quantity, and die 
other s/^^. Art. 148. 
Thus let it be requited to multiply ./ — 9 by V — 4. 

^/■^ = 2^/^^. 
, Therefore -/^S x s/^r4 = 3 -/^^X x 2 v''^^ 

= —6. 
Examples] Multiply 1 + v'^^ by 1 — \/ ^^. 
Multiply ^ 18 by V'^^. 
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EQUATIONS OF THE SECOND DEGREE. 



(178.) According to Art. 96, quadratic emotions, or equations 
of the secoTui degree, are those m which the highest power of the 
wUcnotim quaniUy is a square. 

Quadratic equations are divided into two classes. 

I. Equations which involve only the square of the unknown 
quantity. These are termed pare quadratics. Of this description 
are the equations 

tLt^ — b; 3a^ + I2-"160 — a*; etc. 

They are sometimes called quadraHc equations of two terms, 
because by transposition and reduction they can always be ex- 
hibited under the general form. 

or' "6. 

II. Equations which involve both the square and the £rst 
power of the unknown quantity. These are termed affected or 
complete quadratics. Of this description are the equations 

a^ + 6a; ■ 

They are sometimes called quadratic equations of three terms. 
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because by transpositioa and reduction they can always be 
exhibited under the general form 

Solution o/pure quadratics contmttmg one unknown quaoHly. 
(179.) The solution of the equation 

presents no difficulty. Dividing each member by a, it becomes 
_. * 



If ^ be a particular number, either integral or fractional, we 

can extract its square root either exactly or approximately by the 
rules of arithmetic. 
It is to be remarked that since the square both of + m and 



of — */ — are both H — . Hence the above equation is sus- 

a a ^ 

ceptible of two solutions, or has two roots ; that is, there are two 
quantities which when substituted for x in the original equation 
win render the two members identical. These are 



For substitute each of these values in the original equation 
or* = ft, it becomes 

aX( + v^ — )'=6,or«X-=6; i.e. ft = 6. 
. a ' ' a ' 
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anil aX( — v* — )'=6,ora X — =6; i. e. b=b. 



EZjUIPLE I. 

Find the values otx wbich satisfy the equatioa 

4c» — 7-=3x' + 9. 
Transposing terms, 4^ — Si* =^9 + 7. 
ReduciDg . x* = 16. 

Extracting the square root 

x = + yi6 = +4. 
Hence the two values of « are + 4 and — 4, and they may 
both be verified by subatitution id the original equntioB, 
Thus, taking the first value -we have 

4 X {+ 4)»— 7 = 3 X (+ 4)* + 9 
4x16—7 = 3x16 + 9 
i. e. 57 = 67. 
Taking the second value of a:, we have 

4x(_4)» — 7=3x(— 4)»+9 

4 X 16 —7 = 3 X 16 + 9 as before. 
From the preceding examples we deduce the following 

RULE. 

Reiiuce the equation to the form ax* ^b ; then divide by the 
coefiiient of x*, and extract the square root of both Tnembers of the 
equation. 

Er. 2. Given «» — 17 = 130 — 23;" to find the values of ar. 

By tianspo^tion 3z* = 147, 

therefote i» = 49 

and X =±7. 
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Ex. 3. Given a;" + oJ =« Sa:* to find ibe values of jr. 
By transposilion aJ ^ 4a:* 

therefore + ■%/ oi = 2« 

and X «= ^^— — . 

2o' 

Ex. 4. Given x + %/«* + 3^= ■ ■ -,--— to find the values 

otx. 

Clearing of fractions xy/<^ + 3^ + a' + x' = 2o'. 

By transposition a;\/i^ + x*'^a' — x^. 

Squaringboth sides, a*x' + x* = a' — 2a' J^ + ar*, 
therefore 3aV = a* 

and 31* = ^* 

therefore a: = + — tt:- • 



3 " 1 to find the values of x. 



Ans. a; ■■ + 3. 

Ex. 6. Given 3a:» — 4 — 28 + x" to find the values of i. 
Ex. 7. Given i* + 5j: — 5j; + 4225 to find the values of it. 

12 24 

values of ». 
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Prob. 1. What two numbers are those whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied by the less pro- 
duces 270 i 



Let 


lOi — Iheirtum. 


Then 


7i = the greater number, 


and 


3x = the less 


Whence 


aari—ino, 


and 


^=9 


therefore 


X-. + 3, 



and the numbers are + 21 and + 9. ' 

Prob. 2. What two numbers are those whose sum is to the 
fi^reater as m to n ; and whose sum multiplied by the less is equal 
to ai 



Ans. +x/- 



4 ' 
sum of whose squares is 724. 

Prob. 4. Find three numbers in the ratio of m, n and p; the 
sum of whose squares is equal to a. 

Ans. 



I on? ^.^1 an' ^ , 1 ^ 



Prob 5. Two travelers A and B set out to meet each other, A 
tearing Hartford at the same time that B left New York. They 
traveled the direct road, and on meeting it appeared that A had 
traveled 18 miles more than 6 ; and that A could have gone B's 
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joDniey in I5f hours ; but B would have been 38 hours in per- 
fonnlng A's journey. What was the distaace between Hartford 
and New York ? 

Ans. 126 miles. 

Prob. 6. From two places at an unknown distance, two bodies 
A and B move towards each other, A going a miles more than 
B. A would have described B's distance in n hours, and B 
would have described A*s distance in nv hours. What was the 
distance of the two places fiom each other ? 



\/m — i/n 



Prob. 7. Divide the number 49 into two such parts,'that the 
quotieilt of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as ^ (o ^. 

Prob. 8. Divide the number a into two such parts, that the 
quotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as m to n. 

. a-s/m , oy/n. 
Ans. — ; ; — ;— and 



v^jn + Vn •/ m + "/ n 



Prob. 9. In a court there are two square grass plats ; a side of 
one of which is 10 yards longer than aside of the' other; and their 
areas are as 25 to 9. What are the lengths of the sides ^ 

Prob. 10. There are two squares whose areas are as m to n, 
and a side of one exceeds a ^de of the other by a. What are 
the lengths of the sides ? 

Ans. ■-; ~ and -7 — - — ;— . 



Prob. 11. What number is that, the third part of whose square 
being subtracted from 20, leaves a remainder equal to 8 i 
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Prob. 13. What number is that, the mth part of whose sqaare 
being subtracted from a, leaves a remainder equal to b ? 



Ans. + v'mtffl — b). 

Prob. 13. A vintner draws a certain quantity of wine out of a 
fuU vessel that holds 256 gallons ; and then filling the vessel 
with water, draws off the same quantity of liquor as before, and 
80 on for four draughts, when there were only 81 gallons of pure 
wine left. How much wine did he draw each time ? 

Ana. 64, 48, 36 and 27 gallons. 

Prob. 14. A number a is dimini^ed by the nth part of itself, 
this remainder is diminished by the nth part of itself and so on to 
the fourth remainder, which is equal to b. Kequired the ouni- 
her subtracted the first time ? 

Ans. a — *\/ &o'. 

Prob. 15. Two workmen A and B were engaged to work for 
a certain number of days at different rates. At the end of the 
time, A who had played 4 of those days had 75 shillings to re- 
ceive ; but B who had played 7 of those days received only 48 
shillings. Kow had B only played 4 days, and A played 7 days, 
they would have received exactly alike. For how many days 
were they engaged ? 

Ana. 19 days. 

Prob. 16. A person employed two laborers, allowing them 
difierent wages. At the end of a certain number of days, the 
first who had played m days received a shillings ; and the second 
who had played n days received b shillings. Now if this last 
had played m days and the other n days, they would both have 
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recdred the same mm. For how many days were they en- 
gaged? 

^■- -vT+r^r ''•'' 

(180.) Solution of complete quadratics cotUaining one unknown 
quatiHty. 

Take the equation 

it is required to find the value of x. 

Since each member of the equation b a complete square, if we 
extract the square root, we shall obtain a new equatiou inrolviog 
only the first power of «, which may be easily solved. 

We thus have a: — 3 — +^ 1, 
and by transposition 

X-.3+ l-4or2. 

In order to verify these values, substitute each of them iu 
place of X in the given equation. Taking the first value we shall 
have 

4»_6X4 + 9 — 1, 
i. e. 16 — 24 + 9 ■»!, an identical equation. 

Taldng the second value of x we obtain 

2* — 6X2 + 9 — 1, 

i. e, 4 — 12 + 9 » 1, an identical equation. 

Hence we see that an affected quadratic equation is readily 
solved, provided each member of the equation is a complete 
square. But equations are seldom presented to us under this 
form. Take for exiraple, 

aJ_6« = -.8. 
23 
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The pTceeding metb*d twene to be inapplicable, because the 
first member is not a complete square. We may, howeTW, 
render it a complete square by the addition of 9, vbich must 
also be added to the seoood member to preserve the equality. 
The equation thus becomes, 

a» — 6a:+9 = 9 — 8-1, 
vbich is the equation originally proposed. 

The peculiar difficulty, then, in resolving complete equations 
of the second degree, conasts in rendering the first, member an 
exact square: 

(181.) In order to discorer a general method of solution, let us 
take the equation 

aa* + te " c, 

which is the general form of equations of the second degree. We 
begin by dividing both nenabers by a, the coefficient of z*. The 
equation then becomes 



We have seen that if vre can by any transformation render the 
first member of this eqaation the perfect square <^ a binomial, ve 
can reduce the equation to one of the first degree by extracting 
the square root 

But we know that the square of a binomial x + a, or 2* + 
2ax + a*, is composed of the square of the first term, plus twice 
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the product of the first term by the second, plus the square of the 
second tenn. 

Hence, considering a? + ps as the first two terms of the square 
df a biitomial, and coQseqaent]y px as tmce the pnMlnct of the 
first term of the binomial by the second, it is evident that the 

second term of Has Uaoaoal must be -^ , for 2 x -^ Xx-^px. 

In order, therefore, that the above expressnon may be rendered 
a perfect agaare, we mast add to it the aquare.of this second 

term — , that is, the square of half the coefficient of the fird 

power otx; it thus becomes 

2?+px+^, 

which is the square of x + ^. But since we have added ^ to 

the left hand member of the equation, in order that the equality 
between the two members may not be destroyed, we must add 
the same quantity to the ri^ht band member also ; the equation 
thus transformed will become 

Extracting the square root 

X+I-+J5+''. 



Whence I = — ^+ ^ ?+ i" 
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We affix the double sign X v' 9 "^a' ^^'^^"^ ^^ square 

both of + \/ 5 + ^, and also of — -v/ 5 + ^ is + (j +-^), and 

erety quadratic equation must therefore hare two roots. 

(182.) From the preceding discussion we deduce the following 
general 

RULE FOR THE SOLUTION OF A COMPLETE 

QUADRATIC EQUATION. 

1. Transpose all the known qwmHties to one side of the equation, 
and ail the terms involving the unknoten quantify to the other side, 
and rediice the equation to the form ax* + bx ■- c. 

2. Divide each side of the equation by the coefficient of x*, and 
add to each member the square of half the coeffidad of the frst 
power qfx. « 

3. Extract the square root of both sides, and the tquaHon will be 
reduced to om of thejirst degree, which may be solved m the uswii 
manner. 

ixxmsut 1. 

Reduce the equation a? — 10a; — — 16. 
Comptetiag the square by adding to each side the square of 
half the coefficient of the lecond term, 

»» — iac+26-25 — 16""9. 

Extracting the root x — B = + 3. 

Hence, x=5+3 

\x=5 + 3 = 8 
^1 = 5 — 3=2. 

Thus X has two values, either 8 or 2. To verify them, sub- 
stitute in the origbal equation, and we shall have 
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8*— 10 X 8 = — 16 t. e. 64 — 80=— 16, 
also 2*.~10x2-=— .16 t. c. 4 — 20»»= — 16, 
both of ^ich are identical equations. 

EXAMPLE 2. 

Reduce the equation i* + 6a: = — 8. 

Completbg the square a::* + 6r + 9=9 — 8 = 1. ' 

Extracting the root a: + 3 =+1. 

Hence x =>= — 3 + 1 

ix =— 3 + l=_2 
U=— 3— 1=— 4. 

Prtw/: (— 2)» + 6X — 2=— 8t. «. 4— 12== — 8, 
also C— 4)' + 6X— 4=— 8i. c. 16 — 24 = — 8. 

Hence x has two values both negative. In verifying them it 
is to be observed that the square of — 2 is + 4, and — 2 multi- 
plied by + 6 gives — 12. 

EXAMPtE 3. 

Reduce the equation ar* + 16i = — 60. 
Completing the square a;" + 16a: + 64 — 64 — 60 == 4. 
Extractbg the root a:+8=' + 2. 
Hence a; = — 8 +2 = — 6or— 10. 

EXAUPLS 4. 

Reduce the equation a:* + 6x= 27. 

Completing the square a:*+6a:+9 = 27 + 9 = 36. 

Extracting the root a; + 3 = + 6. 

Hence x =— 3 +6 = + 3 or— 9. 

EXAMPLE 6. 

Reduce the equation a:* — 2a: ^24. 

Here a: = l + 5 = + 6or — 4. 
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Reduce the equation a;* — &c =* — 10. 
Completing the square 3?—6x + 9 = 9— 10 = — 1. 
Hence x =^3 + v' — 1. 

• Here both values of 2 are imaginari/. 
yyjiMln.f. 7. 

Reduce the equation «* — 6* = — 9. 

Ckimpleting the square i* — 6a: + 9 -= 9 — 9 ■= 0. 

Extractbg the root x — 3 = +0. 

Hence x » 3+0. 

Here the two values of z are equal to each other. 

Eic. 8. Given 2a:» + 8a: — 20 = 70 to find I. 

Ana. x=-5or — 9. 
Kx. 9- Given 3s^ — Zx + 6 =■ 5J to find ar. 

Ans. « = f orjj. 

(183.) The Rule given on page 172 for solving a quadratic 
equation is applicable to all cases ; nevertheless a modification of 
thiA method ia sometimes preferable. 

The object is to render the first member of the equation a com- 
plete square. After the equaUtm haq been reduced to the ibrm 

(w:*4- 6a;="c 
tfie square may be completed, by muMiplyiTtg the eqaalvm hyfowr 
times the coeffiaent of x*, and adding to both sides the sqiuav of the 
coe^cimiofx. . . 

Thus the above equation multiplied by 4a becomes 

4aV + 4flAa; ^ 4ac. , •* 

Adding 6* to both members, we have 
4 4oV + 4abx + 6* = 4ac + 6». 

Extracting the square rocft 
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TranspouDg b and dtriding by 2a, 

2a 
which is the same result aa would be obtained by the former 
Rule; but by this new method we haye avoided the introduc- ' 
tioD of tractions ip conipletiDg the sqqare. 

When a — . 1, the above Rule becomes, MtKtply the, equation 
hy foWy and add to both members the square of the coe0ci£iU 
ofx. 

Ex. 10. Given 4»* — iar + 20 J =- 43f to find x. 

Ans. a; — 7, or -— 6 J. 

Ex.11. GiTenjc* — &F+10=^19tofinda;. 

Ex. 12. Given a;»_x — 40 =- 170 to find «. 

_ Ex: 13. Given Se" + 2* — 9 — 76 to find «. 

Ex. 14. Given i^* ^^ + 7| = 8 to find x. 

We must begin with clearing thia equatkiB of fractions, which 
is done bj mdtiplying by the denominators; we thus obtain 

— 10="4(te — 8ic'— 18. 

Here the two terms containing «', balance each other, and 
uniting simOar terms we obtain 

Sf — 124* = — 368. 
piriding by 8, a^ — 15Ja! = _46. 

Completingthesquaiet-— IMn+C— V-_46+C21V-S5 
^4^ V4/ ig- 
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31 ,15 

4 - 4 " 

x + 1 «+2 

(184.) The preceding rules will enable us to solre not only 
quadratic equations, but all equations which can be reduced to 
the form 

a;*" +pfl^ — q, 
that is, alt equations which contain ofdy two powert of the unknown 
quantity, and in which one of the exponents is doiAle of the other. 

For if in the above equation we assume y ^^, then y* ^ x^, 
and it becomes 

Solving this according to the rule 

--y— f ±v', + |". 

Extracting the nth root of both ndes 



SXAUFLE 1. 

Given x* — 25a:'— — 144 to find the values of jc. 
' Assume x'—y, the above becomes 

y*_25y-~144. 
Whence y— 16 or 9. 

But mnce ^'■■y, ic" i v' y. 

"Ilierefbre x^ + i/lG oi f;^^9. 

Thus X has finir values, viz. +4, — 4, + 3, — 3. 
To verify these values. 

Ist value; (+4)*— 25xC+4y— — 144,t.e.256— 400-— 144. 
2dvalue;(— 4)*— 25X(— 4)»-— 144,t.c.256— 400— 144. 



^dbvGoO^^lc 



3d value; (+3)«— 25x(+3)'-— 144,i;e. 81— 226-— 144. 
4th value; (— 3)*— 25x(_3)»-— 144,i.e. 81— 225-— 144. 

EXAMPLE 2. 

Given «* — 13«* — — 36 to fiud the values of x. 
Assume "'^'^Vt 

then f— 13j,-_36 

»■-'%+ (VV-(f)-36-f 



Therefore a:— +3 or + 2. 

EXAMPLE 3. 

Given** — Ta;*— 8. 
Assuming **— y, we have 

Whence y =8or — 1. 
Therefore * = +*^8or + *^ — 1, the two last of which 
roots are imaginary. 

EXAMPLE 4. 

GiTeo «" — 2x^ = 48 to find «. 
: Assuming 3^ =y, the ahove becomes 

Whence y =8of — 6. 
But since a;* =y, therefore * = 's/ y. 

Heoce two of the roots of the above equation are 2 and — 'v' 6 ; 
the remaining four roots cannot be determined by this process. 

EXAMPLE 6. 

Let 2« — 7^/1=99. 

23 
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In this esse assume V* c ^ y, the eqiMtioa becomes 
ay— 7y=99. 

Whence. y =9 or — -g-. 

But since '■%/ « ™ y, dierefore x ■" y*. 
121 



Let ^/a;+12+Va; + 12 — 6. 

Assume x + 13 * y, the equation then becomes 

which evidently belongs to tUe same class as the prerious ex- 
amples. Completing the square, we shall have 

3^ — 2 or — 3. 
Raising both mdes of the equation to the fourth power, 

y — 16 or 81. 
Therefore « or y — 12 — 4 or 69. 

EXAUPLE 7. 

Let 2*»+v'2*^+l — U. 

Adding 1 to each member of the equation, it becomes 



2ir» + 1 + ^/ 2a!* + 1 - 12. 
Assume 23:* + 1 =y, then 

y + y^-^ 12. 
Completing the square and solving, we find 

«l — 3 or — 4. 
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C. e. v'^^MT. « 3 or — 4, 
ar» 4- 1 = 9 or 16 

ar »» 4 or — . 



Hence 

It may be remarked that it is g&Derally unnecessafy to substi- 
tute y, which has been done io'tbe precedic^ examples simply 
for the sake of perspicuity. 

Ex. 8. Given a:* + 4a!= -= 12 to find i. 

Ans. X = + %/2. 
Ek. 9. Given i* — 8** — 513 = to find a. 

Ant. ff»3. 

Ek. 10. Given a:^ + «» = 756 to find x. 



Ans. X = 243 or V (— 28)'. 
Ex. 11. Given^ — iir' — — ^jtofindar. 
Ex. 12. Given 2x^+Sx^ — 2 to find a;. 
Ex. 13. Given i*— 12x'+44a* — 48i — 9009 to find x. 
"lUs leqiration may be expressed a« follows : 

(r* — 6a:)» + 8 (i' — fir) - 9009. 

Ex. 14. Given ^— ^y* a; = 22| to fi nd ar. 

Ex. 15. Given ^Z 10 + a; — *%/ 10 + ar = 2 to find ar. 

Ex.16. GivenSa:*— a:» + 96=99 to find a;. 

Ex. 17. Given i" + 20a:» — 10 - 59 to find x. * 

Ex. 18. Given/Sa** — 2a:"+ 3 — 11 to find a;. 

Ex. 19. GiT«3i a:* — a:v/3 = i--J*^3tofiadar. 

Ex. 20. Given y/ I +a:-^ — 2U + jr — a;') — | tofinda:. 



^dbvGoO^^lc 



180 FKOBLSm PSODOCnFO QUADKATIO EQUi-TIOSS. 

(186.) We hareKeo that an eqaatioo of the fonn aa^ +hx^ c 
has two roots, or that there aie two quantities which when sab- 
stituted for x in the original equation, wiJl render the two mem- 
bers identical. In like manner we shall find that ereiy equation 
of the third degree has three roots; an equation of the fourth 
d^ree has ybur roots; and in general an equation has as many 
roots as it has dimeasums. 

The above method of solving the equation ar*" + px* ■" g, will 
not always give us all of the roots, and we must hare recourse to 
different processes to obtain the remaining roots. The subject 
will be resumed in Section XX. 

PBOBLCMS PBODDCING QOADKATIC EQOATIOMS. 

Prob. 1. It is required to find two numbers, such that their 
difference shall he 8, and their product 340. 
Let X = the least number. 
Then mill a: + 8 =- the greater. 
And by the qijesfion x{x + S)'^x^ + 8x''ii4Q 
X •^ 1^ the less number, 
« + 8 = 20 the greater. 
Proof. 20 — 12 — 8, the first condition, 

20 X 12 .* 240, tlie second condition. 

Prob. 2. The Receiving Reservoir at Yorkville is a rectimgle, 
60 rods longer than it is broad, and its area is 5500 square rods. 
Required its length and breadth ? 

Prob. 3. What two numbers are fliose whose difference is 2a, 
and product 6 ? 

Ans. o + ^/ fc + a*, and — a -f ■%/ 6 +a*. 

Prob. 4. It is required to divide the number 60 into two such 
parts that their product shall be 864. 
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Let a: -" the greater part. 

Then will 60 ~ « — the less. 

Andby the question* (60— ») —60a! — «* =864. . 

The parts are 36 and 24. Ans. 

Prob. 5. In a parcel which cont&ios S4 coins of silver and cop- 
per, each silrer coin is worth as many pence as there are copper 
coins, and each copper coin is worth as many pence as there are 
ailver coins, end the whole is 'worth 18 shillings. How many 
are there of each ? 

Frob. 6. What two numbers are those whose sum is 2a,-and 
product b ? 

Ans. a + v' a* — 6, and a-~\^ a' — b. 

Prob. 7. It is required to find two numbers such that their sum 
shall be 10, and the sum of their squares 58. 

Let « K3 the greater bf the two numbers. 

Then will 10 — « = the less. 

And a:* + (10— aT)' = 2a;" — 20ai+ 100=a58 

»»_10a;== — 2i 

a:»_10a? + 25=4 

a;=5 + 2 = 7or3. 

The two values of x are the required numbers whose sum is 
10. It will be observed we put m to represent the grealer num- 
ber, whereas we find it may equal the less as well as the greater. 
Hie reason is that we have here imposed a condition which does 
not enter into the equation. If x represent either of the required 
numbers, then 10 — x will represent the otha; and hence the 
values of x found by solving the equation should give the less 
as well aa the greater number. Beginners are very apt thus in 
the statement of a problem to impose conditions which do not 
appear in the equation. 

The preceding example, and all others of the same class may 
be solved without compleiing the square. Thus- 
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I«t X represeat the half diSereace of the two Dombers. 

Then accordiQg to the principle on page 81, 
6 + j; will represent the greater of tiie twd numbers, 
5 — X " the less " 



The sqnare 


of6 + 


I ij 26 + Ito + i" 


" 


6 — 


X 25— Ito + i" 


The sum is 


50 +ar», which according to 


the problem 
Hence 




-68 

!ic"- 8, 

or I"- 4 

I - + 2. 


Therefore 




6 + a: — 7 the greater number, 
6—1-3 lea 



Prob. 8. A laborer dug two trenches whose united length was 
26 yards, for 356 shillings, and the digging of each of them cost 
as many shillings per yard as there were yards in its length. 
What was the length of each ? 

Prob. 9. What two numbers are those whose stun is 2a, and 
the sum of their squares is 26 ? 

Ans. a + y/h — o*, and a ^ v* 6 — a*. 

Ptob. 10. Two persons A and B set out at the same time from 
two dtfierent places,' C and D, and traveled towards each other. 
On meeting it appeared that A had gone 30 miles more than B, 
and according to t3ie rate at which they travel, A calculates that 
he can reach &e place D in 4 days, and that B can arrive at the 
place C in 9 days. What is the distance between C and D ? 

Ans. 150 miles. 

Prob. 11. In the preceding problem, let d be the distance 
which A had traveled more than B ; a the time which A requires 
to travel the ren^aining distance to D, and h the time which B 
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requires in order to travel the reinaining (Iistance toe. 'Whftt 
expresuoa will ^re the distance between C and D ? 

Ans. ., 7-^. 

V b — V a 

Prob. 12. A person bought a number of sheep for 80 dollars, 
and if he bad bought four more for the same money, he would 
bare paid one dollar less for each. How many did he buy? 

Let X represent the number of sheep. 

80 
Then will — be the pnce of each. 



for the same money.) 
But by the question 



Solving this equation, we obtain 

« — 16. Am. 

Frob. I3. A person bou^t a number of sheep for a dollars. 
If he had bought 2b more for the same money, he would have 
paid c dollars less for each. How many did he buy? 



Ads. — ft + V . 



Prob. 14. It is required to find three numbers such thnt the 
product of the first and second may be 15, the product of the 
first and third 21, and the sum of the squares of the second «ai 
third 74. . ., i- 

Prob. 15. Required to find ttiree numbers such that the pro- 
duct of the first and second may be a, the product of the first 
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and ^lird b, and die sum of the sqaaies of the second and 
dutdc. 



Ans. V ^ a V ". - g , AV 



a» + ft»»"^ a^ + 6' • 
Proh. 16. The sum of two numbers is 16, aod the sum of 
their cubes 1072. What are those numbers ? 

Ans. 7 and 9. 
' Prob. 17. The sum of two numbers is 2a, and the sum of tfaeir 
cubes is 26. To find the numbers. 

Ans. a+V^=^ ando— -•' '"^'^ , 
3a 3a 

Prob. 18. Two magnets, whose powers are as 4 to 9, are 
placed at a distance of 20 inches from each other. It is required to 
find, on the line which joins their centres, the point where a needle 
would be equally attracted b; both ; admitting that the intensity 
of magnetic attraction varies inrersely as the square of the dis- 
tance. 

i S 8 inches from the weakest magnet 

^■"^ ior_40 " " '^ 

Prob. 19. Two magnets, whose powers are as m to n, are 
placed at a distance of a feet from each other. It is required to 
find, on the line which joins their cmtres, the point which is 
equally attracted by both. 

Ans. The distance from the magnet m is --7 ; — ;— . 

^ v'm+v'n 



■</m+ 1/ n 
Prob. SO- A set out from C towards D and traveled 6 miles an 
hour. After be had gone 45 miles, B set out from D towards 
C, and went eveiy hour -^^ of the entire distance; and after he 
bad traveled as many hours as he went miles in one hour^he met 
A. - Required the distance of the places C and D. 

Ans. Esther 100 miles or 180 miles. 
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Prob. 21. A set out from C towards D and trareled a mllea 
per hour. After be had gone b milea, B set out from D towanlf 
C, and vent every hour i^^ of the entice distance ; and a^r he 
had traveled as many hours as he went miles in one hour, he 
net A. Required the distance of the places C and D. 



A„,.,(Jlr:f- + ^(»---i)_,.) 



(186.) On the solution of quadratic equations cmUaining two 
toikrumm quaniiHes. 

An equation containing two unknown quantities is said to be 
of the second degree, when it involves terms in which the sum of the 
exponents of the vnknoum qwmti^t is equal to 2, but never ex- 
ceeds 2. Thus 

33!* — 4ar + y» - 25 
Ixj/ — 4ar + ff — 40, 

are equations of the second degree. 

The geneiaK solution of two equations of the second degree 
containing two unknown quantities, depends upon the solution of 
an equation of the fourth degree containing one unknown quan- 
tity. Hence the principles already established are not sufficient 
to enable us to solve all equations of this description. Yet there 
are many particular cases in which they may be reduced either 
to pure or afiected quadratics, and the roots determined in the 
ordinary manner. 

EXAMPLE I. 

Given \ ™ 28 i '° ^"'^ **** values of x and y. 

Multiply the second equation by 2, we have , 
2»y-56. 
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Adding and subtracting this equation succeaurely from the 
fiist, 

And 

x» — 2xy + y^ =9. 

Extracting tlie square roots of each of these equations 

and X — 'y = + 3. 

Adding or aubtracting these, -we shall have 

ar « 7 or — 1 
y = 4 or — 4. 

(187.) It will somelimes Eacilitate the opeiatioa to substitute 
for one of the unknown quantities, Ike product of the other b; a 
third unknown quantity ; which method may be applied to ad- 
vantage wbenerer the sum of the dimensions Of the unknown 
quantities is the same in every term of the equation. See 
Article 30. 

Ex. 2. Given S ^ + §J. = gO i *° ^"^ **** ^^^"*' "^ ^ ""* *• 
Here, agreeably to the above observation, let x =vy, then 

u^j)* + wy* = 56 

vf + 2^^=60. 

Whence from the first of these equations y* = , , , 

and from the second y* = — ■t;-^ . 

Therefore by equating the right hand members of these two 
expressions, we shall have 
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• + 2 o' + v' 
or 60»" + 60» ^ 56o + 112. 

Whmca ■■'+S"l6- 

Hence by compleUng the square 

1 . ,n "ii" 1 .41 4 7 

" 30-^-900 +i5 = ~30 -30 3"~5- 

And consequently by the former part of the process 
or/- -^1-^^-100; whencey-. + 10, 

^ — Tl T 

aiidic™ry = -5 X3V2 = +4V2, 

7 — 

orar = — -g X 10 = +14. 

Hence y = + 10, i = + 14. 

The ralues of x are read Jtdnm or plus 14, while those of< y 
are read plus or minus 10 ; showiug that when the value of j is 
+ 10, X must be taken — 14 in order to satisfy the original 
equations ; and when y ia taken — ^ 10, x will he equal to + 14. 

(188.) A solution may sometimes be shortened by substituting 
for the unknown quantities, the sum and difference of two other 
quantities ; which method may be used when the unknown 
qnantities in each equation are nmilarly involved. 



. Given 



U^-lS 



»+S =12 



to find the values of x and y. 
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Here according to tbe above obserration aaniae 

aiidy=z — V, 

Then by adding these two equations together;; we shall have 

i + y = 22;=12 orz = 6. 

Also since x^6 + v, y = G — v, and by the first equation 
3^ + y* ■" 18xy, we shall obtain by substitution 

(6 + vY + (6 — w)' - 18 (6 +'») (6 — v), 

or by inTolring the two parts of the first member, and multiply- 
bg those of the second 

432 + 36b' - 648 — iSr*. 
Whence 54b* » 216 

t»* = 4 
or » ™ + 2. 
Hence i — « + t) =^6 + 2=8 or 4 

y = 2'_j7 = 64:2 — 4or 8. 
X — y— 15] 
Ex. 4. Given 

From the second equation x «" 2y'. 

Substituting this value in tbe first equation, we have 

Sy* — J/-15. . ^ 

lOx + y ^ 

— — = 3 I to find the values of x 

^ ' f and y. 

9y_9a; = 18 J 

(189.) In many cases.it may be convenient to solve the eqvk- 
JioQ first, considering one of tbe quantities as known ; when the 
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rules for extenaintHng unknown quantities may be more easily 
applied. 

w fi r;«« J4iy = 96 — a^y»Mo find the Tallies of x 
Ex.6. Given j ^^+j, = 6 Und y. 

From the first equation 

x»y* + 4a;y=96. 

Completing the square, regarding xi/ as the unknown quantity, 

x"/ + 42y + 4=100. 

■ Whence a:y = 8 or — 12. 

Now squaring the second equation 

x'+2xy + y' = ^, 

but 4afy =32 or — 48 



Therefore by subtraction x* — 2xy + y'=! 4 ot 84, 
extracting the root x — y= + 2or+v'84; 

but a: + y = 6. 



Therefore by addition 2x=6 + 2or6+'v'84. 

Whence x = 4 or 2, or 3 + V 21, 

and by subtraction 2y -= 6 + 2 or 6 + -v/ 84. 

Hence y = 2 or 4 or 3 Ip v* 21. 

Ex 7 Given S^ + ^ + ff^^S—y*) to find the valusof « 
' ' ( (Ey=6 J and y. 

By transpoation a:* + y* + a! + y^ 18, 
and froDi the second equation 2xy = 12. 



Therefore by addition i^ + Sxy + y* + i + y='30, 

or(a: + y)' + (a:+y) = 30. 

Ex 8 Given S=^+2j;S'+S^+22^ = '20 — 2y ) tofindtheval- 
( xy — y'^S J uesofzandy. 
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L90 fwutota riosDoaic quaimutic equatiok*. 
By transposition (x + y)' + 2 (a; + j) = 120. 

e< Q ^* i^' + y* — * — y=78> tofind the Taloes of 

Er.9. Given j^^^ ^^ =39UaDdy. 

Adding twice the second equation to the first 

*" + 2«y +y» + X + y= 156, 

or{r+y)» + (« + y)=156. 



Ex. 10. Giren ^ y' y 9 ^ tofindtheraluesofx andy. 

-y =2 J ■ 

In the first equation — may be treated as the unknown quan- 
tity, and the square completed in the usual way. 



' j-^is 18 ( to find the values of* and y. 
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Multiplying the first equation by •/ — - — ? 



i^ZZ^^l='>J3£--^ 



By transposition -- - -- ■ — 2n/ ^^^ + 1 =0. 



Whence 3* — Sj = ar, 
and x = 2y. 

Now substitute this value of * or y in the second equation. 

PROBLEMS. 

(190.) 1. To divide the number 100 into two suqh parts, th»t 
the sum of their square roots may be 14. 

Ans. 64 and 36. 

2. To divide the number a into two such parts, that the sum 
of their square roots may be h. 



3. The sum of two numbers is 7, and tbe sum of their fourth 
powers is 641. What ate Qie numbers > 



4. The sura of two numbers is 2a, and the sum of their fourth 
powers b &. What are the numbiers ? 



Ans. 0+%/— 3o*+v'8a'+i6andfi— V— 3a*+v'8a*+4ft. 
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5. The sum of two numbers is 6, and the sum of their fifth 
powers is 1066. What are the numbers ? 

Ans. 2 arid 4. 

6. The sum of twd numbers is 2a and the sum of their fifth 
powers is b. What are the numbers ? 

Ans. 

7. What two numbers are those whose produot is 120, and if 
the greater be increased by 8, and the less by 5, the product of 
the two Dumbeis thus obtained shall be 300 ? 

Ans. 12 and 10 ; or 16 and 7.6. 

8. What two numbers are those whose product is a, and if the 
greater be increased by b, and the less by c, the product of the 
two numbers thus obtained shall be d ? 



a+n/n/- 



2- 4. c f-^^ T—-: 



9. To find two numbers, such that their sum, their product and 
the difference of their squares may be all equal to one another. 

3 , , 5 .1^,6 
Ans. -g+v'^and g-^^^- 

10. Diride the number 100 into two such parts, that their pro- 
duct and the difference of their squares may be equal to each 
other. 

Ans. 38.196 and 61.804. 
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11. Divide the number a into two auch parts, that their prod* 
uct and the difference of their stjuares may be equal to each 
other. 



(191.) Discuation of the general equation of the second degree. 
We have seen that every equation of the second degree may be 
reduced to the form 

a;* +px = q, 

where p and q are known quantities, poeitire or negBtire, inte^pml 
or fractional, numerical or algebraical. 
The raliiea o(x in this equation are 




PROPERTY I. 

Every equation of the second d^ee has two roots, and only two. 

A root of an equation is such a number as, being subfititnted for 
the unknown quantity, will aatiefy the equation. 

This principle has been often exemplified in the preceding 
pages. Two values have uniformly been found for x, although 
both values may not be applicable to the problem which fuinishes 
the equation. 

(192.) If we multiply 

P 1^^ . 
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T>y'p+^+v'3+5-= 



we Bliall obtain 3^+px—q=0, 

which was the equation originally propoaed. 
Heuce, 



Every equati<m of the secoTid degree, whose roots are a and b, may 
be resolved into the two factors, x — a and x — b. 
Ex. 1. ThuB the equation 

may be resolved iato the factors J x—2=0 

where 8 and 2 are the roots of the given equation. 

It is also obvious that if a is a root of an equation of the second 
degree, this equation must be divisible by x—a. Thus the pre- 
ceding equation is divisible by x—S, giving the quotient a;— 2. 

Ex. 2. The roots of the equation 

x»+6j!+8=0, 
are — 2 and — 4. Besolve it into its factors. 
Ex. 3. The roots of the equation 

a^-!-6i~27=0, 
are + 3 and — 9. Besolve it into ita factors. 
Ex. 4. The roots of the equation 

x'— 2^-24=0, 
are + 6and — 4. Resolve it into its factors. 

(193.) If we add together the two values of a; in the general 
equation of the second degree, the radical parts having opposite 
signs disappear and we obtain 
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PROPERTY III. 



The algebraic sum of the two roots is equal to the cCKfficienl of the 
second term of the equation, taken with a contrary sign. 

Thus, in Example I, page 172, 

i'— 10a:=-16, 
the two roots are 8 and 2, whose sum is + 10, the coefficient.of x 
taken with a contrary sign. 

In the equation 

a/'+6x= — 8, 
the two roots ace — 2 and — 4. 

In the equation 

a:'+16j;= — 60, 
the two roots are — 6 and — 10. 

(194.) If we multiply^ together the two values of x, (since the 
product of the sum and difference of two quantities is equal to 
the difference of their squares), we obtain 



<-Hh- 



PROPERTY IV. 

The product of the two roots is equal to the second mtmher of the 
equation, taken with a contrary sign. 
Thus, in the equation 



the product of the two roots 8 and 2 is + 16, which is equal to the 
second member of the equation taken with a contraty sign. 
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So also io the equation 

whose twoiootB are -fSand — 9, their product is — 37. 

BEAL Aim UUeiNASY TALT7EB. 



atwe by q. 
When q is positive, or when q m negative and numerically less 

than ^, then will 3 + ~ be positive, and consequently Vq + ^ 
will be real. This happens in nearly all the preceding examples'. 

When q IS negative, and numencally greater than K, then 

q+ . willbe negative, and consequently ^9+^ vQXhe imaginari/. 
This happens in Ex. 6, p. 174. 



■ CASE I. 
When ■/q+^iareal. 

1. When p is negative, and ^ is numericalty greater than 



Vq+^i both values ofx mil be real and positive. 
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This happens ia the equation 

af"— 6x=— 8, 
whose two roots are 4 and 2. 
Also in the equation 

iT"— 10a;= — 1«, 
whose two roots are 8 and 2, 

2. When p is positive, and ^ is numeiicsHy greater than 
v/j-(-^i hoth valves of x will be real andnegative. 

This happens in the equation 

a!'+6a!=— 8, 
whose two roots are — 8 and — 1. . 

Also in the equation 

a*+16a!=— 60, 
whose two roots are — 6 and — 10. 

3. When ^ is numericaUy less than V g+^i hoth values of x will 
be real, the one positive and the other ntgative. 

This happens in the equation 

whose roots are + 3 and — 9. 
Also in the equation 

a»_2a!=24, 
whose roots are + 6 and — i. 

CASE n. 



( 
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In this case, bolk values of x are imaginary. 
Thia happens in the equation 



whose roots are 3 ± v" — 1. 

We will now show that in this case the conditions of the ques- 
tion are incompatible with each other, and therefore the values of 
X ought to be imaginary-. 

For this purpose we must first establish the following principle. 

The greatest product which can he obtained by dividing a number 
into tvxi parts and multiplying them tn^ether, is the square of half thai 
number. 

Let p T= the given number, 
and d =L the difference of the parts. 

Then from page 81, § + „ = the greater part, 
^ — ^ = the less part, 

and 2 — T — the prodnct of the parts. 

Now it is plain that this expression will be the greatest possi- 
ble when d = 0, that is, ^ is the greatest product, which is the 



square ot^, half the given number. 
For example, let 12 be the number ti 



12=1 + 11 


and 11 X 1»=II 


12=:2+10 


« 10x2 = 20 


12 = 3+ 9 


" 9x3=27 


12 = *+ 8 


" 8x4=32 


12=1 5+ 7 


" 7 x 5 = 35 


12 = 6+ 6 


" 6 X 6 = 36. 
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We here see that the smaller the differeace of the two parts, 
the greater the product ; and this product ia greatest when the 
two parts are equal. 

Now, in the equation 

ic' — px = — q, 
p is the sum of the roots and q their product. Therefore } can 
never be greater than ^, 

If, then, any problem furnishes an equation in which q is nega- 
tire, and greater than ^, we infer that the conditions of the ques- 
tion are incompatible with each other. 
Thus, in the example 

af— 6a;= — 10, 

^ = 9, which is numerically less than q. The equation requires 

us to'divide the number 6 into two parts whose product shall be 
10, which is an impossibility; and, accordingly, in solving the 
equation, we obtain imaginary values for x. 

Hence, an imaginary root indicoies an absurdity in the proposed 
quesliqn which furnished the equation. 

Suppose it is required to divide 8 into two such parts, that their 
product shall be 18. 

Let X = one of the parts, 
8 — X = the other. 

Then by the conditions 

1(8 — 1): 

Whence a;' — 8iF = 

This equation, solved by the usual method, gives 
a! = 4± •/ — 2, an imaginary expression. 
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Hence we infer that it ii impossible to find two nnmbers whoge 
antn ia 8 and product 18. This is obvious from the Proposition 
above demonstrated, from which it appears that 16 ia the greatest 
product which can be obtained by decomposing 8 into two parts, 
and multiplying Ihem together. 

(197.) When q is negative, and numerically equal to ^, the 
radical part of both values of x becomes zero, and both values of 
X reduce to — ^. Tht two roots are then said to be eqval. 

Thus, in the equation 



the two roots are 3 and 3. 

We say that in this case the equation has two roots, becanse it 
is the product of the two factors, x — 3 = 0, and x — 3 = 0. 



Of FABT1C17I.AR PROBLEUS. 



(198.) Iq discussing particular problems which involve equa- 
tions of the second degree, we meet with all the diflerenr cases 
which are presented by equations of the first degree, and some 
peculiarities besides. We may therefore have, 

1. Positive values of J'. 

2. Negative values. 

3. Values of the form of -5. 

A 

4. Values of the form of -=-. 

D. Values of the form of „■ 
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" All these different cases are presented by Prob. 19, p. 18i, when 
we make difTerent suppositions upon the values of a, m, and n ; but 
we need not dwell upou theai4iere. 

The peculiarities exhibited by equations of the second degree 
are, 

6. Double values of x. 

7. Imaginary values. 

We will Gonsidei the last two eases. 

(199.) Doubte values of the unknown quantity. 

We have seen that every equation of the second degree has 
two roots. Sometimes both of these values are applicable to the 
problem which furnishee the equation. Thus, in Prob. 20, p. 184, 
we obtain either 100 or 180 miles for the distance between the 
places C and D. 



Let E represent the situation of A when B sets out on his 
journey. Then, if we suppose C D equals 100 miles, E D will equal 
55 miles, of which A will travel 30 miles (being 6 miles an hour 
for 5 hours) ; and B will travel 25 miles (being 5 miles an houc 
for 5 hours). 

If we suppose C D equals 180 miles, E D will equal 135 miles, 
of which A will travel 54 miles (being S miles an hour for 9 hours) ; 
and B will travel 81 miles (being 9 miles an hour for 9 hours). 

This problem, therefore, admits of two positive answers, both 
equally applicable to the question. 

In Prob. 18, p. 184, one of the values of x is positive, and the 
Other negative. 

C . A C B 

1 ! ! ! 



Let the weakest magnet be placed at A, and the strongest at B ; 
then C will represent the situation of a needle equally attracted 
by both magnets. According to the first value, the distance 
AC = 8 inches, and CB= 12. Now at the distance of 8 inches, 

the power of the weakest magnet will be represented by k-, j and 

at the distance of 12 inches, the power of the other magnet will 
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But there is another point, C, which equally satisiies the con- 
ditioDs of the question ; and this point js 40 iochee to the left o( 
A, and therefore 60 inches to the left of B ; for 

40' ~ 60=' 
(200.) Imaginary values of the unknovm qvanHiy. • 
We have seen that en imaginary root indicates an absurdity in 

the proposed question which furnished the equation. 

In several of the preceding problems, the values of X hecome 

imaginary in particular cases. 

When will the values of x in Proh. 6, p. 181, be imaginary % 
.Ans. When6>a'. 
What is the absurdity involved in this supposition 1 
^ns. It is absurd to suppose that the product of two numbers 

can be greater than the square of half their sum. 

When will the values of a; in Prob, 9, p. 182, be imaginary T 
^ns. When a" > ft/ or (2o)' > 43. 

What is the absurdity of this supposition t 

^7i». The square of the sum of two numbers cannot be greater 
than twice the sum of their squares. 

When will the values of o^ in Prob. 17, p. 184, be imaginary 1 
^ns. When o" > 6 ; or {laf > 85. 

What is the absurdity of this supposition 1 

^ns. The cube of the sum of two numbers cannot be greater 
than four times the sum of their cubes. 

When will the values of x in Prob. 12, p. 168, be imagioaTy, 
and what is the absurdity of this supposition % 
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RATIO AND PKOPOETION. 

(201.) NuuBEBs maybe compared in two waya: either by their 
difference, or by their quotient. We may inquire how much one 
quantity is greater than aaother ; or, how many times the one con- 
tains the other. One is called Arithmetical, and the other Geo- 
metrical Ratio. 

The difference betnreen two numbers ia called their ^Arithmetical 
Ratio. ThuB, the arithmetical ratio of 9 to 7 ia 9 — 7, or 2 ; and 
if a aad b designate two numbers, their arithmetical ratio la rep- 
reaented by a — b. 

Numbers are more generally compared by meana of quotients ; 
that is, by inquiring how many times one number contains another. 
The quotient of one number divided by another is called their 
Geometrical Ratio. The term Ratio, when used without any quali- 
fication, is always understood to signify a geometrical ratio, and 
we shall confine our attention to ratios of this description. 

(202.) By the ratio of two numbers, then, we mean the quotient 
which arises from dividiJig one of these nitmbers by the other. 



The ratio of 5 to 2 is ^, or 2.5. 
The ratio of 1 to 3 is ^, or .333. 



We here perceive that the value of a ratio cannot alvrays be 
expreaaed exactly ; bnt, by taking a sufficient number of terms of 
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the decimal, we can approach as nearly as we please to the true 
value. , 

If a and b designate two numbers, the ratio ol a to b ia the 
qootient arising from dividing a by b, and may be represented by 

writing them a:b,oi ^. The first term, a, is called the oTitecedent 
of the ratio, the last term, b, is called 4he cotisequmt of the ratio. 
Hence it appears that the theory of ratios is identified with the 
theory of fractions, and a ratio may be considered as afraoion 
xehmt niimeraloT is the antecedent, and whose denominator is the con- 
sequent. 

(203.) When the antecedent of a ratio is greater than the con- 
sequent, the ratio is called a ratio of greater inequaiity ; as, ^, -j--. 

When the antecedent is less than the consequent, it is called a 
5 
•9" 
sequent are equal, it is called a ratio of tqwdity ; as, 3-, ^. It ia 

plain that a ratio of equality may always be represented by- 
unity. 

(204>.) When the corresponding terms of two or more simple 
ratios are multiplied together, the ratios are said to be compounded. 

Thus, the ratio of p compounded with the ratio of -y, becomes 

63- 

When a ratio ia compounded with itself, the result is called a 
duplicate ratio. Thus, the duplicate ratio of ^ ia ^ j the duplicate 
ratio of J is Ti- 

A ratio compounded of three equal ratios is called a triplicate 
ratio. Thus, the triplicate ratio of « ^s ^ ; the triplicate ratio of 
a . a- 

The ratio of the square roots of two quantities is called a sub- 
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duplicate ratio. Thus, the subduplicate ratio of 3- is ^j the Bub- 
daplicate tatio of -r is — =-, 

The ratio of the cu£e roots of two quantities is called a tubtrip- 



a i/a 

licate ratio of 7- is — =. 

i i/b 

(205.) If the terms of a ratio are both multiplied, or both divided by 
the same quojuity, the value of the rafio remains unchattged. 

The ratio of a to i is represented by the fraction y-, and the 

value of a fraction is not changed if we multiply or divide both 
numerator and denomioatoc by the same quantity. Thus, 



b mb b' 
n 

or, a I b ^ ma : oti =s — : — , 

(i206.) Ratios are compared with each other by reducing the 
fractions which repreHent them to a common denominator. 

In order to ascertain whether the ratio of 2 to 7 ia greater or 
less than that of 3 to 8, we represent these ratios by the fractions 

Y and ^, and reduce them to a common denominator. They thus 

become 



and, since the latter of these is the greatest, we infer that the 
ratio of 2 to 7 is less than the ratio of 3 to 8. 

(307.) A ratio of greater inequality is diminish^ and a ratio of 
less intqualiiy is increased, by adding the same quantity to both 
terms. 
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2 2+1 3 
3^ 3+V°' 4,' 



To prove the propositioa generally, let t- represent any ratio, 

and let it be added to each of its terms. The two Tatioa will 
then be 



r and 



b + 3^ 



which, reduced to a common denominator, become 

ab + ax ab + hx 

. 'b{bTx)> b[b+xy 

If a > i, that is, if t- is a ratio of gieater inequality, then, since 
ax is greater than bx, tha first of these fractions is greater than 
the second, and therefore r- is diminished by the addition of the 
same quantity to each of its terms. 

But if a < &, that is, if r- is a ratio of less inequality, then, since 
ax is less than bx, the first of the above fractions is less than the 
second, and therefore t- is increased by the addition of the same 
quantity to each of its terms. 

(208.) If, in a series of ratios, the consequent of each' is the 
antecedent of the following ratio, then the ratio of th^ first antece- 
dent to the last consequent is equal to thai which is compouaded of all 
the intervening ratios. 

Let the proposed ratios be 

b' c' d' e'/- 

Compounding them by Art. 204, we obtain 

oicde 
bcdef' 
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which, by dividing by bcde, reduces to 



PROPORTION. 

(209.) Proportion is an equality of ratios. 

Thus, if a, b, c, d are four quantities, such that a, when divided 

by b, gives the same quotieQt as c when divided by d, then a, b, c', d 

are caWed proportionala, and we say that a is to base is tod; and 

this is expressed by writing them thus : 

a:b::c:d. 



So, also, 3, 4, 9, 12 are proportionals ; that is, 
3 : 4 : ; 9 : 12, 
3 9 

4-12- 

In ordinary language, the terms ratio and proportion are con- 
founded with each other. Thus, two quantities are said to be in 
the proportion of 3 to 5, instead of the ratio of 3 to 5. A ratio 
subsists between (liio' quantities, n proportion only between /oMr. 
Ratio is the quotient arising from dividing one quantity by another; 
ttao equal ratios form a proportion. 

(210.) In the proportion 

a: b I : c: d, 
a, b, c, d ate called the terms of the proportion. The first and last 
terms are called the extremes, the second and third the means- 
The first term is called the first antecedent, the second term tbe 
first consequent, the third term the second antecedent, and the fourth 
term the second consequeTil. 

(2II-) When the second nnd third terms of a proportion are 
identical, this quantity is called a mean proportional between the 
other two. Thus, if we have three quantities, a, b, c, such that 



^dbvGoo^^lc 



SOB UTIO AMD FBOFOHTION. 

a:b : : b i c, 
then & is called b mean proportioTtal between a and c, and c i» called 
B third proportional to a and 6. 

If, in a series of proportional magnitudeE, each consequent is 
identical with the next anteeedent, these quantities are said to be 
in eontimud proportion. Thus, if we have a,b, c,d,e,f, such that 

a:b::b:c::c:d::d:e:ie:/, 
a b c d e 

the quantities a, b, c, d, e,y are in continued proportion. 

(212.) If four quantities are proportional, the product of the ea> 
tremei is egual to theproduet of the meant. 

Let a:b::cx4, 



Multiplying these equals by bd, the expression becomes 
ahd bed 



Thus, if 3 : 4 : : 9 : 12, 

then 3 X 12 = * X 9. 

(213.) Conveiaely, if the product of two quantities is equal to 
the product of two others, the first two quantiiiet may he made tfit 
aOrtmea, and the other two the means of a proportion. 

Let ad^bc. 

Diridiog these equals by bd, the expression becomes 





r ^ r *"■ d = 6 ' 


that is, 


a:b::c:d,oTCid:: 


Thus, if 


3 X 12 = 4 X 9 i 


then 


3 : 4 : : 9 : 12, 


or 


9 : 12 : : 3 : 4. 



idbyGoOgIc 



RATIO AND PROPORTION. 209 

(314.) This proposition is called the test of proportions, and 
any change may be made in the form of a proportion which is 
consistent with the application of this test. In order, then, to 
decide whether four quantities are proportional, we compare the 
product of the extremes with the product of the means. 

Thus, to determine whether 5, 6, 7, 8 are proportional, we mul- 
tiply 5 by 8, and ,obtain 40. Multiplying 6 by 7, we obtain 42. As 
these two products are not equal, we conclude that the numbers 
5, 6, 7, 8 are not proportional. 

Again, take the numbers 5, 6, 10, 12. The product of 5 by 12 
js 60, and the product of 6 by 10 is also 60. Hence the numbers 
are proportional ; that is, 

5 : 6 : : 10 : 12. 

(215.) If three quantities are in continued proportion, the prod- 
uct of the extremes is equal to eke square of the mean. 



Then, by Art. 212, ac = bh = b\ 

Conversely, if the product of two quantities is equal to the 
square of a i.h\tA,thelast quantity will be a mean proportional between 
the other two. 

Thus, let oc = l>\ 

Dividing these equals by be, we obtain 



Thus, if 4 : 6 : : 6 : 9, 

then 4x9 = 6'. 

And conversely, if 4x9 = 6°, 

then 6 is a mean proportional between 4 and 9. 



1. Given the first three terras of a proportion, 24, 15, and 40, to 
find the fourth term. 

2. Given the firsf three terms of a proportion, 3a^, 4a'P, and 
9a'6, to find the fourth term. 

■ 27 
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3. Given the last three terms of a proportion, 4>a'i', So'ft', and 
20*6, to find the first term. 

4. Given the first, second, and fourth terms of a proportion, 
5V, 7jy, and 21r^, to find the third term. 

5. Given the first, third, and fourth terms of a proportion, 1, 
a — b, and a' — ^, to find the sjecond term. 

(216.) Ratios that are equal io the same ratio are equal to each other. 



Let a: b : : X t 



For, from the first of these proportiona, 



And from the second, 



then a: b : :c : d. 



Therefore, t- = t-i 

or a t b : ; c i d. 

(217.) If foilr quantities are proportional, they will be propor- 
tional by alternation ; that is, the first will have the same ratio to the 
third thai the second has to the fourth. 

Let a:b::c:d, 

Then, also, a: c :: b: d. 

For, applying the test of Art. 214, we have in each case 

(218.) If four quantities are proportional, they will be propor- 
tional by inversion; that is, the second vnll have to the first the same 
ratio that the fourth has to the third. 

Let aib^iicid, 

then will b : a : i d : c. 

For, applying the test of Art. 214, we have, from the first pro- 
poTtion, ad= be, 

and from the second, be = ad. 
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(219.) If four qaanlities are proportional, they will be propoT* 

tional by composition ; that is, ihe sum of the' first and second will 
have to the second the same ratio that the sum of the third and fourth 
has to the fourth. 

Let a -.b : :c : dy 

then will a+b -.b : : c + d:d. 

For, from the first proportion, ^ =; -r. 

Add unity to each member, and we have 

fhat is, a + b:b::c + did. 

(220.) If four quantities are proportional, they will be propor- 
tional by division ; that is, the difference of the first ond second will 
have to the second the same ratio that the difference of the third aitd 
fourth has to the fourth. 

Let a:b::c:d, 

then will a — b : b : : c — d : d. 

For, from the first proportion, ^ = j. 

Subtract unity from each member, and we hare 

b~^"d~^''"~l~ = ~d~' 
that is, n — b -. b : -. c — did. 

(221.) If four quantities are proportional, they will be propoi* 

tional by conversion ; that is, the first will have to the difference of 
the first and second the same ratio that the third has to the difference 
of the third and fourth. 

Let a:b : ic-.d, 

then will a : a — b : : c : c-^d. 

For, by inrersion, b : a: : d : c; whence — = — . 

Snbtract each member from unity, and we hare 
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that is, a — b:a::c — d:c, 

or Inversely, a: a — b : : c :c — d. 

(222.) If four quantities are ptoponioiia.],the svm of tAe jirst and 
aecond will have to their differmce the same ratio that the sum of the 
third and fourth has to their difference. 

Let a : 



then will a + bia — b: 

For, by composition, a + b : b 

and inverting the means, 
Also, by dirision, a — b : b : 

and inverting the means, a — b 



c + d-.c — d. 
ic + d-.d, 
•.c + d::b:d. 
-d:d, 
-d::b:d. 

Hence, by equality of ratios, a-\- b : a — 6: : c -i- d : c — d, 
(223.) If four quantities are propdrtional, like powers or roots 
of these qvantities will also be proportional. 

Let a-.b::c:d, 

then will a" : fi" : : c" : rf". 

For, since T- = -r, raising each of these equals to thcfuApower, 
we have 

lr~dr'' 
that is, o" : 6" : : c" : d", 

where n may be either integral or fractional. 

(224<.] If there is any number of proportional quantities all hav- 
ing the same ratio, the frst will have to the second the same ratio that 
the sum of all the antecedents has to the sum of all the consequents. 

Let a,6,c,(^e,/be anynumber of proportional quantities, such 
that 

a:b::c:d::e:f, 
then will a : b -. : a + c + e -. b + d+f. 

For, by Art. 212, we have of = be, 
ad = bc; 
also, alt = ba. 
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Therefore 0(6 + rf -J-/) = 6(a + c + e). 

Hence, by Art. 213, a:b: -.a + c + e : b + d+f. 

(225.) If three quantities are in continued proportion, the first 
will have to the third the duplicate ratio of that which it has to the 
second. 

Let a:b::b:c, 

Then « : c : : a' : «'. 

For, by Art. 212, oc = b\ 

Multiplying these equals by a, we have 

i. e,, a" X c = a x 6'. 
Hence, by Art. 213, a : c : : a' : bK 

(226.) If four quantities are in continued pI^^po^tion, the first 
Kill have to the fourth the triplicate ratio of that which it has to the 
second. 

Let a, b, c, d be four quantities in continued proportion, so that 
a:b::b:ci:c:d, 
then will a : d : : a' : IP. 

For, by Alt. 212, we have ad^=hc, 
ac^b'i 
Also, ab = ba. 

Therefore, multiplying these equals together, we have 
i^(bdc) = ^(abc), 
or a'xd=b'xa. • 

Hence, by Art. 213, a -. d: : ^ -. IP. 

(227.) If there are two seta of proportional quantities. Me proi/- 
ucts of the corresponding terms loill be proportional. 

Let - a: b : :c id, 

and e if : :g : k. 

Then will ae : bf: : eg : dh. 

For, by Art. 212, ad=bc, 

and eh =fg- 
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Multiplying these equals together, we have 

at X dA = bfx eg 

Hence, by Art. 213, ae : bf : : eg : dft. 

(228.) Three quantities are said to be in karmonical proportion 
when the first is to the third as the difference between the first and 
second is to the difference between the second and third. 

Thus, 2, 3, 6 are in harmonica! proportion, for 

2;6::3 — 2:6 — 3. 

Let a, 6, c be in harmonical proportion, then 

Multiplying the extremes and means, and reducing, we have 
ab 

where c is said to be a. third harmonical proportional to a and b. 

(229.) Four quantities are said to be in harmonical proportion 
when the first is to the fourth as the difference between the first and 
second is to the difference between the third and fourth. 

Thus, 2, 3, 4<, 8 are in harmpnical proportion, for 

2:8::3 — 2:8 — 4. 
Let a,b,c,d be in harmonical proportion, then 

a id: t a — b : c — d. 
Multiplying the extremes and means, and reducing, we have 



2a— 4 
where il is a fourth harmonical proportional to a, b, c. 

(230.) PropoTlionB are often expressed in an lAridged form. 
Thus, if A and B represent two sums of money put out for one 
year at the same rate of interest, then 

A : 5 : ; interest of A : interest of B. 
This is briefly expressed by saying that thfe interest varies as 
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the principal. A peculiar character m is used to denote this le- 
lation. Thus, wb write 

the iDterest a> the principal. 

One quaDtity varies directly as another, when both incresse or 
diminish together in the same ratio. Thus, ia the above example, 
.A varies directly as the interest of A. In such a case either 
«[uantity ia equal to the olhet multiplied by some constant num- 
ber. Thus, if the interest varies as the principal, then the inter- 
est equals the principal multiplied by a constant quantity, which 
is the rate of interest. 

If A o? B, then A = mB. 

If the space (S) described by a falling body varies as the square 
of the time (T), then 

S = flip, 

m representing some constant quantity. 

(331.) One quantity varies inversely as another, when one in- 
creases in the same ratio that the other diminishes. Thus, the 
altitude of a triangle whose area is given, varies inversely as its 
base. 

If one quantity varies inversely ns another, the product of the 
two quantities is constant. 

Thus, nax- ^ ab. 

Conversely, if the product of two quantities is constant, the" 
one varies inversely as the other. 



Thus, it 




AB=m, 


then 




. ■> 1 


For esample, if 




TJ=M, 


Ihcjn 




21 

~ y' 


It 


X 


= 2, tli«iis=13, 


If 


X 


= 4, theiiy= 6; 
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that ie, if x is dovbled, then y is halved. The one varies inversely 
as the other. 

(232.) One quantity may vary as the product of several others. 
Thus, in unirorm motion, the space varies as the time multiplied 
into the velocity. The area of a rectangle varies as the product 
of its length and breadth. 

The weight of a slick of timber varies as its length x its breath 
X its depth X its density. 

If the density is given, then the weight varies as the length x 
the breadth x the depth. 

If the depth also is given, then the weight varies as the length 
X the breadth. 

If the breadth is given, then the weight varies as the length. 

Finally, if the length also is giveu, then the weight is equal to 
a coaatant quantity. 

(233.) One quantity may vary directly as a second, and inversely 
as a third. Thus, according to the Newtonian law of gravitation, 
the attraction (G) of a heavenly body varies directly as the quan- 
tity of matter (Q), and inversely as the square of the distance (D). 

That is, G'»§. 

(234.) ^pplicalion of the preceding principles. 

Ex.1. Gi«n » + S : » iJ 5 , 3, 1 ,^ j„ J ,1,^ ,^j„^, „, ^ „j ^^ 



Since 




i+y 


■.x: 


5: 3. 








By Art. 220, 




y 


: X : 


2: 3 








Therefore, 




3y = 


2a;, and y^ 


2i 






Substituting 


this 


value in 


the 
3 


econd 

= 6, 


equation, 


we 


obtain 


and 






3? 


= 9. 








Therefore, 






IS 


= ±3, 








whence 






y 


= ±2. 
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E,. 2. Given . + s .J- J JJ 3^: 1, ( ,. j„a . .nd ,. 

From the first equation, by Art. 222, we obtain 
2a; : 2y : : 4. : 2 J , 
whence, x : y : : 2 : 1, 

and x = 2t/. 

Substituting this value of x in the second equation, we obt&in 



I to find X and y. 



Ex. 3. Given ic + y : x — y : : 64 : 1, 1 
iry=63. 

By Art. 223, x -\- y :x — y : : 8 : 1. 

By Art. 222, 2a; :, 2y : : 9 : 7, 

whence ic : y : ; 9 : 7. 

Therefore, x = ^. 

Substituting this value for x in the second equation, we obtain 

3/=±7ja;=±9. 

. Ex. 4. Given <d>-f: ^^:^ 61^: L j to find the values of x 
and y. 

Since a? ~f : n? — ^x-'y + %xf~f : : 61 : 1. 

By Art. 220, 3a;y X (a: — y) ; is — y : : 60 : 1. 

Hence 960 : x— y : : 60 : 1, 

and 16 : X — y : : I ; 1. 

Therefore, x — y = ± 4, 

Since a;' ~ 2j;y + y= = 16. 

Also, 4a>y=1280. 

By addilion, a* + 2a;y + / = 1296. 

ExtractiDg the loot, x + y = ± 36. 
Hence x=±20, ar± 16, 

y + ± 16, or ± 20. 
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Ex.5. 


Given 


I'-J" 




Ans. « = 


and 

= 4, 

= 2, 


or 2, 
or 4. 


Ei. 6. 


Given •/ y 


— >/'i=i 


= >/»-», 




to find 






J,-l 


+ v/a-x 


: >/»— »::5: 


2, 


« and y. 








An..x = - 


i J 


5a 
~ 4* 


Ex.7. 


Given 


i+v/i 


a:— Vi:: 


3v'a: + 6:2Vx 


to 


find the 


Talues 


X. 






Ans. X 


= 9 


or 4. 



Ex. 8. What number is that to which, if 1, 5, and 13 be severally 
added, the first aum shall be to the second as the se6ond to the 
third 1 

Ex, 9. What number is that to which, if a, b, and c be severally 
^ added, the first sum shall be to the second as the second to the 
third 1 

■ . b'—ac 

Ex. 10. What two numbers are those whose difference, sum, 
and product are as the numbers 2, 3, and 5 respectively 1 

Ex. 11. What two numbers are those whose difference, sum, 
and product are as the numbers m, n, and p 1 



Ex. 12. Find two numbers, the greater of which shall be to the 
less as their sum to 43, and as their difierence to 6. 

Ex. 13. Find two numbers, the greater of which shall be to the 
less as their sum to a, and their difierence to h. 

Ex. 14. There are two numbers which are in the ratio of 3 to 
2 ; the difierence of whose fourth powers is to the sum of their 
cubes as 26 to 7. Beouired the numbers. 
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Ex. 15. What two numbers are those wbich are in the ratio of 
fft to n/ the diderence of whose fourth powers is to the sum of 
their cubes nap to qt 
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PROGRESSIONS. 

ARITHMETICAL PROGRESSION. 

(235.) ^n Arithmetical Progression is a series of quantities whicA 
tTKTtase or decrease by the continued addition or subtraction of the 
same quantity. 

Thus, the numbers 

1, 3, 5, 7, 9, 11, &c., 
which aie obtained hy the additioa of S to each BuccesBive term, 
form what is called an increasing Arithmetical Progreasion ; and 
the numbers 

20, 17, 14, 11, 8, 5, &c., 
which are obtained by the subtraction of 3 from each Buccessive 
term, form what Is called a decreasing Arithmetical Progression. 

(236.) If a represent tbe first term of an arithmetical progres- 
sion, and d the common difference, the EucceBsive terms of an 
increasing series will be 

a,a + d,a + 2d, a+3d,a + 4d,Scc. 
The successive terms of a decreasing series will be 

a; a — d, a — 2d, a — 3d, a — id, &c. 
Since the coefficient of d in the lecond term is 1, in the third 
term 2, In iho fourth term 3, and so on, the nth term of the series 
will be of the form 

a±(n—l)d, 
which may be called the last term when the unmhei of terms is n. 
Hence, 
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The last term is equal to the first, ± the product of the common dif- 
f^ence into the number of terms less one. 

In what follows we shall consider the progression an increasing 
one, since all the results which we obtain can be immediately 
applied to a decreasing series by changing the sign of d. 

If we put / to represent the last term of the series, we shall 
accordingly have 

l = a + (n~l)d. 

This equation contains four quantities, any one of which may 
be computed when the other three are kno^n. 

(237.) To find the sum of n terms of a series. 
Take any series, and under it set the same terms in an inverted 
order, thus : 

Take the series 1, 3, 5, 7, 9,11,13,15. 

and the same series inverted, 15,13,11, 9, 7, 5, 3, 1. 

The sums are, 16, 16, 16, 16, 16, 16, 16, 16. 

The sum of the two series must be double the sum of a single 
series, and is equal to the sum of the extremes repeated as many 
times as there are terms. 

In order to generalize this method, let S represent the sum of 
the series, 

TbeaS = a + a + d + a + 2d+a + 3d+ + /• 

Write the same scries in an inverted order, thus : 

S=i+/zn+j7r25+z^~33+ + a. 

Adding the two series together, term by term, we obtain 

iS=T+i+T+Z+T+l+T+l+ + l+t. 

Represent the number of terms in the series by n ; then 

2S = n(/ + <i). 
Hence g^ n(f + a) ^ 

Therefore, 

The sum of an ^Arithmetical Progression is equal to half the sum 

of the two extremes, multiplied by the number of terms. 
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It also appears from the abore, that the sum of the extrtmes is 
equal to the sum of any other two tervu equally distant from the ex- 



(238.) The two eqaalioDB 

l = a-\-{n—l)d, 

contain five variable quantities, 

a,l,d,n, S, 
of which any three being given, the Other two majr be found. 
Accordingly, 20 difierent cases may arise, all of which are solved 
by combining the formula above given. These cases are exhib- 
ited in the following table, and should be verified by the student : 



No. 


Given. 


Hequired. 


Formula. 


1 


»,d,, 
a,i,S 

•,»,s 

J,»,S 


( 


;=»+(»-iH 


3 
1 




5 
6 

7 

8 


.,d,» 


S 


S = i»{2o + (»-l)iJ, 
S = !«{2/-(»-I)ij. 


9 
10 
11 

12 


«,»,s 
a,;,s 


i 


J 2S — 2™ 
,(»-l)> 
(/ + .)(!-.) 

""- 2S — (_o 

J 2«(— 2S 
»(»-l)- 
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No. 


Given. 


Required. FormulK. 


13 
14 


d,n,S 
d.l,S 
n,l, S 


" 


"='-(»- iH 

S (»-l)rf 
n 2 


15 
16 


. = ??-;. 


17 


'.d.l 

.,d,S 


» 


»=^+'. 


18 
19 


. </(&_.()• + MS — !!<! + (i 
__5§_ 


20 


2( + i±>/(2/ + i/)'-SiiS 
° 2J • 



(239.) 

Ex. 1. Eeqnired the sum of 60 terms of an arithmetical pro 
gression wbosb first term is 5, and common difTerence 10. 

Ex. 2. Required the number of terms of a progression whose 
sum is 442, whose first term is 2, and common difference 3. 

Ex. 3. Required the first term of a progression whose sum is 
99, whose last term is 19, and common difference 2. 

Ex. 4. The sum of a progression ie 1455, the first term 5, and 
the last term 92, What is the common difference 1 *. 

Ex. 5. A body falls 16 feet during the first second, and in each 
succeeding second 32 feet more than in the one immediately 
preceding. If it continue falling during the space of 20 seconds, 
how many feet will it pass over in the last second, and how many 
in the whole time % 

Es. 6. Required the snm of 101 terms of the series 
1, 3, 5, 7, 9, &c. 

Ex. 7. Find the last term of the series 
1, 3, 5, 7, 9, &c. 
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that is, the last term of this series is one less than twice the number 
of terms. 

Ex. 8. Fiod the sum of the series 

1, 3, 5, 7, 9, &c. 

Ans. n' J 
that is, the sum of the terms of this series is equal to the square of the 
number of terms. 
Thus, 1 + 3 = 4. = 2' 

1+3+5 = 9=y 

1 + 3+5 + 7 =16 = 4' 
1 + 3 + 5 + 7+9 = 25 = 5^ 
Ex. 9. Fiud the sum of the natural series of numbers 



1, 2, 3, 4, 5, &c., 



A... :a±i>. 



Ex. 10. Find the Bum of the even numbers 
2, 4, 6, 8, &c., 
up to n terms. 

Ans. n(»+l). 
Ex. 11. One hundred stones being placed on the ground in a 
straight line, at the distance of two yards from each other; how 
far will a pereon travel who shall bring them one by one to a 
basket which is placed two yards from the first stone 1 

Ex. 12. To find m arithmetical means between two given num. 

In order to solve this problem, we must first find the common 
difierence. The whole number of terms consists of the two ex- 
tremes, and all the intermediate terms. If, then, m represent the 
number of means, m + 2 will be the whole number of terms. 

Substituting OT+^2 for n, in formula 9, p. 222, we have 

d= — —J = the common difference, 

whence the required means are easily obtained by addition. 
Ex. 13. Find 6 arithmetical means between 1 and 50. 
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Ex. 14. Find three numbers iu arithmeiical progreasion, the 
sum of whose equares ehall be 1232, and the square of the mean 
greater than the product of the two extremes by 16. 

Ex. 15. Find three numbers in arithmetical progression, the 
sum of whose squares shsll be a, and the square of the mean 
greater than the product of the two extremes by b. 






/fl — 24 ,. /a— 24 , /a— 2ft , .. 

V-3 — ^*' V -3— '■ ""■* v-3— +^*- 



Ex. 16> Find four numbers in arithmetical progression, whose 
sum is 28, and continued product 585. 

Ex. 17. A sets out for a certain place, and travels 1 mile the 
first day, 2 the second, 3 the third, and eq on. In five days after- 
ward, B sets out, and trails 12 miles a day. How long will A 
travel before he is overtaken by B 1 

Ans. 8 or 15 days.. 

This is another example of an equation of the second degree, 
in which the two roots are both positive. The following figure 
exhibits the daily progress of each traveler. The divisions above 
the horizontal line represent [be distances traveled each day by 
A; those below the line the distances traveled by B. 

A.123 4 5 6 7 8 9 10 11 12 1? 14 15 

I ! ! L_j_J L_ ! ! I 

B. 1 2 3 4 5 6 7 8 9 10. 

It is readily seen from the figure that A is in advance of B un- , 
til the end of his 8th day, when B overtakes and passes him. 
After the 12th day, A gains upon B, and passes him on the I5th 
day, after which he is continually gaining upon B, and could not 
be again overtaken. 

Ex.' 18. A goes 1 mile the first day, 2 the second, and so on. 
B starts a days later, and travels b miles per day. How long will 
A travel before he is overtaken by B 1 



2fi — 1 ± V (2ft — 1)' — Soft , 
Ans. — i-^ days. 

In what case would B never overtake A t 

An.. WheD.>^-J + i,. 
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For instance, in the preceding example, if 6 had started one 
day later, he could never have orertaken A, 

Ex. 19, A trarelei aet out from a certain place and went 3 
mile the firat day, 3 the second, 5 the third, and so on. After 
he had been gone three days, a second sets out, and travels 12 
miles the first day, 13 the second, and so on. In how many days 
will the second overtake the first 1 

Ans. in 2 or 9 days. 

Let the stadeut illnstrate this example by a diagram like the 
preceding. 

GEOMETKICAL FBOGEESSION. 

(240.) A Geometrical Progression is a aeries of quantities, each of 
which is equal to the product of that tehich precedes it by a constant 
number. 

TbuB, the aeries 

2, 4, 8, 16, 32, Sec, 
and 81, 27, 9, 3, &c., 

are geometrical progreasiona. In the former, each number is 
derived from tbe preceding by multiplying it by 2, and the series 
forma an increasing geometrical progression. In the latter, each 
number ia derived from the preceding by multiplying it by |, and 
the series forms a decreasing geometrical progression. 

in each of these cases, the common multiplier is called the 
' common ratio. 

(241.) To find the last term of the progression. 

Let a represent tbe firat term, and r the common ratio j then 
the auccesaive terma of the series will be 
a, or, or', ar", <a^, &c. 

The exponent of r in the second term ia 1, in the third term is 
2, in the fourth term 3, and so on ; hence the nth term of the 
series will he 



Hence, putting / for the last term, and n tbe number of terms 
of the series, we obtain 
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That ia, 

The last ttfm of a geometrical progression ia equal to the product 
.of tht first term by that power of the ratio whose index is one less than 
the number of terms. 

(242.) To find the sum of all the terms. 

If we take any geometrical series, and multiply each of its 
terms by the ratio, a new series will be formed, of which every 
term except the last will have its correapoading' term in the first 
series. Thus, take the series 

1, 2, 4, 8, 16, 32, 
the sum of which we will represent by S, so that 
8 = 1 + 2 + 4 + 8+16 + 32. 
Multiplying each term by 3, we obtain 

2S = 2 + 4 + 8 + 16 + 32 + 64. 

The terms of the two series are identical, except the first term 
of the first series and the last term of the second series. If, then, 
we subtract one of these equations from the other, all the remain- 
ing ternla will disappear, and we shall have 

2S — S = 64— 1. 
In onler to generalize this method, let a, ar, or', &c., represent 
any geometrical series, and S its sum, then 

S = 8 + ar + ar' + fl7'+ +ar"-' + or--'. 

Multiplying this equation by r, we have 

rS = ar+ar' + ai^ + (w'+ +or"-' + ar". 

Subtracting the first equation from the second, we obtain 

rS — S = or- — a. 
Hence S = — — -p ; 

or, substitutiog the value of / already found, we obtain 

Hence, to find the sum of the terips of a geometrical progres- 
sion, 
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Jgnltiply the last term by the ratio, subtract the first term, and di- 
vide the Ttmainder by the ratio leas one. 

If a series is a decreasing one, and'r consequently represents b 
fraction, it is convenient to change the signs of both numerator 
and denominator in this expression, which then becomes 
a — ar" a — lr 



(24)3.) In the two equationi 



there are fire variable quantities, 

a, I, r, n, S, 
of which any three being given, the other two may be found. Ac- 
cordingly, as in arithmetical progression, 20 different cases may 
arise, all of which are readily solved, with the exception of those 
in which n is the quantity sought. The value of n can only be 
found by the solution of an exponential equation. See Art. 336. 
These different cases are all exhibited in the following table for 
convenient reference. 



No. 


GiVBlL 


Required. 


Formule. 


1 
2 
3 

4 


.,r,S 

•,»,s 

r,»,S 




, a+(r-l)S 

!(S_J)-._„(S-«)— = 0, 
, (r— IjSr— 
, I ■ 


5 
6 

7 

8 


a, r, B 


S 


l,-a 


e, '('--I) 
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No. 


Given. 


RejQired 


Formula. 


9 
10 
11 
12 


», ;, s 


' 


S-. 

'--sI:T-+s^=''- 


13 

14 

15 

16 


r, ;, s 


a 


«=''-(>— 1)S, 
„(S_a)-'-/(S-;)— =0. 


17 
18 
19 

20 


»,r, S 

«, /, s 

T,l,S 


» 


lag.l-los.. 
"- /^.r t'' 

%.[a + {r-l)S]-%.. 
/tg.r 


» H.(S-a)-(og.(S-; 1 '• 
log.r ^ 



Ex. 1, Required the sum of the Eeriea 
1, 3, 9, 27, &o., 
continued to 12 terms. 

Ex, 2. Required the sum of the series 
1, 2, 4, 8, 16, &.C., 
continued to 11 terms. 

Ex. 3. Given the first term 2, the ratio 3, and the number of 
terms 10, to find the last term. 

Ex. 4t. Given the first term I, the last term 512, and the sum 
of the terms 1023, to find the ratio. 
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Ex. 5. Given the last terin 204S, the number of terms 12, and 
the ratio 2, to find the fiiet term. 

Ex. 6. A person heing asked to dispose of his horse, said he 
would sell him on condition of receiving one cent for the first 
nail in his shoes, two cents for the second, and so on, doub- 
ling the price of every nail to 32, the number of nails in his four 
shoes. What would the horse sell for at that rate 1 

' Ans. $42949672.95. 

(244.) To jind any number of geometrical means between two given 
numbers. 

In order to solve this problem, it is only necessary to know the 
ratio. If m represent the number of means, oi + 2 will be the 
whole number of termt. Substituting m+ i for n in formula 9, 
Art. 243, we obtain 



V^ 



When the ratio is known, the required means are obtained by 
continued multiplication. 

Ex. 1. Find three geometrical means between 2 and 162. 
Ex. 2. Find two geometrical means between 4 and 256. 
(245.) Of decreasing progressions having an infinite nuntber of 
-terms. 

The formula 

which represents the sum of n terms of a decreasing series, may 
be put under the form 



In a decreasing progression, since r is a proper fraction, r" is 
lees than unity, and the larger the number n, the smaller will be the 
quantity r". If, therefore, we take a very large number of terms 

of the series, the quantity r", and consequently the term , will 

be very small ; and if we take n greater than any assignable num- 
ber, then ^ will be less than any assignable number. 
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Hence tbe sum of aa infinite series decreaBiog in geometrical 
progieBBion is 

Ex. !■ Fiad the guhi of the infinite series 
l + i+l + i+.&o- 
Here a=l,r = i. 



Ana. |. 



Therefore, S = = -^ ;- = 2. 

1 — r 1 — i 

Ex. 2. Find the sum of the infinite series 

l + i + i + aV+.&c. 

Ex. 3. Find the sum of the infinite series 
l + i+rV+iV+.^c. 

Ex. 4. Find the ratio of an infinite progression, whose first term 
is 1, and the sum of the series J. 

Ex. b. Find the first term of an infinite progreBsion, whose 
ratio is ^, aiid the sum |. 

Ex. 6. Find the first term of an infinite progresBioD, of which 
the ratio ia -i and the'sum ;, 

(346.) PROBLEMS. 

Prob. 1. Of four numbers in geometrical progression, the sum 
of the first and second is 15, and the sum of the third and fourth 
is go! Required the numbers. 

Let . iT, xy, xy", ay", be the numbers. 

Therefore, x^-xy =15, 

and xf + xf - 60. 

Multiplying the first equation by y', 

a^' + xy'=15y' = 60. 

Therefore, y' = i, 

and y = ± 2. 

Also, x±ax = 15. /' 

Therefoie, x = 5 or — 15. 
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Taking the first value of a^, and the corresponding value of y, 
ire obtain the series 



which numbers may be easily veriRed. 

Taking the second value of x, and the corresponding value ol 
y, we obtain the series 

— 15, +30, —60, +120; 
which numbers also perfectly satisfy the problem understood al. 
gebraically. If, however, it is required that the terms of the pro- 
greBBion be positive, the last value of x would be inapplicable to 
the problem, though satisfying the algebraic equation. 

Prob. 2. There are three numbers in geometrical progression 
whose sum is 210, and the first exceeds the last by 90. What 
are the numbers'! 

Prob. 3. There are three numbers in geometrical progression 
whose continued product is 64, and the sum of their cubes is 584. 
Required the numbers. 

Prob. 4>. There are four numbers in geometrical progression, 
the second of which is less than the fourth by 24 ; and the sum 
of the extremes is to the sum of the means as 7 to 3. Required 
the numbers. 

Prob. 5. Of four numbers in geometrical progression, the dif- 
ference between the first and second is 36, and the difference 
between the third and fourth is 4. What are the numbers 1 

Prob. 6. Of four numbers in geometrical progression, the sum 
of the first and third is a, the sum of the second and fourtU is h. 
What are the unmberB 1 

g' __a'i_ ay ft* . 

a'+ 6"' a' + 6'' a' + 6*' a' + ft*" 

HARMOHICAI. PEOS&ESSIOH. 

(247.) A series of quatitiiies is said to be in harmonical progression 
when, of any three consecutive terms, the first is to the third as the dif- 
ference of the first and second is to the difference of the second and 
third. 

The numbers 
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D haimonical progression, for 
60 : 20 : : 60 — 3 



: 15 : 



15 : 10 : 



- 20 : 20 — 15 

- 15 : 15 — 12 



15- 



form a 



: 12—10. 
So, also, the numbers 

1, h h h hh &c., 
1 harmonical progression. 

(248.) The reciprocals of a series _of terms in harmonical progres 
aion are in arithmetical prt^ession. 

Thus, the reciprocals of 60, 30, 20, &c., are 

A' Vtii I'll iVi Tjt Ai 

wliich are respectively equal to 

• Ai Ai Ai ioi Ai ?S' 

being ao arithmetical progression whose common difference is ■^. 
If sis musical strings of equal weight and tension have their 
lengths in the ratio of the numbers 

the second will sound the octave of the first ; the third will sound 
the twelfth; the fourth will sound the double octave; the fifth 
vrill sound the eighteenth ; and the sixth will sound the third 
octave of the first. Hence the origin of the term harmonical or 
vtuaical proportion. 
.Let d, A, c be three quantities in harmonical progression, then 

a: c : la — bib — c; 



whence 



2ac 



That is, an harmonical mean beiKcen two quantities is equal to twice 
their product divided by their sum. 
30 
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SECTION XV. 



GREATEST COMMON DIVISOR.— PERMUTATIONS AND 
COMBINATIONS. 

(24)9.) The greatest common diriBOT of two oi more quanti- 
ties is the gieatest factor which is common to each of the quan- 

FROPOSITION. 

^ Tht greatest cominon divisor of two quantities is the same with the 
greatest common divisor of the least quantity, and their remainder after 
division. 

To prove this principle, let the greatest of the two quantities be 
represented by A, and the leafit by B. Divide A by B ; let the 
entire part of the quotient be represented by Q, and the remain- 
der by R. Then, since the dividend must be equal to the prod- 
uct of the divisor by the quotient -|- the remainder, 

A = QB-|-R.' 

Now every number which will divide B will divide QB ; and 
every number which will divide R and QB will divide R + QB or 
A. That is, every number which is a common divisor of B and 
R is a common divisor of A and B. 

Again, every number which will divide A and B will divide A 
and QB ; it will also divide A — Q^ or R. That is, every num- 
ber which is a common divisor of A and B is also a common 
divisor of B and R. Hence the greatest common divisoi of A 
and B must be the same as the greatest common divisor of B 
andR. 

(250.) To find, then, the greatest common divisor of two quan- 
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tities, we divide the greater by the less ; and the lemainder, which 
is neceBsarily less than either of the given quantities, is by the 
last article divisible by the greatest common divisor. 

Dividing the preceding divisor by the last remainder, a still 
smaller remainder will be found, which is divisible by the greatest 
common divisor; and by continuing this process with each re- 
mainder and the preceding divisor, quantities smaller and smaller 
are found, which are all divisible by the greatest common divisor, 
until at length the greatest common divisor must be obtained. 
Hence the following 

RULE. 

Divide the greater quantity by the less, aad the preceding divisor by 
the last remainder, till nothing remains ; the last diviior will be the 
greatest common measure. 

When the remainders decrease to unity, the given quantities 
have no common divisor, and are said to be incontmatsuridile, or 
frime to each Other. 

EXAMPLES. 

Ex. 1. What is the greatest common divisor of 372 and 216 X 
372 1^6 
246| 1 
246 I J^ first Rem. 
126) 1 
126 jl207 second Rem. 
120 J 1 
120 I 6,third Rem. 
120)20 

Here we have continued the operation of division until we ob- 
tain for a remainder ; the last divisor (6} is the greatest common 
divisor. Thus, 246 and 372 being each divided by 6, give 41 and 
62, and these quotients are prime with respect to each other ; that 
is, have no common divisor greater than unity. 
Ex. %. What is the greatest common divisor of 

336 and 720 X 
Ex. 3. What is the greatest common divisor of 
918 and 522 X 
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(251.) Id the application of this rule to polynomials, some 
modi6cation may become necessary. It may happen that the 
first lerm of the dividend is not divisible by the first term of the 
divisor. This may arise from the presence of a fnctor in the 
divisor which is not found in the dividend, and may therefore be 
suppressed. For, since the greatest common divisor of two quan- 
tities is only the product of their common factors, it cannot be 
afiected by a factor of the one quantity which is not found in the 
other. 

We therefore suppress in the first polynomial all the factors 
commoQ to each of its terms. We do the same with the second 
polynomial, and if the suppressed factors have a common divisor, 
we reserve it as forming part of the common divisor sought. 

But if, after this reduction, the first term of the dividend, when 
arranged according to the powers of some letter, is not divisible 
by the first term of the arianged divisor, it follows from the above 
that wo may multiply the dividend by any monomial factor which 
will render its first term divisible by the first term of the divisor. 



Ex. 1. Required the greatest common divisor of 
K* -f- a:* and a;* — 1. 

JF' + iT, first Rem 
Suppressing x, we have x'+ 1. 

a.< — 1 j x'+l 
ic' + j'lir'— 1 



Whence x'+l is the greatest common divisor. To verify this 
result, divide u^ + x^hy ^+ 1, and we obtain a:"; divide cc* — 1 
by ai" + 1, and we obtain a^ — 1. 

Ex. 2. Required the greatest common divisor of 
T' — b^x and it" + 2&C + 6', 

a* + 26x' + ft'a; I X 



— 26a:'— ^% first Rem. 



^dbvGoo^^lc 



PEBUUTATIONS 



SuppreBsing the factoi 



COMBINATIONS. 

ibx, we hftve x + b. 



X' + 26a: + b' 
x' + bx 



\x + b 
\x + b 



bx-i-l^ 
bx + b\ 
Whence x-\- b ia the greatest common divisor. 
Ex. 3. Required the greatest commoa divisor of 
4(^ — 2o' — 3a+I and 3a' — 2a— 1. 

Ana. a — 1. 
Ex. 4. Find the greatest common divisor of 

x" — 1 and ax + I. 
Ex. 5. Find the greatest common divisor of 

X* — a* and af — a'. 
Ex. 6. Find the greatest common divisor of 

a» — 3a6+2i' and a^ — ab — 3*". 
Ex. .7. Find the greatest common divisor of 

o* — I'and a' — a'a; — aaj' + ar*. 
Ex. 8. Find the greatest. common divisor of 

(^ — o'6 + 30^ — W and a' — 5a6 + 46*. 
THEORY OF PERMUTATIONS AND COMBINATIONS. 

(252.) The different orders in which quantities may be arranged 
are called their Permutations. Thus, 

1, b, c, 



the permutations of the three letters a, b, c, taken all to-\ b, 
gethtr, are 



The permutations of the same letters taken two and (uw, J b, 
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238 PERMOTATIONS At*D COUfilNATIONS. 

The permutatiooB of th« same letters taken singly, < 
by ont, are 

(253.) To find the ntunber of pemivtatiotu of n letters, taken m and 
miagtther. 

Let . a,b, e,d A:, be the n letters. 

The number of permutations of n letters taken singly, or one 
by one, is evidently equal to the number of letters, or to n. 

Tfae number of permutations of n letters taken two and two is 
n(n — 1). For if we reserve one of the letters, as a, there will 
remain n — 1 letters. 

b,c,d k. 

Writing a before each of these letters, we shall ha^e 

ab, ac, ad ok ; 

that IS, we obtain n — 1 permutations of tlie r letters taken two 
and two, in which a stand? first. Proceeding in the same manner 
with A, T#e shall finds — 1 permutations of the n letters taken two 
and two, in which b stands first; and so for each of the n letters. 
Hence the whole number of permutations will be 

The number of permutations of n letters taken three and three 
together is 

»(»-!)(» -2)- 
For if we reserve one of the letters, as a, there will remain 
n — 1 letters. Now we have found the number of permutations 
of n letters taken two and two to be n(n — 1). Hence the per- 
mutations of n — 1 letter* taken two and two must be 

(—I) (—a). 

Writing a before each of these permutations, we shall have 
(n — 1) (n — 2) permutations of the n letters taken three and 
three, in which a stands first. Proceeding in the same manner 
with 6, we shall find (n — 1) (n — 2) permutHtions of the n letters 
taken three and three, in which b stands first; and bo for each of 
the n letters. Hence the whole number of permutations will be 
„(„_!)(„_ 2). 
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In like manner, we con prove that the number of permutations 
of » letters taken four and four is 

»(«-<) (»-2)(»- 3). 

When the letters are taken two and two, the last factor in the 

corre^onding formula is n — 1. When the letters are taken 

three and three, the last factor is n — 3t When the letters are 

taken/oar aati/owr, the last factor isn — 3. 

Hence, when the letters are taken m and m together, the last 
factor will be n — [m — 1) or n — m + 1 ; and the number of per- 
mutations of n letters taken m and m together will.be 
„(,_!) („_2) („_3) (»-m + l). 

. EXAMPLES. 

Ex. 1. Required the number of permutations of the 8 letters 
a, b, c, d, e,f,g, A, taken 5 and 5 together. 

Here n = 8, wi = 5, a — »»+l=4, 

and the above formula becomes 

8.7.€.5.4 = 6720, Ans. 

Ek. 2. Required the number of permutations of the 26 letters 
of the alphabet, taken 1 and 4> together. 

Ex. 3. Required the number of permutations of 12 letters, taken 
6 and 6 together. 

(254.) If we suppose that each permutation comprehends ail the a 
letters ; that is, if ni = n, the preceding formula becomes 

n(« — 1)(» — 2) 2x1; 

or, inverting the order of the factors, 

1.2.3.4 {n — l)n; 

which expresses the number of permutations of n letters taken 
fill together. 

Ex. 1. Required the nnmber of changes which can be rung 
upon 8 bells. 

According to the preceding formula, we have 

1.2.3.4.5.6.7.8 = 40320, Ans. 

Ex. 2. What is the number of permutations which may he 
formed from the letters composing the word "virluet" 
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Ex. 3. What is the number of difierent arrangements which 
can be made of 12 persons at a dinner-table 1 

(255.) The combinations of any number of quantities signify the 
difiereot collections which may be formed of these quantities, 
without regard to the order of their arrangement. 

Thus, the three letters a, h, c, taken tdl together, form but one 
combination, abc. 

Taken two and t«io, they form three combinations, 

To find the nttmber of combinations of n letters, taken m and m to- 
g^her. 

The number of combinations of n letters taken separately, or 
one by ont, is evidently n. 

The number of combinations of n letters taken tvio and tieo, is 
n(n-l) 
1.2 

Foi the number of permutations of n letters taken two and two 
is n{n — 1) ; and there are two permutations (oi, ba) correspond- 
ing to one combination of two letters. Therefore the number of 
combinations will he found by dividing the number of permuta- 
tions by 2. 

The number of combinations of n letters taken three and three 

„,..,„,,=fe.-Jl|^). 

For the number of permutations of n letters taken three and 
three, is n{n — 1) (» — 2); and there are 1.2.3 permutations for 
one combination of three letters. Therefore the number of com- 
binations will be found by dividing the number of permutations 
by 1.2.3. 

In the same manner, we find the number of combinations of n 
letters, taken m and m together, 

„(„_!) („_2) (n-m + 1) 

1.2.3 m 

Ex. 1. Required the number of combinations of six letters taken 
three and three together. 

Here n = 6, m^3, a— m-|-l = 4, 

and the formula becomes 
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3. Required the UDOiber of combinatioos of 8 letters taken 
4. 

3. Required the numher of combiQatioDa of 10 letters taken 
6. 

following; table, which is computed by the preceding for- 
shows the number of combinations of 1, 2, 3, 4, &c., letters 
singly, or two and two, three and three, &c. An important 
ttion of this table will be seen in the nex{ Section. 



Lelfrs. 


Singly 


2BndB. 


3Bnd3 


4aiul4 


Sands. 


6 nude 


7.1ld7 


Sande 


eanda 


10, 10. 


1 


1 






















3 


3 


3 


1 




Number of combinations. 






4 
5 












5 


10 


10 


5 


1 












ti 


(i 


15 


*2() 


l!i 


ti 


1 










7 


7 


'21 


3=. 


3S 


21 


7 


1 








H 


K 


an 


f>H 


70 


5f) 


'2H 


H 


1 






» 


9 


3R 


H4 


12(i 


vm 


X4 


3fi 


9 


1 




:o 


10 


15 


120 


210 


252 


210 


120 


45 


10 


1 
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SECTION XVI. 



INVOLUTION OF BINOMIALS. 

(256.) We have shown, in Art. 142, how to obtain any power 
of a binomial by actual multiplication. We now propose to de- 
velop a theorem by which thiei labor may be greatly abridged. 

Taking the binomial a + ^ its euccessire powers found by- 
actual multiplication are as follows : 

(a + by = a+b, 

(a + by = a' + iiab +6", 

la + by = t^+3a'b + ^ab^ +6*, 

(a + i)' — o' + io'fi + etffi' +4ai' +b*, 

(ffl + i)» = a" + 5o'fi + lOa'fi' + lOa'J' + 5o6' + 6", 

(a + i)* = 0? + eo'fi + ISo**' + aOtr'i' + 15aW + eoi* + J". 

(257.) The powers of a — b, found m the same manner, are as 
follows ; 

.—by = a —b, 

\ — by=a^ — Slab +i', 

: — hf — fC — Wb + Ga^b^ ~ial^ + b\ ' 

■.~-bf = (^ — 5a'b+ lOa'i'— lOd'l^ + bab' —ff; ■ 
'.~bf^a^ — G(/'b+15a*^—20a'li'+15a^b*~Qa^ + l^. 

On comparing the powers of a + i with those of a — 6, We per- 
ceive that they only differ in the signs of certain terms. In the 
powers of a -f- ^1 all the terms are positive. In the powers of 
a — b, the terms containing the odd powers of 6 have the sign — , 
while the even powers retain the sign +. The reason of this is 
obvious ; for since — i is the only negative term of the root, the 
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terms of the power can only be rendered negative by b. A term 
which contains the factor — b an even number of times, will there- 
fore he positive ; if it contain it an odd number of times, it must 
be negative. Hence it appears that it is only necessary to seek 
for a method of obtaining the powers of o + b; for these will 
become the powers of a — b, by simply changing the signs of the 
alternate terms. 

(258.) If we consider the exponents of the preceding powers, 
we shall find that they follow a very simple law. Thus, 
( of a are 2, 1, 0, 



In the sqaare, the exponents . 
In the cube, the exponents 



(ofia 

( of a are 3, 2, 1, 0, 

* of J are 0, 1, 2, 3. 

, 2, 1, 0, 

i of 6 are 0, 1, 2, 3, i. 



In the fourth power, tne exponents i 

&.C., Sic, 

In the first term of each power, a is raised to the required 
power of the binomial ; and in the following terms the exponents 
of a continually decrease by unity to ; while the exponents of 
b increase by unity from up to the fequired power of the bino- 
mial. The sum of the exponents of a and b in any term is equal 
to the exponent of the power required. Thus, in the second 
power, the sum of the exponents of a and b in each term is 2 ; in 
the third jtower, it is 3 ; in the fourth power, 4, &c. 

W^ hence infer that for the seventh power the terms, without 
the coefficients, are 

a', <^b, o'fi', a'P, a'b\ a'l^, aV, 6' ; 
and for the nth power 

a", a— '6, a— 'iS ffl'^'fi' a'6— ', ah—\ 6". 

(259.) It remains to determine the coefficients which belong to 
these terms ; and in order to discover the law of their formation, 
let us take the coefficients by themselves. 

The coefficients oi" the 1st powerare 1 1 

The coefficients of the 2d power are 12 1 

The coefficients ofthe 3d power are 13 3 1 

The coefficients of the 4th power are 14 6 4 1 

The coefficients of the 5th powerare 15 10 10 5 1 
The coefficients of the 6ih power are 1 6 15 20 15 6 1 
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The numbers in ihis table are identical with those in the table 
of combinatioDs on page 241. Foi example, the coefficients of 
the fifth power denote the number of combinations of five letters 
taken one and one, two and two, &c. ; the coefficients of the sixth 
power denote the number of combinations of six letters taken one 
and one, two and two, &c. The reason of this will appear if we 
observe the law of the product of several binomial factors, x + a, 
x + b, X +c, iT + rf, &c. 

Multiply^ X + a 
by x+b, 

we obtain x°+(a4-fr)x+ai=lst product. 

Multiply by a- + c, 
we obtain i'+(a+6 + c)''+(ai+(ic+&c)a;+fl6c = 2d product. 

Multiply hy X + d, 
we obtain a^+(a+b+c+d}3^+(ab+ac+ad+bc+bd+cd)i?+ 
-\-{abc-rabd+acd-\- bcii)x+abcd ^3d product. 

We obserre that in each of these products the eoeficient of x in 
thejirsl term it ttnity ; (Ae eoefficierU of the second tgrm is the sum of 
ike teeond lermt of tkt binomial factors ; the coeffiamt of tht third 
term is the sum of all thar products two lyid two ; the co^tdenl of the 
fourth term is the sum of all their products three and three, See. 

It is easily seen that if we multiply the last product by a new 
factor, x + e, the same law of the coefficients will be preserved. 

If new, in the preceding binomial factors, we suppose a, b, c, d, 
&c., to be all equal to each other, the product 

(x + a){x + b)(x + c)(x + d) 

becomes {x + a)'. 

The coefficient of the second term of the product, or a'\-b-Yc-\-d 

, becomes a -\- a ■\- a -\- a ; that iB,a taken as many times 

as there are letters a, b, e, d, and is consequently equal to na. 

The coefficient of the third term, or ab + ac, &c., reduces to 
rf + a" + o' or a' repeated as many times as there are dif- 
ferent combinations of n letters taken two and two } that is, 
«(«-!) ■ 
1.2 

The coeMcient of the fonith term leducea to (r* repeated as 
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many times as there are difierent combinations ofn tetters taken 

three and three, that is, — i ■ ' ' ■ — —a', and so on. 

Thus, we find that the nth power ai x+ a may be expressed as 
follows : 

2(2nll„..^-... "("-^)(''-^W ->-^... 



1.2.3 



+ rta**"' x + tT, 
which is called the Binohul Theorem, and is generally ascribed 
to Sir Isaac Newton. So important was it regarded, that it was 
engraved on his monument in Westminster Abbey aa one of his 
greatest discoveries. 

On compariog the difierent terms of this development, we per- 
ceive that any coefficient may be derived from the preceding one 
by the following rule: If the coefficient of any term be mulliplied by 
the index of x in that term, and divided by the index of a increased by 
one, it will give the coefficient of the succeeding lerm. 

Thus, the fifth power of x + a is 

x'+5ax'+ 10aV+ lOo'a^'4 5a*x + if. 

If the coefficient 5 of the second term be multiplied by 4, the 
index of lE in that term^and divided by 3, which is the index of a 
increased by one, we obtain 10, the coefficient of the third term. 

So, also, if 10, the coefficient of the fourth term, be multiplied 
by 2, the index ofn:, and divided by 4, the index of a incceased 
by one, we obtain 5, the coefficient of the fifth term ; and so of 
the others. 

The coefficients of the sixth power will also be found as fol- 
lows: 

6x5 15x4 20^x3 15x2 6x1 
' ' 2 ' 3 ' 4 ' 5 ' 6 ' 
that is, 1, 6, 15, 20, 15, 6, 1. 

The coefficients of the seventh power will be 

7 I^ 21x5 35x4 35x3 21x2 7x1 

that is, 1, 7, 21, 35, 35, 21, 7, I. 
Therefore, the seventh power of a; + a is 

x' + 7aJ^ + 21oV + 35a'a^' + Sba'af + 2IaV + la'x + «*. 
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It is sometimes preferable to retain the factors of the ijoelH- 
cients distinct Tram eftch other, as follows : 



(:r+.)'=^'+j«^+_ 



' 1.2.3.4 ' 1.2.3.4-5 
7.6.5.4.3.2^ 7.6.5.4..3.2.] . 



' 1.2.3.4-.5.6 ^ 1.2.3.4.3.6.7 ' 
The factor 1 is retained for the sake of symmetry, and to ex- 
hibit more clearly the law of the coeflicientE. 

(360.) The theorem thus developed is expressed in the following 

RULE. 

In any power of a binomial x + a, the index of x begins in the first 
term with the index of the poieer, and in the following terras continu- 
ally decreases by ime. The index of a commences with one in the 
second term of the powtr, and continually increases by one. 

The coefficient of the first term is one ; that of the second is the- 
index of the power ; and if the coefficient of any term be multiplied by 
the index of x in that term, and divided by the index of a increased by 
one, il mil give the coefficient of the succeeding term. 

(261.) The number of terms in the power is always greater by 
unity than the index of the power. Thus, the number of terms 
in (a + fi)* is 4 + 1 or 5 ; in (a + i)" is 6 -|- 1 or 7. 

Also, if we examine the table in Art. 259, it will be perceived 
that after we pass the middle term, the same coefHcients are re- 
peated in the inverse order. Thus, the coefficients of 

{a + 6)«are 1, 5, 10, 10, 5, 1, 

o{(a + b)' are 1, 6, 15, 20, 15, 6, 1. 

Hence it is only necessary to compote the coefficients for half 
the terms j we then repeat the same numbers in the inverse order. 

(262.) The sum of the coefficients for each power is equal to the 
number 2 raised to the same power. For, let a^ = 1 and o— 1, 
then each term without the coefficients reduces to unity, and the 
value of the power is simply the sum of the coefficients. Also, in 
this case, {x + a)" becomes 2". Thus, the coefficients of the 
first power are 1 + 1 = 2 — 2', 
second power are 1 + 2+1 = 4 = 2", 
third power are 1 + 3 + 3 + 1 = 8 = 2', 
fourth power are 1+4 + 6 + 4 + 1 = 16 = 2*. 
ice, &c., &G.' 
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EXAMPLES. 



Ex. 1, Raise a; + o to the 9th power. 

The terms without the coefHcients are 

X^, ax', aV, a'a^, oV, aV, o"a^, aV, a*!, a". 

And the coefficients are 

9x8 36x7 84x6 126x5 126x4 84x3 36x2 9x1 
■'2' 3' 4' 5' 6'7'8'9' 
that is, 1, 9, 36, 84, 126, 126, 84, 36, 9, 1. 

Prefixing the coefficients, we obtain ' 

{x+fl)'=ic'+9(M!'+36aV+84(i'x»+126oV+126a=a^+84a"a;'+ 
+36«'T'+9a'a:+o». 

It should be remembered that, according to Art. 261, it is only 
necessary to compute the coefficients of half the terms independ- 
ently. 

Ex. 2. What is the 6th power of x — a ? 

(263.) If the terms of the given binomial are aOected with 
coefficients or exponents, they must be raised to the required 
powers, according to the principles already established for the 
involution of monomiala, 

Ex. 3. Raise 2x + 5a' to the fourth power. 

For convenience, let us substitute b for 2x, and c for 6o?. 

Then (b + c)* = b* + Wc + 6^c' + 4bc' + c*. 

Restoring the values of i and c, 

The first term will be (2a:)' A ISx*. 

The second term will be 4(2a;)'. 6a' =i.8.53^a\ 

The third term will be 6{ar)'.(5a')"^6.4-25a:V. 

The fourth term will be 4(2i) .{bay =4:2.125x0?. 

The fifth term will be (5o')'=625a'. 

Therefore,(ar+5a')'^16i*+160arV+600xV+1000a;a'+6256^. 

Ex.4. What is the fourth power of 2a^+5i/'? 

Ex. 5. What is the seventh power of 2ii +3b7 

Ex. 6. What is the sixth power of a',+ Sab ? 

Ex. 7. What is the fourth power of 5c' — 2y2 ? 

(264.) By means of the Binomial Theorem we can raise any 
polynomial to any power. 
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For example, let it be required to raise a +'b + c to the third 
power. 
For coDTenieace, we put b + c = m; we then obtain 

(fl + ft + c)' = (a + m)' = a' + 3a'oi + aaw' + Bt'. 
Subatitotiog for m ita equal, ft + c, we obtaia 

(a + b + cy = ee + 3a\b+c) + 3a{b + c)' + {b + cy. 
It only remains to develop the powers of the binomial b + c, 
and to perform the multiplications which are indicated. We thus 
obtain 

(a + ft + c)" = (^ + 3a'6 + 3aft' + ft", 
+ 3o'i: + 6abc + 3ft'c, 
+ 3ac' +3^, 

Ex. 2. Raise x + a + & to the fifth power. 
(265.) When one of the terms of a binomial is unity, the powers 
assume a simpler form, since every power of 1 is 1. 
Thus, the fourth power of a -f- ft, which is 
ffl* + ia'b + ea'ft' + 4o6' + ft', 
when we make a = 1, becoraea 

l + 46+6i'' + 4ft' + 6*. 

n(n-l) n(n-l)(n- 2) 
1.2.3 

Every binomial of the form {x + a)" may be reduced to the 
form of jr(l + ft)". For 

x+a : 



So, ri.., (1+.)-^ !+;„+ ;^q=iJ.-+ "'■— '"■^ ^iV+.a.c. 



Therefore, {x+ay=(irfl+ -Y j or, putting ft= 



-[ 



:af(l+6)", 

This expression for the value of (x -f- a)" is equivalent to that 
on page 245, as may be easily shown by multiplying af into each 
term within the parenthesis. For some purposes this is regarded 
as the simplest form. 

(266.) In the development of the binomial (<r-f-a)", we have 
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' hitherto aupposed n to be a positive integer. The Binomial Theo- 
rem ia, however, applicable, whatever be the nature of the quan- 
tity n, whether it bo pontine or negative, integral or fractional. 
When n is a poeitive integer, the series consists of n + 1 terms. 
In every other case, the series never terminates ; that is, the de- 
velopment of [x -\- a)' furnishes an infinite series. 

Ex. 1. It is required to convert -— -r or {o+ 6)"' into an in- 
finite series. 

According to Art. 260, the terms without the coefficients are 

a-\ <£-% a-'b'', (r*l?, a-'&^ q-W, trW, &c. 
The coefHcient of the first term is 1. 
The coefficient of the 2d term is — 1, the index of the power. 

The coefficient of the third term is = + 1. 

The coefHcient of the foarth term is --■ ^ - = — 1. 
The coefficient of the fifth term is — — ^ =. + 1. 



We thus obtain 

^i-^=(a + i)-'=o-'— tfT'i + a-'fc'— ffl-'A'+a-''fi'--a-'i' + ,&c., 

where the law of the series is obvious; the coefficients are all 
unity, and the sigae are alternately positive and negative. 

We might have obtained the same result by the ordinary method 
of division. The operation is as follows : 



--i + ^ — ri+)^c-j= the quotient. 



+? 
+S+? 



idbyGoOgIc 
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Hence, 

— — 7 = 5 + 3 i> &c. ; which may be written 

a~' — ar'b + ar'l^ — a~*^ +, &c., the same as before found; 
and it is obvious, hoai inepecting the opeiation of division, that 
the series will never terminate. 

Ex. 2. It is required to convert ^ — , or (a+i)"' into an in- 
finite series 

1 2J , 3i' 46" 56* ' 

or, 0"° — 2a-'6+3o-'i' — 4a*'fi' + 5a-'i', &c. 
Here the coefiicienis increase regularly by 1, and the signs are 
alternately positive and negative. We might have obtained the 
same result by division, as in the former example 

Ex. 3, Expand into a series —^Zh "' ^" — *J~'* 

Ex. 4. Expand into a. series ■ -r-^ or (a — b)~*. 

Ex. 5, Expand into a series (a + b)~\ 
Ex. 6. Expand into a series (o — b)~'. 

(267.) We have now considered the powers of a binomial when 
the exponent is an integer, either positive or negative. It re- 
mains to consider the case when the exponent is a^ fraction. 



Ex. 1. Expand \/a + fi or (a + i)^ into an infinite series. 
The terms without the coefficients are 

The exponents of a decrease by unity, while those of b in- 
crease by unity. 

The coefficient of the Urst term is I. 

The coefficient of the second term is -\- ^, 

The coefficient of the third term is — 7r~^= — tTT 
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%i^ ^ 1.3 

The coefficient of the fourth term is ' — — g = +q-r7-- 

246 135 

The coefficient of the fifth term is — " = — , ' 

The series'then is 



-»)i=.i+'.-»»-i.-t.-+,iV^»-- 



1.3.5 



(.+*)«=..+^a-.J-jj.-.6'+gj^-.J-_^j5.-5i-+,&o. 

The factors which form the coefficients arc kept distinct, in 
order to show more clearly the law of the Beriea. The factors 
in the numerator compose the series of odd numbers, 1, 3, 5, 7, 
&c. ; while the denominator contaiDs the even numbers, 2, 4, 6, 8, 
10, &c. 

The above series expresses the square root o( a + b. We 
should obtain the same result if we extracted the square root by 
the usual method. See Art. 386. 

Ek. 2. It is required to convert (a' + x)* into an infinite series. 

, £_ t' 3a^ 3.5j* 3.5. 7a^ 

"•"aa - 2.4a^ "•■ 2.4.6a^ 2.4.6.8o' "'■2.4.6.8.10a'' " ' ' 
g-'x tt-^j' 3a-'j' 3.5.n-'j 7 3.5.7a-°a* _ 
°^' ""'■2 2.4 "*" 2.4.6 2.4.6.8 ''"2.4.6.8.10 ' ' 

where the law of the series is evident. , 

Ex. 3. It is required to convert (a — x)' into an infinite series. 

Ex. 4. It is required to convert (a + b)^ into an infinite series. 

Ex. 5. Expand (a — 6)* into an infinite series. 

b Si' 3.76' 3.7.11i" , 1 






ta 4.8o= 4.8.12a' 4.8.12.16a'"" 

Ex. 6. Expand (a -|- a;)' into an infinite series. 

Ex. 7. Expand (1 — x)i into an infinite series. 
« Ex. 8. Expand (a' + b')^ into an infinite series. 

Ex. 9. Expand (a' — >^)* into an infinite series. 

(268.) The binomial theorem is applicable to case 
the value of the exponent » is a negative Jraction. 
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EXAUPLES. 



The terms without the coe£Scienti 

o~*, o'~*6, o~^fi*, a~h', a~^b\ 
The coefficient of the first term is 
The coefficient of the second term i 

The coefficient of the third term is 

The coefficient of the fourth term ii 

The coefficient of the fifth term is 
Hence we obtain 



%'..-'h- 


«:c 




1. 






— !x- 

2 


ii= 


- II 


^x- 


-i 


1.3.5 


3 


~ 


2.4.6' 


1.3.5 






2.4.6 ^ 


-i 


1.3.5.7 


1 


— 


' 2.4.6,8 



, ,,— i —1 I —i. 1.3 ~l,s 1.3.5 —1,, 1.3.5.7 _|,« 

— , &c. 

Ex. 2. Expand into an infinite series (a + x)~^. 

An8.a s_-a^a:+5 



Ex. 3. Expand (1 + a;)~* into an infinite series. 

, X , ea;* e.ll.ar' , 6M.l6x' 



" 5 ^ 5.10 5.10.15 ^ &.10.15.20 

c. 4. Expaad (t^ — «)~* into an infinite series. 



(269.) The binomial theorem may be employed to determine 
he roots of surd numbers. * 

EXAMPLES. 

Ex. I. It is required to find the square root of 2. 



Digitized bvGoO^^IC 
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The development of {a + b)^ ban been given in Example 1, page 
15 1. If we make a = 1 end 4 = 1, then (a + ft)* becomes (1 + 1)' 
ir V 2; and the terms of the development became 



1 + S-5T + 



1.3.5 



2 5;* ''■2.4.6 2.4..6.8 "^ 2.4.6.8.10 ' ' 

which therefore espreBses the square root of 2. The sijm of this 
series is 1.41421. As, however, the series does not converge 
rapidly, it would require a large number of terms to give the root 
with tolerable accuracy. The following example affords a better 
illustration of the utility of the method. 
Ex. 2. Required the square root of 101. 



101 = 100 



(i+jl). Th.„rc.,.vioi = io(i+J-J. 



Put 8=1 and 6 = -^^ in the development of (a + i)* on page 
251, and we shall have 

Thie series converges so rapidly that the first ttvo terms give a 
result correct to three decimal places ; and five terms give a n- 
salt correct to ten decimal places. 

Thus, the value of the first term ia 1.00000000000 

The value-of the second term is + .00500000000 

The value of the third term ia — .0000 12.') 0000 

The value of the fourth term is + .00000006250- 

The value of the fifth term ia — .00000000039 

Their sum is 1.00498756211 

And multiplying by 10, we have 

viol = 10.0498756211. 

Ex. 3. It is required to convert '\/ 9, or its equal' (8 + 1)', into 
an infinite aeries, and find ila value. 

J \_ 5 5.8 5.8.11 

Ans. 2+22* 3.6.2' "'"3.6.9.2' 3.6.9. 12.2"'''' 3.6.9.12. 15.2'" ' ' 
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Ex. 4. It is required to extract the cube root of 31. 
V31=V27T* = V87A4-^Y. 

(4 2A' 2.5.4' 2.5.8.4^ 

™ I .■'" 3.27 3.6.2^ ■•■ 3.6.9.27* 3.6.9.12.27' ' 
=3.11138. 
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EVOLUTION OF POLYNOMIALS. 

(270.) Method of exlracting^the square root. 

In order to discover r rule for extracting the square root, let 
us consider the square of a + 6, which is o' + 2o6 + J'. If we 
write the terms of the square in such a manner that the powers 
of one of the letters, as a, may go on continually decreasing, the 
Srst term will be the square of the first term of the root ; and 
since in the present case the first term of the square is a% the 
first term of the root must be a. 

Having found the first tarm of the root, we must consider the 
rest of the square, namely, 2ab -i-b% to see how we can derive 
from it the second term of the root. Now this remainder, '206+5', 
may be put under the form (2a + b)b ; whence it appears that 
we shall find the second term of the root if we divide the re- 
mainder by 2ii + i. The first part of this divisor, 2o, is double of 
the first term already determined ; the second part, b, is yet un- 
known, and it is necessary at present to leave its place empty. 
Nevertheless, we may commence the division, employing only the 
term %i ; but as soon as the quotrent is found, which, in the pres- 
ent case, is b, we must put it in the vacant place, and thus render 
the divisor complete. 

The whole process, therefore, may be represented as fol- 
lows ; 

a' + 2fflfi + 6" 1 a + J = the root. 



2ai + 6M 2» + fi = the divisor. 
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Hence we derive the following 

EULE FOR EXTRACTING THE SQUARE ROOT OF A 
POLYNOMIAL. 

•dmrnge the polynomial according to the powers of some one letter ; 
take the root of the frst term for (Ae first term of the required root, and 
subtract its square from the given quantity. 

Divide the first term of the remainder by double the root already 
found, and annex the result both to the root and the divisor. Multiply 
l&e divisor thus increased by the last term of the root, and subtract the 
product from the last remainder. Proceed in the same manner to find 
the additional terms of the root. 

Ex. 1. Reqaired the square root of o* — 2a'ir+3aV — 'Hax' + x*. 
0* — So'i+Sa'a;' — 2oj' + a:'| a' — aj: + a;' = the root. 



— 2a'j; + 3a'a'| 


|2a'-ax 


= the first divisor. 




— 2<j'x+ aV| 










2aV- 


— 2*^ + : 


r'lai'- 


~2ax + x- = 


: second divisor. 


2aV- 


— 2«E'+i 


d 






For verification, multiply this root by itself thus : 




«• — ox 


+ a^ 








«• — (KC 


+ ^ 








af-a-x 


+ a'x 








— a'x 


+ ..V 


— ax' 

— ax' +x' 





tf — ia'x -\- 3aV — 2a^ + a;', which is the orig- 
inal |M)Iynomial. 

Ex.2. Required tbe square root of a'+!2<I£ + 2ac + ^'-f2£(;+c^ 

Ex.3. Required the square root of lOa^ — lOar" — 12a^ + Sa;' + 
93^ — 2x+l. 

Ex. 4. Required the square toot of 4ie* + Sax' + ioV + IGl^ie' + 
l6a/)'x+lU\ 

Ans. Sx" + 203! + «'. 

Ex. 5. Eittraot the square root of a" — 60*6 + ISa'J'— 20<i'#' + 
lBffl'6' — ertf + t'. 

Ex.6. Extract the square root of a" — 4,c^b + Saif + U\ 

(271.) To extract the cube root of a polynomial. 

We already know that the cube of a+6 is a'+ 3fl'i+ aoi'+i". 



^dbvGoo^^lc 



ETOLDTION OF POLYNOMIALS. 257 

If, then, the cube were given, and we were required to fiad its 
. root, it might be done by the following method; 

When the cube is arranged according to the powers of one let- 
ter, we at once know from the first term a', that a must be one 
term of the root. If, then, we subtract its cube from the proposed 
polynomial, we obtain the remainder Sa'b + 3a£^ -|- b\ which must 
farnish the second term of the root. 

Now this remainder may be put under the form 

whence it appears that we shall find the second term of the root, 
if we divide the remainder by 3a' -f- 3iiA + i^ But as this second 
term is supposed to be unknown, the divisor cannot be completed. 
Nevertheless, we know the first term Sa", that is, thrice the square 
of the first term already found, and by means of this we can find 
the other part b, and then complete the divisor before we perform 
the division. For this purpose, we must add to 3a' thrice the 
product of the two terms, or Soft, and the square of the second 
term of the root, or bK Hence we derive the following 

RULE FOE EXTRACTING THE CUBE ROOT OF A POLY- 
NOMIAL. 

(272.) Having arranged Che polynomial according to the powers of 
some one lei/er, take the cube root of the first term, and subtract the cube 
from the given quantity. 

Divide the first term of the remainder by three times the square of 
the root already found, the quotient will be the second term of the root. 

Complete the divisor by adding to it three times the product of the 
two terms of the root, and the square of the second term. 

Multiply the divisor thus increased by the last term of the root, and 
subtract the product from the last remainder. Proceed in the same 
manner to find the additional terms of the root. 

Ex. 1. Extract the cube root of a' + J2a' + 48a + 64. 
o'+12a' + 48a + 64]a + 4= the root. 



12o' + 48n + 64 30" + I2a + 16 = the divisor. 
12a' + 48a + 64 



Having found the first term of the root a, and subtracted its 
33 
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cube, we divide the first term of the remainder, 12a*, by three 
times the squnre of a, that is, 3a% and we obtain 4 for the second 
term of the root. We then complete the divisor by adding to it 
three times the product of the two terms of the root, which is 
12a, together with the square of the last term, 4, which is 16. 
Multiplying, then, the complete divisor by 4>, and subtracting the 
product from the last remainder, nothing is left. Hence the re- 
quired cube root is a + 4. 

This result may be easily verified by multiplication. 

Ex. 2. Extract the cube root of a* — 6o'+ 15o' — 20fl'+ 15a' 
— 6a+l. 
o* — ea'+lSo' — 200*+ ISa' — ea+lK — 2o+l = the root 



-6a'+15o' — 200* 
-6ii*+12o*— 80= 



3o' — 6a' + 4«'^ the first divisor. 



12«' + iDo' — 6a + 1 3a'— I2a' + 15a'— 6a + I 



3a'— 12a'+ 15a' — 6a+ 1 



:cond divis 



We may dispense with forming the complete divisor according 
to the rule, if, each time that we find a new term of the root, we 
raise the entire root to the third power, and subtract the cube 
from the given polynomial. 

Ex. 3. Required the cube root of ic* + 6a^^40x' + 96x — 64. 

Ei. 4. Eequired the cube root of ]8x' -f 36x' + 24a: + 8 + 32a:' 
+ a* + ex". 

Ex. 5. Required the cube root of i' — Sff" -| 36* — 1 + 3i. 

(273.) To extract any root of a polynomial. 

We already know that the nth power of a + fi is a" + nii'-'b + 
other terms. The first term of the root is, therefore, the nth root 
of the first term of the polynomial. Also, the second term of the 
root may be found by dividing the second term of the polynomial 
by na"~' ; that is, the first term of the root raised to the next in- 
ferior power, and multiplied by the index of the given power. 
Hence we deduce the following 
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RULE FOR EXTRACTING ANY ROOT OF A-POLY- 
NOMIAL. 

Having arranged the terms according to the powers of one of the let' 
Mrs, take the nth, root of the first term for the first term of the required 
root. 

Subtract its power from the given quantity, and divide the first term 
of the remainder, by n times the (n — 1) power of this root ; the quo- 
tient mil be the second term of the root. 

Subtract the nth power of the terms already found, from the given 
quantity, and using the same divisor, proceed in like manner to find 
the remaining terms of the root. 

Ex. 1. Required the fourth root of 16o' — 96i;^a^ + 216oV — 
216aaf + Six*. 

16a* — 9et^x + 216aV — 21600:' + Sla;* 1 2a — 3a: = the root. 

16a* 

^96^ 32a' = the djv 



16a*— 96a'a: + 216aV — 21Sa:x^+Slx\ 

Here we take the fourth root of 16o', which is 2a, for the first 
term of the required root; subtract its fourth power, and briog 
down the first term of the remainder — 96a'a;. For a divisor, we 
raise the first term of the root to the third power, and multiply it 
by 4, making 32a^ Dividing, we obtain — 3x for the second term 
of the root. The quantity 2a — 3x being raised to the fourth 
power, is found to be equal to the proposed polynomial. 

Ex. 2. Required the fifth root of 303^ — SOx* + SQiP — iOi* + 
Kk— 1. 

Ana. 2a; — 1. 

Ex.3. Required the fourth root of Sla^— 216ic''+ 336^'— 56^* 
— 224^ + 64a: + 16. 

Ans. 3a;' — 2a: — 2. 

(274.) When the index of the root to be extracted is a multiple 
of two or more numbers, we may obtain the root required by the 
successive extraction of simpler roots. Art. 159. 

For example, we may obtain the fourth root by ex|iacting the 
square root tioice successively j for the square toot of o* is o*, and 
the square root of a' is a. 

The eighth root may be obtained by extracting the square root 
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three timei BucceBsively ; for the square root of a" is a", that of a* 
IE a*, and that of a* is a. 

tn the same manner, the sixtetnlh root may be obtained by ex- 
tracting Ibe square root four timea successively, and bo on. 

The sixtA root may be found by extracting tbe square root, and 
afterward tbe cube root ; for the square root of a° Is a', and the 
cube root of (r* is a. We may also take, first, the cube root, which 
gives a', atid afterward the square root, which gives a, as before. 
It is, however, best to extract the roots of the lowest degree Efst, 
because tbe operation is less laborious. 

In general, tAe mtilk rool of a number is equal to the jith root of the 
mth root of this number. That is, 



For raising each member of this expression to the nth power, 
we have 

Ex. 1. Find the fourth root of a* — Wb + 6a'6' — +06" + b* 
Ex. 2. Find the sixth root of a« + 60*6 + ISa'i" + 20a'6' + Ibc^b' 
+ 604" + ft'. 
Ex. 3. Find the eighth root of ibSi^ ■+■ 1024a:'y + 1792a^y' + 

119i3*f+112Qxy + 4,i&i?f+112xY+ 16ary' + /. 

1 QUANTITY OF THE FORM 

(275.) Binomials of this class require particular attention, be- 
cause they frequently occur in tbe solution of equations of the 
fourth degree, such as are treated of in Art. 184. Thus; tbe equa- 
tion 

x* = 6a/' — i, 
gives us fl!' = 3±v/S. 

Hence, in order to find the value of x, we must extract the 
square root of the binomial 3± -^5. 

In order to show that the square root of such an expres8i(»i 
may somdtimes be extracted, take the binomial 

24-V3, 
and find its square. 
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(2+v'3)' = 4 + 2-/3 + 3 = 7 + 2v''3. 

Therefore, the square root of 7 + 2 v/ 3 is 2 + v/ 3. 

The square root of an expression of the form a± •/ b may, 
therefore, sometimes be extracted, and it is required to determine 
a general method for this purpose whenever it is practicable. 

PKOPOSITION I. 

Tke square root of a whole number cannol consist of two parts one 
of which is rational and the other irrational. 

For, if possible, let -J a = x±y/ y, where x denotes a rational 
quantity, and %/ y denotes a surd. 

By squaring both sides, we obtain a = a:* ± SiC Vy + y/ whence, 
by transposition and division, 

±-'»=°-=£=-' 

The second member of the equation contains only rational quan- 
tities, while -/y was supposed to be irrational ; that is, we find an 
irrational quantity equal to a rational one, which is absurd. 
Hence the square root of a whole number cannot be partly ra- 
tional and partly irrational ; in other words, the sum or diflerence 
of two surds cannot be equal to a whole number. 

PROPOSITION IL 

In every equation of the form 

x±-Jy = a±-/b, 

the rational parts on the opposite sides are equal to each other, and 
also the irrational parts. 

For if X is not equal to a, let it be equal to a ± z. 

Then a±s±Vy = a±y/b; 

■or ±y/ b= ±z±V y; 

that is, \/b is partly rational and partly irrational, which by the 
last Proposition is impossible. Therefore, x=a, and, consequent- 
ly, \/y= s/b. • 
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PROPOSITION ill. 

If •Ja-\- -Jb is equal tax + -^y, 

then will i/a — ^b be equal to x — v'y- 

For, by inTolation, a+ %/6 = i* + 2r\/y + y. 

But by th« last PropositioD, a = i;' + y, 

sod ^b = 2x^y. 



SabtractiDg, we obtain, a — \/b=.3^ — Srv^y + y- 

Therefore, by evolution, %/« — -Jb-=.x — Vy. 

(277.) Topid an ixprettion far the square root of&± %/ b. 

Assume -J a+ ■^b = p-\-q (1), 

where p and q may be both radicals, or one rational and the other 
ft radical, bat jt' and q' are necessarily rational. 

Then, by the last Proposition, 



■Ja—y/b=p — q{'i). 
Multiplying these eqaatioDs together, we obtain 

-/*' — b = p'' — g* (3), a rational quantity. 

Hence we see that, in order thtit\/a+ JT may be expressed 
by the Bom of two radicals, or one rational term and the other a 
radical, the txprestion a' — b must be a'ferfect square. 

Let, then, a' — ft be a perfect square, and put Vfl* — b = Ci 
equation (3) will thus become 

p' — y' = c. 
Squaring equations (I) and (2), we obtain 
p' + q' + 2pq = a+y/b, 
P' + q^ — 2pq = a — ,/B. 
Adding these two equations, we obtain 

I^ + f = a. 
But we hare already 

p'—f=-c. 
Hence 2^' = o + e, 
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ThcTcfore, 



(278.) Hence, to extract the square lOot of a binomial of the 
form fl± ^b, we have the following 



From the square of the rational part (a'), subtract the square of the 
irrational pari (b}j take the square root of the remainder, and calling 
that root c, tAe required root u>ill be 



n/^V^ 



Ex. I. Required the square root of 1 -f 2 V 3. 

Here a = ♦, and ^/6 = 2-/ 3 ; therefore, a' — 6 = c" = 16 — 12 
=; 4 ; or c = 2. Hence, by the aboTe formula, the required root 
will be 

y-g- + v -o— = ^ 3 + 1. 

Verification, 

The square o(,V3+ 1 is 3+ 2v/3+ 1 =4 + 2v'3. 
Ex. 2. Required the square root ofll + dys. 
Here a = Il, and v'6 = 6v'2; therefore, 6 = 36x2 = 72; and 
a' — ft = 49=0'. Hence c = 7, and we find the square root of 
ll + 6^/2iB V9+ v/a, or 3+^/2. 
Ex. 3. Required the square root of 11 + 2^30. 

An». V6 + VS. 
Ex. 4. Required the square root of 2+ \^3. 

Ans. •s/f + -/J. 
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(279.) This method is applicable evea when the binomial con- 
tains imaginary quantities, as in the foUowiog examples. 

Ex. b. Required the square lOot of I + 4 V — 3. 

Here o=l, and ■>/b = ^-</ — 3j hence 4 = — 48, and a' — 6 = 
49; therefore, c = 7. The required square root is ^4+ v' — 3 

=2+y-zr^ 

Ex. 6. Keqnired the sqaafe root of — i + iV — 3. 

Ans. J + i 7^=13. 
Ex. 7. Required the sqaare root of 2%/ — 1. 
Here ve put a=o; hence c=% and the required root is 

which may be easily verified. 
Ex. 8. Required the square root of 6 + 2%/5and6 — 2*^5. 
Ex. 9. Required the value of the expression 

y/* + 3 V"^;^ + V 4 — 3 v/'^:r20. 
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INFINITE SERIES. 

(280.) An tn^nifesertu is an infinite number of terms connected 
together by the signs +01 — , and usually following some certain 
law. 

As f + i + i + l+i+Vr.^c-. 

or ^_| + |_j + ^_.j^,&c. 

In the first of these examples, the terms are the reciprocals of 
the odd numbers, 1, 3, 5, 7, &c. ; and in the other, they are the 
reciprocals of the even numbers, 3, 4, 6, 8, &c., with signs alter- 
nately + and — . 

Infinite Beries may arise from the common operations of d\ 
ion, the extraction of roots, and other processes of calculation, 
as will be seen hereafter. 

^ convergitig aeries is one in which the terms continually de< 
crease, as Jn the examples just given. 

^ diverging series is one in which the terms continually in- 
crease J as, 

1 — 2 + 4 — 8 + 16 ^ 32 +, &«■ 

^n ascending series is one in which the powers of the unknown 
quantity continually increase ; as, 

l + ax + ba!' + c!r' + dii* + eafi+, &c. 

^ descending series is one in which the powers of the unknown 
quantity continually decrease ; as, 

l + aX-^ + bx~' + cx-' + d3r* + ear'+, fee 
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FEOBLEU I. 
181.) Jny series being given, to find its several ordert of differ- 



RULE. 

1. Take the first term from the second, the second from the third, the 
third from the fourth, ice. i and the remainders will form a new series, 

called the first ohdeb of differences. 

2. Take the first term of this last series from the second, the second 
from the third, the third from the fourth, ifc. ; and the remainders will 
form a third series, called the second obdbs of differences. 

3. Proceed in like manner for the third, fourth, fifth, Src, orders of 
differences ; and so on till they terminate, or are carried as far as may 
he thought necessary. 

Ex. 1. Required the several orders of diflerences or the serien 
of squares, 1 4 9 16 25 36 49, &.C. 

3 5 7 9 .11 13 first differences. 

2 2 2 2 2 second differences. 

third differences 

^x. 2. Required the several orders of differences of the series 
of cubes, "-^ \ 8 27 64 125 216, &c. 

7 19 37 61 91 first differenoea. 

12 18 24. 30 second differences. 

6' 6 6 third differences. 

fourth differences. 

Ex. 3. Required the several orders of differene«s of the series 
of fourth powers, 

I, 16, 81, 256, 625, 1296, &c. 

Ex. 4. Required the several orders of differences of the series 

of fifth powers, 

1, 32, 243, 1024, 3125, 7776, 16807, &c. 

Ex. 5. Required the several orders of differences of the series 
of numbers, 

1, 3, 6, 10, 15, 21, &c. 
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PROBLEM II. 

(282.) To find tht ntk term of tkt aeriti 
a,b^c, d, e, Ice, 
when the diflercnces of any order become at last equal to eac^ 

Take the proposed series, and subtract each term from the next 
succeeding one ; we shall obtain the following series, which is 
called the first order of differences : 

b — o, c — 6, d — c, e — d^f — e, &;c. 

Again, subtracting each term of this series from the next suc- 
ceeding term, we find for the second order of differences, 

c — 2i + a, d — 2c + i, e — 2d + c,f—2e + d, &c. 
Subtracting, again, each term of the preceding series from its 
next succeeding term, we get the third order of differences, 

d— 3c + 36— a, e— 3rf+ 3c — b, /— 3e + 3(/— c, &c. 
Subtracting again, we find for X\\afQWtk order of differences, 

e—id+ 6c — 46+ a, /— 4e + 6d — 4,c + b, Sec. 
And for iiiefifik order of differences, 

/— 5e+I0rf— lOc + 56— a, &c. 
Let D', D", D'", D", See, represent the first terms of the sey- 
eral orders of differences. 

Then, 
D' =b — a; wbence6=a+ D' 

D"=c — 2i + a; whence c =0+20'+ D" 

D"=rf— 3c+36 — o; whence d=a+3D'+3D"+ D'" 
D" =e — 4rf+6c — 4i+a; whence e=a+4D'+6D"+4.D'"+D", 
&c., &c. 

The coefficients of the value of c, the third term of the proposed 
series, are 1, 2, 1, which are the coefficients of the second power 
of a binomial ; the coefficients of the value of d, the fourth term, 
are 1, 3, 3, 1, which are the coefficients of the third power of a 
binomial; and so on. Hence we infer that the coefficients of the 
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nth term of the series, are the coefRcients of the (n — 1) power 
of a biDomial. Therefoie, the nth term of the seriei will be 



Ex. 1. Kequired the twelfth term of the senes, 

2, 6, 12, 20, 30, &c. 
The first order of diSerences is 4 6 8 10, See. 
The second order of difierences is 2 2 2, &c. 
The third order of diflerencea is 0. 

Therefore, D'=4, D"=2, and D^^O. Also, a=2, and n=12. 

Thenffl+(n — l)D'+ '"~^^' ^ ^"y^^"" =2+llD- + 55D" = 

= 2 + 44 + 110 = 156 =i the twelfth term. 
Ex. 2. Required the twentieth term of the series, 

1, 3, 6, 10, 15, 21, Sec. 
Here, a=l, D'=2, D"=I, and n=20 

Therefore, the 20th term= 1+ 19D'+ 17ID"= 1 + 38+ 171 

x= 210; Ads. 
Ex. 3. Required the thirteenth term of the'series, 
1, 2, 3, 6, 12, 24, 48, &c. 

Ans. 75. 
Ex. i. Required the fifteenth term of the series, 
1, 4, 9, 16, 25, 36, &c. 

Ans. 225. 
Ex. 5. Required the twentieth term of the series, 
1, 8, 27, 64, 125, &c. 
PROBLEM in. 
(283.) To find the svm of n terms of the series, 

a, b, c, d, e, Sec. 
Assume the series, 

o, a, a + 6, o + J + c, a + fi + c + rf, &0. 



^dbvGoo^^lc 



INFINITE SERIES. 369 

Subtracting each term from the next succeeding, we obtain 
a, b, c, d, e, &c., 
which is the series whose sum we propose to find. Hence the 
8um of n terms of the proposed series, is the (n + l)th term of 
the assumed series ; and the nth order of diflerences in one series 
is the (n + l)th order in the other series. If, therefore, in the 
formula of the preceding Problem, we substitute 
for a, 
» + 1 for n, 
a for D-, 
D' for D". 

we shall have 

+, &c., 

which is the sum of n terms of the proposed series. 

Ex. 1. Required the sum of n terms of the series 
1, 2, 3, 4, 5, 6, &c. 

Here a = 1, D' = 1, D" = 0. 

the sum of n terms, the same as found in Art. 239. 
Ex. 2. Required the sum of n, terms of the series 

1\ 2', 3", i% 5% &c. 
Here <i=l, D'=3, D'=2. 

Therefore the general formula reduces to 

3^"- 1) , 2»(«-I)('t-2) 



« + 



2.3. 

2a»+3«' + n 



_^ «(n+l)(27>+l) 



the sum required. 
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Ex. 3. Required the sum of n terniH of che series 

1', 2', y, i>, 5', 6', Sec. 
Here o = 1, D' = 7, D" = 12, D"' = 6. 

Ans . 

£i. 4. Required the sum of n terms of the series 
I, 3, 6, 10, 15, ice. 

n(«+l}(n + 2) 

■*"■ 2:3 

Ex. b. Required the sum afn terms of the series 
1, 4, 10, 20, 35, &c. 

■*""■ 2:31 ■ 

PROBLEM IV. 

(284.) .^ny series of equidistant terms, B,h,ti,d,e, ^c.fbeitig given, 
to find any intermediate term by irtterpalcUton. 

This is essentially the same as Problem II. For convenience, 
let U9 put X to represent the distance of the required term from 
the first term of the series a, in which case xm n — 1, and we 
■hall have 

, = „ + E>+£j!(y=i)+ °-»('-'l('-^) +,^. 

Ex. 1. Given the square root of 160, equal to 12.64911 ; 
" " 162, ;' 12.72792 ; 

" " 164, " 12.80625, 

to find the square root of 161. 

Here the first difierences are +.07881, +.07833. 
And the second difieteoce is —.00048. 

The interval between the given numbers is 2j the distance of 
the required term from the first term is 1 ; and, since this is al- 
ways to be reckoned in parts of the equal intervals of the giveii 
numbers, we have x = j. 
Also, D'=+.07881, D"= — .00048. 

Hence z^o + p — p", 

= 12.64911 + .03941 + .00006, 

= 12.68858, which is the square root of^Sl. 
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Ex. 2. Given tlie cube root of 60, equal to 3,91487 ; 

62, " 3.95789; ' 
" " , 64, " 4.00000; 

" ", 66, " 4.0412t, 

to find the cube root of 61. 

AnH. 3.93650. 

Ex. 3. Given the fourth root of 625, equal to 5.000000 

" 628, " 5.005988 

" " 631, " 5.011956 

. '" " 634, " 5.017903, 

to find the fourth root of 627 

Here a; = |. Therefore, z = a + |D' — jD". 

Ans. 5.003994. 

fix. 4. Given the square root of 70, equal to 8.36660 ; 

" " 74, " 8.60233; 

78, " 8.83176; 

" " 82, " 9.05539, 

to find the square loot of 71. 

Ana. 8.42615. 

{285.) Fractions expanded into infinite series. 
When the dividend is not divisible by the divisor, the quotient 
may be expressed by a fraction. Thus, if it is required to divide 



1 by 1 — a, we obtain the fractio 



We may, however, 



proceed with the div 



n according to the usual method, thus : 



(1 + a + a' + a" + o' +, &c., = the quotient. 



! ^------l + a + a' + a*+ffl' + 'i'+,&:c., to infinity. 
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Suppose a = i, we Ehull then have 

. _^ - = J , =2, which will be equal to the series 

Suppose a = I, we shall then have 

- = YZZl. ~ 5' '''''•'^'' *'ll ''* equal to the seties 

i + i + t + sV + A+.&c. 

— into an infinite series. 
Ans. 1 — a + o* — a' + a' — ffl'+,ifcc. 
Suppose a = ^', we shall then have 

= 5i which will be equal to the series 

1-i + l — 1 + tV — j'i+.&c. 

Ex. 3. Resolve the fraction ; into an infinite series, 

a + b 

Ans. i+^ f +, *c. 

a an infinite series. 



1 +« . 



into an infinite aeries. 



We may proceed in the same manner when there are mor 
than two terms in the dirisor. 

Ex. 6. Resolve ; into an infinite aeries 

\ — a + a' 

Ans. 1 + ffl — a"— 0* + o'+.&c. 



(286.) Infinite series obtained by extracting tht square root. 
In Art. 267, -/a + b has been expanded into an infinite series 
by the Binomial Theorem. It was also remarked that the same 
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result might have been obtained by extracting the square root 
according to the usual rule. The operation will be as follows : 

» + 4U-+2j}-^J+j^|-5^j+,S!».,= «!u.reroc,tc.fa + 4. 
b 2a' + ^ii first divisor. 

— — 2a""-f -I — =-5i second divisor. 

_^ il + JL 

+0 Sii' 6W 



*> 



+ En— zn-i 2a' + -1— -r-3 + -.-w-'' third divisor. 
So* ti4aM o= 4o^ looi 

y i' ^F" b' 

8a- "*" itio^ 64a' "'" aae^' 

5*|_ _*; . y . 

(J4.o' "*" 64a' aseo*' 
This result is the same as that obtained in Art. 267. 
Ex. 2. Extract the square root of 1 + t. 

Ex. 3. Exlrnct the square root of a' + b. 
Exf. 4. Extract the square loot of a' — i. 

METHOD OF UNKNOWN COEFFICIENTS. 

(267.) The method of unknown coefficients is a method for the 

development of algebraic expressions, by assuniing a series with 

unknown coefficients, and afterward finding the value of these 

coefficients. This method is foooded on the following 

THEOREM. 

If an equation of the form 

A -f Bt + Ca:' 4- Dt' + , &c., = A' + B'« + C'a;' + D'ar' +, &c., 
must be verijied by any value given to s, the terms involving the same 
powers in the two members art respectively eqval. 
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For, since this equation must be verified for every value ofx, it 
must be verified when x = 0. But, upoo this supposition, 



Suppressing; these two equal terms, we have 

Er 4- Cx' + Di" +, &o., = B'a; + CV + D V +, Sec. 

Dividing every term by x, we have 

B + CiT + Di' +, &c., = B' + C'x + D V +, &c. 

Since this equation must be verified for every value of X, it 
must be verified when x = 0. But, upon this supposition, 

B = B'. 

In the same manner, we can prove that 



(288.) In order to give some idea of this method, we propose 
to develop the expression y— — into a series arranged accord- 
ing to the powers of x. It is plain that this development is pos- 
sibly for we may divide the numerator by the denominator, as 
explained in Art. 285. 

Let us, then, assume 

1- 



A, B, G, D, being coefficients independent of x, but dependent 
on the known terms of the fraction. 

In order to obtain the values of these coefficients, let us multi- 
ply both members of the above equation by 1 + x, and we shall 
have 

1 — a: = A + (A -I- B)af+{B + C)a:" -f- {C + D)** 4-(D + Ey +, &c. 

But, according to the preceding Theorem, the terms involving 
the same powers of x in the two members of the equation must 
be equal to each other. 
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A = 


1, 






A + B=- 


-li 


hence B = 


— 2. 


B + C = 


0; 


" C = 


+ «. 


C + D = 


0; 


" D = 


— 2. 


D + E = 


0; 


" E = 


+ S, 



Substituting these values of the coefficients ia the assumed 
aeries, we obtain 

i=P^= 1 — 2a! +2x» — 21"+ 2a;* —,&■£■" 

1+3! 

(289.) The method thus exemplified is eipresBed in the fol- 
lowing 

RULE. 
Aisumea series with unknoxon coefficients for that whicMs tequired 
to be found ; then, having multiplitd it by the denominator of the given 
fraction, or raised it Co its proper power, jind the value of each of 
these coefficients by equaling the corresponding terms of the two expres- 
sions, or putting such of them as have no corresponding terms, equal 
to zero. 

Ex. 2. Expand the fraction ■= = — ; — j-into an infinite series. 

'^ 1 — 20! + a:' 

Assume , =A + 'Bx-\-Cx''-\-'Dx' + Ex*+,&;c. 

Multiplying by 1 — 2a! + x", we have 

1 = A + (B— 2A> + {C — 2B + A):r' + (D — 2C + B)ii!' + (E — 
2D + C)a;*+,&c. 

Hence we must hare 

A= 1 

B — 2A = vBz=2A = , 

C — 2B + A = ■.■C = 2B — A = 3, 

D — 2C + B=0 ■.•D = 2C — B=4, 

E— 2D+C = ■.■E = 2D— C = 5, 

&c., &c 

Therefore, z — „ , - . = l + 2« + ar' + 4ar' + 5a;*+,&c. 
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Ex. 3. Expand the fraction -5 into an infinite aeiies. 

Ans. 1 + 33; + 40^ + 71"+ Hi;' +l&i:' + 29i*+,&c., 
wbere the coefficient of each term is equal to the aum of the 
eoefficieota of the two preceding terma. 

Ex. 4. Expand ■ ■ ^_^ „ ' ^ '"'" "" '"finite series. 

Ans. l + x+bx*+lZx' + il:f+ 121af+,&e. 

Ex. 5. Expand ^ into an infinite aeries. 

Ans. l + bx+ 15z' + 46x'+135a'+,&o. 
Ex. 6. Expand ^^ 1 — x into an infinite series. 

a ir' 31* 3.5a^ S.S.?*" 

Ans. 1 _ ^ _ ^^ _ ^^ g _ ^^ ^ g _ 2^^ ^^ g jQ — , &c. 

(S90.] The method of nnknown coefficients required that we 
■houtd.know beforehand the form of the development, with re- 
■pect to the powers of x. Generally, we suppose the develop* 
meat to proceed according to the ascending powers of x, com- 
mencing with x° i but sometimes this form is inapplicable, in which 
ease the result of the operation is sure to indicate it. 

Let it be required, for example, to develop the expression 

1 
A into a series. 

Assume g__ --i = A + Ba; + Ca;" + Dx'-f, ftc. 

Clearing of fractions, we have 

1 = 3Ax + (3B — A)x' + (3C — B)x' +, &x. j 

whence, according to Art. 2S7, we conclude 

1 = 0, 

3A = 0, &c. 

Now the first equation, 1 := 0, is absurd, and shows that the 

assumed form is not applicable in the present ease. But if we 

pat the fraction under the form - x „ , and suppose that 

^X ^^=^{A + Bx+Cx^ + h3?+,kc.),, 
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it will become, after the reductionB are made, 

1 = 3A 4 (3B — A)T + (3C — B)x^ + (3D ~C)ic'+, tec., 

whicli givea the equations \ 

3A = 1; whence A = |. 

SB — A^O; -" B=|. 

3C — B = Oj " C = ^. 

3D— C:^0; " D=,V. 

Tb.,=f.,.,3jip=i(i+;+g+g+,s..) 



that is, the development contains a term affected with a 
txpontnt. 

We ought, then, to have assumed at the outset 



3x- 



- = Aar-' + B + Gr + Da;* + Ea^ + , &c. 



The particular series which is to be adopted in each case may 
be determined by putting x = 0, and observing the nature of the 
result. If, in this case, the expression to be developed becomes 
equal to a finite quantity, the first term of the series will not con- 
tain X. If the expression reduees to zero, the £rst term will con- 
tain X ; and if the expression reduces to the form rr> then the 

first term of the development must contain x with a neftative ez- 
poneoL 
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GENERAL THEORY OF EQUATIONS. 

(291.) It is proposed in this Section to exhibit the most im- 
portant propositioDE relating to the theory of equations, together 
with the Theorem of Sturm, by which we are enabled to deter- 
mine the number of real roots of an equation. ' 

AJvnctioa of a quantity is any expression involving that quan- 
tity. Thus, 

oaf + bis a function of x. 
0^ -^-cy + d is a function of y. 
at? — by^ is a function of x and y. 
In a series of terms, two successive signs constitute a perma- 
ntnee when the signs are alike ; and a variation when they are 
unlike. Thus, in the polynomial 

a + b — c + d, 
the signs of the first two terms constitute a permanence ; the 
signs of the second and third couatitute a variation j and those 
of the third and fourth also a variation. 

(292.) A cubic equatioH is one in which the highest power of 
the unknown quantity is of the third degree, as, for example, 
«= — 6a:' + 8a;~15 = 0. 
All equations of the third degree may be reduced to the form 

aj'+oa^+iai-f c = 0. 
A biqwtdroHc equation is one in which the highest power of the 
iinknowD quantity is of the fourth degree ; as, for example, 
x'—Gx' + lx^ + bx — 4 = 0. 
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Every equation of the fourth degree may be reduced to the 
form 

x' + a3^ + b3? + cx + d=0. 

The general form of na equation of the fifth degree is 
3f + aa^ + bx' + cx^ + dx + e=::0; 
and the geaeral form of an equation of the mth degree is 
a?- + Ax— ' + Bz— ' + Ca;— '+ +T3; + V = (m). 

This equation will be frequently referred to hereafter hy the 
name of the general equation of the mtk degree, or simply hy the 
letter {m). 

It is obvious, that if we could solve this equation, we should 
have the solution of every equation which could be proposed. 
Unfortunately, no general solution has ever been discovered; 
yet many important properties are known which enable us to 
solve any numerical equation which can. ever occur. 

PROPOSITION I. 

(293.) If 0. is a root of the general equation of the mt/t degree, tie 
equation mill be exacdy divisible by x — o. 

For if a is one value of x, the equation must be verified when 
we substitute a in the place of x. Hence we must have 

o- + Aa---' + Ba"-' + Cffl"-'+ +To + V = (1). 

Subtracting; equation (1) from equation (m), we obtain 
(i-_a")+A{a^'—fl—)+B(a^-'—ffl— ')+... +T(x—a}=0 (2). 

But, by Art. 76, each of the expressions {x"—a'), (a-—'— o— '), 
&c,, is divisible by x — a; and therefore equation (2] is also 
divisible by x — a. Now equation (m) is essentially the same as 
equation (2), for if we take the value of V, as found from equation 
(1), and substitute it for V in equation {m), it will give us equa- 
tion (2) ; therefore, equation (in) is divisible by x — a. 

Conversely, if equation (nt) is divisible by x — a, then a is a 
root of the equation. 

It will be noticed that this property is hut a generalizoHon of 
what has been proved of equations of the second degree in Art. 
192. 
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El. 1. Prove that 1 is a root of the equation 

i'— 6i'+lii — 6z^0. 
This equation is divisible by a; — 1, and gives a;' — 5i + 6 = 0. 
Ex. 3. ProTfi that 3 is a root of the equation 

ar" — or— 6 = 0. 
This equation is dirisihie hy a; — 2, and gives a^+ 2a; + 3 = 0. 
Ex. 3. Prove that 2 is a root of the equation 

a* — lla;' + 36x — 36 = 0. ^ 

Ex. 4. Prove that 4 is a root of the equation 

jj + x" — 34a; 4-56 = 0. 
Ex. 5. Prove that — 1 is a root of the equation 
x' — 38a:' + SlOar* + 53ar + 289 = 0. 
Ex. 6. Prove tliat — 5 is a root of the equation 

!i* + &x'—103f—n2ai' — -2Ql-j:— 110 = 0. 
Ex. 7. Prove that 3 is a root of the equation 

a,' -f a* — 14a;' — 14x' + lOx" + 49a? — 36a! — 36 =0. 

PROPOSITION II. 

(294.) Every equation containing but one wtkaown quantity, has 
at many roots as there are units in the highest power of the unknovm 
quantity, and no more. 

For, suppose a to be a root of the general equation of the tnth 
degree. By the last Proposition, this equation is divisible by 
X — a; and if we actually perform the division, the equation will 
be reduced to one of the next inferior degree, and maybe repre- 
sented by the form 

a^-' + A'x— • + B'3:"-'+ +T'a! + V' = 

This equation must also have a root, which we will reprtesent 
by fi; and dividing hy a; — b, the equation will be reSuced to one 
of the next inferior degree, and so on. 

We may continue this operation (m — I) times, when we shall 
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arrive Qt a simple equation which has ooly one root. Hence, the 
proposed equation will have ta roots, 



■„<i,. 



and its successive divisors, oc the factors of which it is composed, 
will be 

being equal io number to the units contained in m, the index of 
the highest term of the equation. 

We have seen that when one root of an equation is known, the 
depressed equation containing the remaining roots is readily 
found by division ; and if we can depress any equation to a qua< 
dratic, its roots can be determined by methods already explained. 

Ex. 1. One root of the equation 

ai' + ar'— 16^+12 = 
is 1. Find the remaining roots. 

Ex. % Two roots of the equation 

x* — 25x' + 60x — 36 = 
are 1 and 3. Find t-he remaining roots. 

Ex. 3. Two roots of the equation 

«' — 12iB' + 48^'— 68a; + 15 = 
are 3 and 5. Find the remaining roots. 

Ex. 4. Tw.i roots of the equation 

ix- — 14a^ — 5i' + 31a!4-6 = 
are 2 and 3. Find the remaining roots. ' 

Ex. 5. Two roots of the equation 

a; ■'~6x' + 24^—16^0 
are 2 and — % Find the remainiag roots. 

(295.) It should be observed that this Proposition only proves 
that an equation of the mth degree may be continually depressed 
by division, and finally exhausted after m operations. .The divi- 
Bors are not necessarily unequal. Jlay number, and indeed all of 
them, may be equal. When we say that an equation of the mth 
degree has m roots, we mean that the polynomial can be decom- 
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posed into m binomial factors, equal or unequal, each containing 
one root. Thus, tbe equation 

z'—6x'+12x — 6 = 
can be rcsolred into the factors 

(a; — 2)(x — 2)(a: — 2)=0; or(a; — 2)' = 0; 
whence it appears that the three roots of this eqaation are 
2, 2, 2. 
But, in general, the several roots of an equation differ from 
each other numerically. 
The equation 

has apparently but one root, viz., 2 ; hut by the method of the 
preceding article we can discover two other roots. Dividing 
ic' — 8 by « — 2, we obtain 

a:' + 23! + 4 = 0. 
Solving this equation, we find 

a: = — lis/— 3. 
Thus, the three roots of the equation x' = 8 are 
2; _1+ v""^! J — 1 — V — 3. 

These last two values may be rerified by multiplication as 
follows: 

— 1+ V'^-S _1_ y/ ITa 

— i-i- ■y':^ —1— %/ — 3 



_ ^—3 — 3 

— 2 — 2V — 3 = the square. 

— 1+ v^— "3 

2-i-2y"^"3 



1 + 


V 


irS 






+ 


•/ 


-3- 


-3 




-s + 


nv" 


^-3 = 


-the 


square 


— I — 


■J 


-3 






2— 


ij" 




+ 2V" 


-1 + 6 
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If ihe last term of an equation vanishes, as in the example 

x' + ia? + 2x* + 6x = 0, 

the equation is divisible by x — j and consequently is one of 
its roots. 

If the last two terms vanish, then two of its roots are equal to 0. 

PROPOSITION III. 

Law of the coejicients of every equation. 

(296.) In order to discover the law of the coefEcients, let us 
form the equation whose roots are 

a,b,c,d, /. 

This equation will contain the factors {a; — a), (x — b), (x — c), 
&:c. ; that is.'we shall have 

(:=-.) («-S) (x-c) {x-d) {«-0 = l). 

If we perform the multiplication as in Article 259, we shall 
have 

-{abc /)=0. 



ar — a 


ar-' + ab 


x—' — abc 


— i 


+ ac 


' —ahd 


— c 


+ ad 


—acd 


— d 


+ hc 


— bed 


&c 


+ bd 
+ cd 


&c. 



3^-»+. 



&c. 
Hen'ce we perceive, 

1. The coefficieTU of the second term of any aquation is equal to the 
sum of all the roots with t/ieir signs changed. 

2. The coefficient of the third term is equal to the sum of the prod- 
ucts of all the roots taken two and two. 

3. The coefficient ofthefourth term is equalto the sum oftheprod- 
vas of all the roots taken three and three, with their sig?is changed. 

4>. The last term is the product of all the roots vnth their signs 
changed. 

It will be perceived that these properties include those of qua- 
dratic equations mentioned on page 195. 

If the roots are all negative, the signs of all the terms of the 



^dbvGoo^^lc 



S84 OENEBAL THEORY OF EQUATIONS. ' 

equation will be positive, because the factora of which the equa- 
tion is composed are all positive. 

If the roots arc all poHitive, the signs of the terms will be al- 
ternately -f- aad — . 

Ex. 1. Form the equation whose roots are 1, 2, and 3. 

For this purpose, we must multiply tog^ether the factors ir — 1, 
ic — 2, X — 3, and we obtain 

x' — G3f+llx—6 = 0. 

This example conforms to the rules above given for the coeffi- 
cients. Thus, the coefficient of the cecond term is eqiinl to the 
sum of all the roots ( 1 -|- 2 -H 3) with their signs changed. 

The coefficient of the third term is the sum of the products of 
the roots taken two and two ; thus, 

1x2-1- 1x3-1-2x3. 

The last term is the prodtict of all the roots (1x2x3) with 
their signs changed. 
Kx. 2. Form the equation whose roots are 2, 3, 5, and — 6. 

Ans. a;' — 4^—293;' -f 156i— 180 = 0. 
Show how these coefficients conform to the laws above given. 
Ex. 3. Form the equation whose roots are 1,3,5, — 2, — 4, — 6. 
Ans. a^+3:^~il^ — S7x' + 4003;' -|- Uix — 720 = 0. 

(297.) Every rational root of an equation is a divisor of the last 
term ; for, since this term is the product of all the roots, it must 
be divisible by each of them. If, then, we wish to find a root by 
trial, we know at once what numbers we must employ. 

For example, take the equation 

a^—a: — 6 = 0. 

If this equation has a rational root, it must be a divisor of the 
last term 6j hence we must try the numbers 1, 2, 3, 6. 

If 31=1, we have 1 — 1 — 6 = — 6, 

!C = 2, " " 8 — 2 — 6= 0, 

a: = 3, " " 27—3-6= 18, 
a=:6, " " 216 — 6 — 6=204, 

Hence we see that 2 is one of the roots of the given equation, 
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and by the method of Art. S91, we shall find the 



PROPOSITION IV. 



(298.) JVo equation whose coefficimls are all iMegers, and that of 
tht highest power of the unknown quantity unity, can have a fractional 
oot. 
For, lake the equation 

x' + Aa' + Bj: + C = 0, 

and suppose, if possible, that the irreducible fraction t i" one 

at X. If ive substitute this value for x in the given equa- 
tion, we shall have 

Multiplying each term by b'', and transposing, we obtain 

' ^^— (Aa' + Bai + Ci"). 

NowbysuppOBition,A,B, C.aandSare whole numbers. Hence 
the entire right-hand member of the equation is n whole number. 

But by hypothesis, 7 is an irreducible fraction ; that is, a and b 

contain no common factor. Consequently, a' and h will contain 

DO common factor, that is, ^ is a fraction in its lowest terms. 

Hence, if r were a root of the proposed equation, we should have 

a frnciion in its lowest terms equal to a whole number, which is 
absurd. 

The same mode of demonstration is applicabl« to the general 
equation of the mth degree. 



^dbvGoo^^lc 



286 OENBRAL TKEOBT OF EaCATIDNS. 

PROPOSITION V. 
(299.) If the sign» of the alternaee terms in an equation be changed, 
the signt of all the roots mil be changed. 

If we take the geaeral equation of the ntth degree, and change 
the signs of the alternate terms, we shall have 

a^ — AaT-' + Ba— ' — Caf—'+ =0 (1) ; 

or, cDanging the sign of every term of the last eqaation, 

— a^ + Ac"-' — Btr^' + Cif-^ — =0 (2). 

Now, Bubslituting + a for z in equation (m) will give the same' 
result as substituting — a in equation (1), if m be an even number; 
or, substituting — a in equation (2), if m be an odd number. If, 
then, a is a root of equation (m), — a will be a root of equation 
(1), and of course a. root of equation (2), which is identical with it. 
Hence we see that the positive roots may^ be changed into 
negative roots, and the reverse, by simply changing the signs of 
the alternate terms; so that the finding the real roots of any 
equation is reduced to finding positive roots only. 
Ea. 1. The roots of the equation 

x' — iix' — 5x+6 = 
are 1, 3, and — 2. What are the roots of the equatios 
is' + 2a' — 53: — &= ^ 
Ex. 2. The roots of the equation 

ar" — 6a?+IIx — 6=0 
are 1, 2, and 3. What are the roots of the equation 
I* + 6a? + lla; + 6 = 1 

PROPOSITION VI. 
(300.) If an equation whose coe£icienls are all real, contains imagi- 
nary roots, the number -of these roots must be even. 

If an equation whose coefficieuts are all real, has a root of the 
form 

a + bV'^^, 
then will a — bV~'i 

be also a root of the equation. 
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For, from Art, 296, the product of all the roots must be equal to 
a real quantity. Now the only factor which will render a+b\/ — 1 
real, is a — bV — 1, or ac — bc^/ — 1. But the sum of all the 
roots ipust also be equal to n. real quantity ; therefore the imngi- 
nnry parts of the two roots must be equal, and have opposite 
signs. 

Ex. 1. Fiodthe roots of the equation 
3:> — 2a: + 4 = 0. 



I. —2, 1±-/— 1. 



Ex. 2. Find the roots of the equation 



Ex. 3. Find the roots of the equation 
5x' + 2a; — 44 = 0, 



Ana. 2, — 1 ± V — 3.4 



PROPOSITION VII. 

(301.) EvSTv equation must have as many variations of sign as it 
has positive roots ; and as many permanences of sign as there are neg- 

To prove this Proposition, it is only necessary to show that the 
multiplication of an equation by a new factor, x — a, correspond- 
ing to a positive root, will introduce at least one variation ; and 
that the multiplication by a factor x -f- a will introduce at least 
one permanence. 

For an eicample, take the equation 

af' + Sa:'— Iftc — 24 = 0, 

in which the signs are + -| , giving one variation. 

Multiply this equation by x — 2 = 0, as follows : 

3^+ 3a?— lOx — 24 
X —2 



!B* + 33!' — 10a? — 24a: 

— Sar"— 6»' + 20a! + 48 
3!'+ x'—lGx'— 4a; + 48 = 0. 
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In this )ast product the signs are + -\ 1-, giving two va- 
riations ; that is, the introduction of a positive root has intto* 
duced one new vamtion in the signs of the terms. 

To generalize this reasoning, we perceive that the signs in the 
upper line of the partial products are the same as in the givea 
equation ; but those in the lower line are all contrary to those of 
the given equation, and advanced one term toward the right. 

, Now, as long as each coeiHcient of the upper line is greater 
than the corresponding one in the lower, it will determine the 
sign of every term of ihe product. Hence, in this case, there will 
be in the product, with the exception of the last term, the same 
changes of sign as in the given equation. But the last term in- 
troduces a new variation, since its sign is contrary to that which 
immediately precedes il. 

When a term in the lower line is larger than (he corresponding 
one in the upper line, and has the contrary sign, there is a change 
from a permanence to a variation! f°f the lower sign is always 
contrary to the preceding upper sign. Hence, whenever we are 
obliged to descend from the upper to the lower line in ori<er to 
determine the sign of the product, there is a variation which is 
not found in the proposed equation j and as all the remaining 
■igns of the lower line are contrary to the preceding ones of the 
upper line, there must be the same changes of eigif in this line as 
in the proposed equatioR. If we are obliged to reascend to the 
upper line, we may suppose the result to be either n variation or 
a permanence. But even if it were a permanence, since the last 
sign of the product is in the lower tine, it is necessary to go once 
more from the upper line to the lower, than from ihe lower to 
the upper. Hence each factor, corresponding to a positive root, 
must introduce at least one new variation ; so thai there must be 



as many variations as there are positive roots. 

In ihc same manner, we may prove that the multiplication by a 
factor X -\- a^ corresponding to a negative root, must introduce at 
least one new permanence,' so that there must be as many perma- 
nences as there ore negative roots. 

Ex. 1. The roots of (he equation 

aJ> _ ae* — Saf* + ISi" + tx — 12 = 
aie 1, 2, 3, — 1, and — 2. There are also three variatioas of sign, 
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and two pernAnences, as there should be, according to the Piop- 

Ei. 2. The equation 

re'— Sj:'— 153;' + 493;— 12^0 
has four real roots. How many of these are negative 1 
Ex. 3. The equation 

3^+3^ — ilx* — 8^x' + 400j;- + A4ix — 720 =0 

has six real roots. How many of these are positive % 

If all the roots of an equation are real, the number of positive 
roots must he the same as the number of variations, and the num- 
ber of negative roots must be the same as the number of perma- 
nences. 

PROPOSITION VIII. 

(302.) A^Tiy equation may be transformed into another, whose roots 
shall be greater or less than those of the former by any given quantity. 

Let it be required to transform the general equation of the Mth 
degree into another whose roots shall be greater by r than those 
of the given equation. ■ 

Take y = a; + r, oric=;y — r, 

and substitute y — r for x io the proposed equation; vis shall have 



+ A 



,_ ro(ni— ])f^ 



-(»-l)A, 



«(»—!) (m 


-2)r' 


2.3 


-2)Ar' 


2 
- (— 


-2)Br 
+ C 



which equation evidently fulfils the required conditions, since y 
'is greater than x by r. 

If we take y = x — r, or x = y-\-r,we shall obtain in the same 
way an equation whose roots are less than those of the given 
equation by r. 

Ex. 1. Find the equation whose roots are greater by 1 than 
those of the equation 

aj> + 3a;' — 4a!+l=0. 

Ans. y' — 7y+7 = 0. 
87 



Digitized bvGoO^^IC 



290 GENERAL THEORY OF EQUATIONS. 

Ex. 2. Find the equation whose roots are less bj 1 than those 
of the equation 

a? — 23:'' + 3a; — 4 = 0. 

Ans. s' + / + 2y — 2 = 0. 

Ex. 3. Find the equation whose roots are greater by 3 than 
those of the equation 

Ans. y' — 3y'— IBy' + iSy — 12 = 0. 
Ex. i. Find the equation whose roots are less by 2 tha:n those 
of the equation 

5a^ — 12j? + ac* + 4± — 5 - 0. 

Ans. 5y* + 28^* + Sly" + 32y — 1 = 0. 

Ex. 5. Find the equation whose roots are leas by 2 than those 
of the equation 

sc" + ac"— 6^" — IOt 4- 8 = 0. 

Ans. y* + lOy* + 42y^ + 86y' + 70y + 4 = 0. 

PROPOSITION IX. 

(303.) ^ny complete equalion may be transformed into anotker 
whose second term is wanting. 

Since r in the preceding Proposition is indeterminate, we may 
put — mr + A equal to zero, which will cause the second term 

of the general development to disappear. Hence r=— i and 



Hence, to remove the second term of an equation, substilvtefor 
the unknown quantity a new unknown quantity, together with such a 
part of the coefficient of the second term, taken with a contrary sign, as 
is denoted by the degree of the equation. 

Ex. I. Transform the equation 

x' — 6af + Sx — 2 = 

into another whose second term is wanting. 

Here we take a new unknown quantity, and annex to it a third 
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part of the coefficient of the second term of the equatioo with its 
sign changed ; that is, we put x=:y-f-2. Making this substitn- 
tioD, we obtain 

y»_4j, — 2 = 0, AnB. 
Ex. 2. Transform the equation 

a;*— lear- — 6a;+15 = 
into another whose second term is wanting. 
Here we put a; = y + 4. 

Ans. y — 96/ — 518y — 777 = 0. 
Ex. 3. Transform the equation 

k' + 15a;' + 12a^ — SOk' + 14<r — 25 = 
into another whose second term is wanting. 

Ans. y" — 78y' + 412y' — 757y -|- 401 = 0. 

PROPOSITION X. 

(304) If two numbers, when substituted for the unknown quantity 
in an equation, give results with, contrary signs, there must be at least 
one root comprised b^wem those numbers. 

T&ke, for example, the equation 

3r' — 23f + 3x — ii = 0. 

If we suhstitute 3 for x in this equation, we obtain — 26 ; and 
if we substitute 5 for x, we obtain + 43. There must, therefore, 
be a real root between 3 and 5 ; for, when we suppose « = 3, 
ai'+3ai<2iB' + 44. 
But when we suppose x = 5, 

x'+3a7>2a:'' + 44. 
Now both the quantities 

ar'+3;eand23r' + 44 

increase while x increases. And since the first of these quanti- 
ties, which was originally less than the second, has become the 
greater, it must increase more rapidly than the second. There 
must, therefore, be a point at which the two magnitudes are 
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equal, and that value of x which reDders theae two magnitudea 
equal must be a root of the proposed equatiou. 

In the same manner, it may be proved that t/an^^ttonfttyp, ontf 
eoery qtuuuity greaier than p, substituttd in an equation, renders tke 
result positive, then p is greater than tke greatest root. 

Hence also, if the eigne of the alteroate terms are changed, and 
if q, and every quantity greater than q, renders the result positive, then 
— q is less than the least root. 

If the two numbers, which give results with contrary signs, dif- 
fer from each other only by unity, it is plain that we have found 
the inXegralpart of the root. 

Ex. 1. Find the integral part of one of the roots of the equation 

2x' — 1 la;' + 8a; — 16 = 0. 

When 1 = 2, the equation reduces to — 12 ; and when a = 3, 
it reducea to + "^l- Hence there must be a root between 2 and 
3; that is, 2 is the first figure of one of the roots. 

Ex. 2. Find the first figure of one of the roots of the equation 

ii»-|-a;' + 1—100^0. 

Ans. 4, 
Ex. 3. Find the first figure of one of the roots of (he equation 
3? — ikz'~Gx-\-S = Q. 

PROPOSITION XI. 

(305.) Of Derived Polynomials. 

If we substitute y -\- r ioT xin the general equation of the mth 
degree, we shall find the coefficients of r follow a remarkable law. 
The equation, before it is developed, will be 

(j, + r)-+A(y + r)— ' + B(y-|-r}— '+ + T(y + r) + V = 0. 

If we actually involve the several terms (y -f- r)", (y + r)"^', 
&c., as was done in Art. 302, we shnll obtain certain terms inde- 
pendent of r, others which contain the first power of r, others the 
second power of r, and so on ; and the development will be of 
the following form : 
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where the values of X, X,, X„, &c., are 

X =j- + Ay—' + By— + Cj— + + Ty + V. 

X, =mjr-'+(m— l)Aj— + (i»-2)By— + + 2Sy + T. 

X„ = »{<» ~ 1)9-- + (».- 1) (m- 2)Ay— + 

Eaeh of these polynomials may be derived from that immediately pre- 
cediTig it, by muliiplyiTtg each term by the index ofy in that term, and 
diminishing the index by unity. 

The expreasiona X,, X,_, &c., are called derived polynomials 
of X. X^ is called the first derived polynomial, X„ the second de- 
rived polynoinial, X^„ the third, and so on. 

Ex. 1. Find the equation whose roots are less by r than those 
of the equatioD 

ar" — 53! + 6 = 0. 

Here we shall have 

^ X = y"- &y I 6, 

X, =2y— 5, 
X„=2. 
X.„ = 0. 

But we have §een that when y -{- r ia substituted for x, the 
equation reduces to the form 

X+X/ + ^7^+|^H+,&c. 

Substituting the values of X, X„ X_,, &c., above found, we ob- 
tain 

(y' — 5y + 6) + (2y — 5)r + r', 
which is the development of 

(y + r)' — 5(y + r) + 6. 

Ex.'S. Find the equation whose roots are less by r than those 
of the equation 

a!'_-7a^+8j; — 3 = 0. 

Here we shall have 
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X, =3y'— 14y+8 
X„ = 6y — 14, 
X,„ =6, 



and, substituting these values in the eatne formula as above, we 
. obtain 

tf - 7y- + 8, - 3) + (3s- - 14, + 8)r + 1 (6, - UK + i er-, 
which is the development of 

(j, + r)'-7(j, + r)' + 8(y + r)-3. 
Ex. 3. Find the successive derived polynomials of the equation 

x*—83?+l4>ai' + ix — 8 = 0. 
Ex. 4. Find the successive derived polynomials of the equation 
»• + ar* + 23^ — ar" — 2a; — 2 = 0. 

PROPOSITION XII. 

(306.) Of equal roots. 

We have seen, in Art. 295, that an equatiot^-may have two or 
more equal roots. Thtis, the equation 

g?~6x'+ lac — 8 = 0, 
or ' (a; — 2)' = 0, 

has the three equal roots 2, 2, 2. Such an equation and its first 
derived polynomial always contain a common divisor; for the 
first derived polynomial of the above equation is 

ar'— 12x4-12, 
or 3(^ — 2)*, 

where it is evident that (x — 2)* is a common divisor of both 
equations. And, generally, if the given equation and its first de- 
rived polynomial have a common divisor of the form [x — a)", the 
equation will have {m + I) roois, each equal to a. 

To determine, therefore, whether an equation has equal roots, 
Jind the graum common divisor between the equation and its first de- 
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rived polynomial. If there is no common divisoT, ike equalion hoi no 
equal roots. If there is a comihon divisor, this must be a function of 
x. We ihen solve the equation formed by puttirig this equal to zero, 
and thus obtain all the equal roots, 

Ex. 1. Find the equal rools of the equation 
a?' — 8^;" + 21a;— 18 = 0. 

The derived polynomial of this equalion is 
Sar"— 163;+21. 

The greatest common divisor between this and the given equa- 
tion is 

35—3. 

Hence the equation has two roots, each equal to 3. 
Ex. 2. Find the equal roots of the equation 

3^_13i'+55a: — 75 = 0. 
Ex. 3. Find the pqual roots of the equation 

a^—lt^+iex — n^O. 
£s. 4. Find the equal roots of the equation 
a^ — 61'' — 83; — 3 = 0. 

PROPOSITION XIII. 
(307.) To find the number of real and imaginary roots of any equa- 

In 1829, M. Sturm discovered a theorem which determines the 
precise number of real roots, and of course the number of imagi- 
nary ones J since the real and imaginary roots are together equal 
in number to the degree of the equation. We propose now to 
develop thi» theorem. 

Let X represent the first member of the general equation of the 
mth degree, which we suppose to have no equal roots, and let Xj 
be its first derived polynomial, found by the method ^of Art. .S05, 

Divide X by X, until the remainder is of a lower decree than 
the divisor, and call this remainder — X„; that is, let X„ desig- 
nate the remainder with a contrary sign. Divide X, hy X„ in the 
same manner, and so on, designating the successive remainders 
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with contrary eigns by X„„ X„^,, &:c., until the division terminates 
hj leaving a numerical remainder independent of x ; which must 
always be the case, according to the preceding Proposition, eince 
the equation having no equal roots, there can be no factor, which 
is a function of x, common to the equation and its first derived 
polynomial. Let this remainder, having its signs changed, be 
called X,. 

The operation thus described will stand as follows ; 

X IX, ^-1^- ^'/ | X„, 

X,Q, 1"^; X.,Q„ I Q„ X ,„Q,„ [ Q,„ 

X— X,Q, = — X„; X, — X„Q„=— X,„; X„ — X„,Q,„---X„„. 
We thus obtain the series of quantities 

X, x„ x,„ x„„ x,„„ x„. 

each of whicb is of a lower degree with respect to x than the 
preceding, and the last is altogether independent of x, that is, 
does not contain x. 

We now substitute for x in the above functions any two num- 
bers p and J, of which j; is less than j. The substitution o( p will 
give results either positive or negative. If we only take account 
of the signs, we shall obtain a certain number of variations and a 
certain number o{ permanences. 

The substitution of q for x will give a second series of signs, 
presenting a certain number of variations and jjermanences. The 
following, tben, is 

THE THEOREM OF STURM. 

The difference between the number of variations of the first row of 
signs and that of the second, is equal to the number of real roots of the 
given equation comprised between p and q. 

(308.) In order to simplify the demonstration of this theorem, 
we ahall premise two Lemmas; and for convenience wo shall 
call X the primitive function, and X,, X,,, X,,,, &c., auxt'/tory func- 
tions. 

Lemma 1. Of the series X, X„ X,„ &o., two consecutive functions 
cannot both vanish for the same value of x. 

From the method in which X„ X,„ &;c., are obtained, we have 
the following equations : 
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= X,Q, 


-X„ (1). 


= X„Q„ 


-K, (2)- 


=X,„Q,„ 


-X„„ (3). 



X._. = X._,Q.-,-X. (»-l). 

Now suppose X„ = 0, and X,„ =; ; then, by equation (3), we 
have X,,„ = 0. Hence, since X,„ - 0, and X„„ = 0; therefore, 
by equation (4), we must have X, i^ ; and, proceeding in this _ 
manner, we Ehall find that X„ = 0, which is absurd, Eince it was 
shown. Art. 307, that this final remainder must be independent of 
X, and must therefore remain unchanged for every value of a^. 

Lemma II. If one of the auxilim-y functions vanishes for any par- 
ticular value of X, the two adjacent functioni must have corUrary sigTia 
for the same value ofx. 

For, by equation (3), we have 

X„ = X,„Q,„ — X„„; 
and if X,„ = 0, then X„ = — X„„ ; that is, X„ and X„„ have con- 
trary signs. 

DEMONSTRATION OF THE THEOREM. 
(309.) Suppose all the real roots of the equations 
X = 0, X, = 0, X„ = 0, X,„ = 0, &c., 
to be arranged in a series in the order of magnitude, beginniog 
with the least. Let p be less than the least of these roots, and 
let it increase continually until it becomes equal to g, which we 
suppose to be greater than the greatest of these roots. Now so 
long as p is less than any of the roots, no change of signs will 
occur f»om the substitution of y for x in any of these functions. 
Art. 304 ; but when p arrives at a root of any of the auxiliary 
equations, its substitution for x reduces that polynomial to zero, 
and neither the preceding nor succeeding function can vanish 
for the same value ofx (Lemma I,), and these- two adjacent func- 
tions have contrary signs (Lemma II.). Hence the entire number 
of variations of sign is not atTected by the vanishing of any of the 
auxiliary functions ; for the three adjacent functions must re< 
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Here IS ooe Taiiation, and there will alao be one variation if we 
supply the place of tbe with either -j- or — ; thus, 

+, +,— , or— , +, +, 

Suppose, now, p to pass from a number very little smaller, to a 
number very little greater than a root of the primitive equation 

X = 0, 

the sign of X will be changed from + to — , or from — to +, Ait. 
304. Tbe gigns of X and X, constitute a variation before the 
change, and a permanence after the change. Hence the change 
of sign of the function X ocnasions a loss of one variation of sign. 

Again, while p increases from a number very little smaller to a 
number very little greater than another root of X^O, a second 
variation will be changed into a permanence, and so on for tbe 
other roots of the primitive equation. 

Hence the number of variations lost, when p increases from — 
CO to + oa, must be equal to the whole number of real roots of the 
equation X = 0. 

(310.) EXAHFL£3. 

Ex. 1. How many real roots has the equation 

Here we have X, = 3a:' — lar+ll. 

Dividing i" — 61* + 11^ — 6 by Zx' — 12a; + 11, as in the 
method 'for finding the greatest common divisor. Art. 250, we 
have for a remainder — 2x-l~^- Hence, rejecting the factor 2, 
X„ = X — 2. Dividing X, by X^,, we have for a remainder — 1. 
Therefore, X,„ = + 1. 
Hence we have ■ 

X ^i' — 61"-)- 1 la; — 6. 

X, =li^— 12a!+ll. 

X„ =x~%. 

X,„= + l. 
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Now, if we sabstitute for x in these functions, the number 
'irea below, the signs of the results will be as follows : 



— m 


— + — + 


giving 3 ' 


irariations. 





— + - + 


" 


3 


" 


+ .9 


1 h 


" 


3 


*' 


+ 1 


+- + 


' " 


2 


" 


+ 1.1 


+ +- + 


" 


2 


. " 


+ 1.9 


H + 


" 


2 


" 


+2- 


— + 


" 


1 


" 


+2.1 


+ + 


" 


1 


" 


+2.9 


— + + + 


" 


1 


" 


+ 3 


+ + + 


" 





" 


+3.1 


+ + + + 


" 





" 


+ 00 


+ + + + 


" 





" 



Here the three roots of this equation are seen to be 1, 2, 3, and 
no change of sign occurs by the substitution for x of any number 
less than 1 ; but when p exceeds I, there is a change of sign in 
the original equation from — to +, by which one variation is 
lost.' When p = 2, two of the functions disappear simultaneously, 
showing that 2 is a root of the second derived function as well as 
of the original equation, and a second variation of sign is lost. 
Also, when p becomes equal to 3, a third variation is lost; and 
there are no farther changes of sign arising from the substitution 
of any numbers between 3 and + c». 

There are three changes of sign of the primitive function, two 
of the first auxiliary function, and one of the second auxiliary 
function ; but no variation is lost by the change of sign of any of 
the auxiliary functions ; while every change of sign of the primi- 
tive function occasions a loss of i 



Ex. 2. How many real roots has the equation 

a^— ST' + ftr— 1 = 01 
Here we find 

X =i> _ Sic' + Sx — 1. 
X, =^3^—10x + B. 
X„=2a: —31. 
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Wheaa;=: — oo, the signs are i , giving 2 vaiiatioDS 

x= + <x, " + + +_, " 1 

Hence this equation has but one real root, and conaequently 
must have two imaginary roots. 
Ez. 3. How many real roots has the equation 

Here we hare 

X = a* — 2x» — Vic'+iaB+lO. 

X, =ix' — 6«'— 14it+10; orar* — 3a;' — 7a; + 5. 

X„ =17a^ —231 — 45. 

X,„ = 152a: — 305. 

X„„ = + 524785. 

When x = — cd, the signs are H 1 [-,giTiDg4 variations; 

x = +a>, " ++ + + +," . " 

Hence the four roots of this equation are real. 
If we try different values for x, we shall find that 

When x = — 3, the signs are -{ 1 h , giving 4 variations } 

x = — % " _+ + _+, . " 3 

x = ~l, « —+4- — +, " 3 " 

«= 0, " ++ +, " 2 " 

x=+l, " + +, " 2 

x= + % " + +, "8 " ' 

x= + 3, " + + + + +," " 

Hence this equation has two positive roots between 2 and 3 } 
one negative root between and — 1 ; and one negative root be- 
tween — 2 and — 3. 

Ex. 4, How many real roots has the equation 

a:'_7a; + 7 = 01 
Ans. Three ; viz., two between I and 2, and one between -^ 3 
■nd — 4. J 

Ex. 5. How many real roots has the equation 
2j:^—13«'+10x— 19 = 01 
Ans. Two ; one positive and one negative. 
Ex. 6. How many real roots bas the equation 
a" — 36ir' |- 72a;' — 37i + 72 = 1 
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SOLUTION OF NUMERICAL EUUATIONS. 

(311.) We will first considei the method of finding the iTitegral 
roots of an equation, and will begin with forming the equation 
whose roots are 2, 3, 4, and 5. This equation mus* consist of 
the factors 

{x-2-){^-3){x-i){x-5) = 0. 

If we perform the multiplicatton (which is most expeditiously 
done by the method of detached coefficients shown in Art. 64<), 
wo obtain the equation 

x*—lW + lU^— 1543! + 120 = 0. 

We know that this equation is divisible by x — 5. Let us per- 
form the division by the method of detached coefficients shown 
in Art. 60. 

A B C D V a 

1 _ 14. + 71 — 154+ 120 11 — 5 = divisor. 

1— 5 I 1 — 9 + 26 — 24 = quotient. 

— 9 + 71 

— 9 + 45 



+ 26—154 
+ 26 — 130 



24 + 120 
24+120. 



Supplying the powers of x, we obtain for a quotient 
x" — 9ai* + 26ie — 24 = 0. 
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This operation may be still farther abridged, as follows : 
Represent the root 5 by a, and the coefficients of the given 

equation by A, B, C, D, V. 

We first multiply a by A, and subtract the product from B ; the 
remainder, — 9, we multiply by a, and subtract the product from 
C; the remainder, + 26,, we multiply again by a, and subtract 
from D ; the remainder, — 241, we multiply by a, and, subtracting 
from V, nothing remains. If we take care to change the sign of 
a, we may substitute addition for subtraction in the above state- 
ment ; and if we set down only the successive remainders, the 
work will be as follows : 

ABC D V a 

1_14+71 — 154+120'|5 
1— 9 + 26— 24, 

aod the rule will be, 

Multiply A (y a, anil add the product to S ; set down the sum, 
multiply it by a, and add the product to Q; set down the sum, multi- 
ply it by a, and add the product to D, and so on. If the equation is 
exactly divisible, the Jinal product will be equal to the last term V, 
(often with a contrary sign. 

The coefficients above obtained are the coefficients of a cubic 
equation whose roots are 2, 3, 4. The equation may therefore 
be divided by x — 4, and the operation will be as follows: 

1—9 + 26 — 24.|4 
1—5 + 6. 

These, again, are the coefficients of a quadratic equation whose 
roots' are 2 and 3. Dividing again by x — 3, we have 

1— 5 + 6|3 
1—2, 
which are the coefficients of the binomial factor x — 2. 

These three operations of division may be exhibited together 
as follows ; 

1_14 + 71— 154+ 120 1 5, first divisor. 
1 — 9 + 26 — 24 4, second divisor. 

1—5 + 6 1 3, third divisor. 
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(312.) The method here explained will enable us to find all the 
integral roots of an equation. For this purpose, we make trial 
of ditferent numbers in succession, all of which must be divisors 
of the last term of the equation. If any division leaves a re- 
mainder, we reject this divisor ; if the divbion leaves no remain- 
der, the divisor employed is a root of the equation. Thus, by a 
few trials, all the integral roots-may be easily found. 

Ex. 2. Find the sev 



ots of the equalio 

a;' + 3?— 14^— 14a;' + 490)= + iSar"— 36ir- 



6^0. 



We take the coefficients separately, as in the last example, and 
try in succession all the divisors of 36, both positive and nega- 
such as leave a remainder. The operatio" " =• 



tive, rejecting 
follows: 



a ia as. 



l + l_I4--14 + 49 + 49— 36— 3 
1 + 2—12—26 + 23 + 7^ + 36 
1 + 4.— 4.-34-45—18 
1 + 7+17+17+ 6 
1 + 6+11+ 6 
1 + 5+ 6 



' 1, first divisor. 

2, second divisor. 

3, third divisor. 

— 1, fourth divisor. 

— 1, fifth divisor. 

— 2, sixth divisor. 

— 3, seventh divisor. 



Hence the seven roots are, 

1, 2, 3, —I, —1, —2, —3. 
Ex. 3. Find the six roots of the equation 

j:« + 5a^—81i'—85a;'' + 964x'' + 780a;~-- 1584 = 0. 
1+ 5—81— 85 + 964+ 780—1584 1. 

1+ 6 — 75—160+804+1584. 4. 

1 + 10—35—300—396 6. 

1+ 16 + 61 + . 66 — 2. 

1 + 14 + 33 — 3, 

1+11. —II. 

The six roots, therefore, are, 

1, 4, 6, —2,-3, —11. 
Ex. 4. Find the five roots of the equation 

af- + G3f~Vi3?—n'2x-'—^vnx—U(S=Q. 
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1 + 6—10—112—207—110 —1. 
1 + 5—15— 97—110 —2. 

1 + 3—21— 55 —5. 

1—2—11 

Three of the roots, therefore, are 

-1,-2,-5. 
The two remaining roots may be found by the ordinary meth- 
od of quadratic equations. Supplying the letters to the last co- 
efficients, we have 

x' — 2x—n=0. 
Hence x=l±>/l2. 

Ex. 5. Find the four roots of the equation 

ic* + 2z' — 7a^'— 8a;+ 12 = 0. 
Ex. 6, Find the four roots of the equation 

x' — 55a;' — 301 + 50* = 0. 
Ex. 7. Find all the roots of the equation 

■ x' — 253;'+ 60a; — 36 = 0. 
Ex. 8. Find all the roots of the equation 
, I* + 5i' + x'— 16i'— 201— 16 =0. 

HORNER'S METHOD. 

(313.) The preceding method furnishes the roots of an equa- 
tion only when they are expressed by tv/iole nW&ers. When the 
roots are incommensurable, we emplny the following method, 
which is substantially the same as published by Horner in 1319. 

The Theorem of Sturm, together with Art. 304, enables us to 
find the integral part of any real root of the equation proposed. 
We then transform the equation into another having' its roots 
less than those of the preceding by the number just found, Art. 
302, We discover again, by Art. 304, the first figure af the root 
of this equation, which will be the first decimal figure of the root 
of the original equation. Again, we transform the last equation 
into another having its roots less than those of the preceding by 
this decimal figure. We thus discover the second decimal figure 
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of the toot; and proceeding in this manner from one transfor- 
mation to another, we are enabled to discorer the successive fig- 
ures of the root, and may carry the approximation to any degree 
of accuracy required. 

Example 1. Find the roots of the cubic equation 

The several functions givpn by Sturm's Theorem are, 

X = a^ +3x'' + 5x—nS, 
X, = 3a;' + 63- + 5, 
X„ = — 43;+ 539, 
X,„^ — 884579. 

Now for a; = + co, the signs are, + -J , giving 1 variation. 

x= — », " ._++_, "2 « 

Therefore two values of x are imaginary, and the equation has 
but one real root. 

We readily find, by the method of Art. 310, that this root lies 
between 4 and 5. The first figure of the root, therefore, is 4. 
To ascertain the second figure, we transform the given equation 
into another in which the value of x is diminished by 4, which 
is done by substituting for x, y + i. We thus obtain 

f + 15y'' + lly = iS. 
The first figure of the root of this equation, according to Art. 
304, is .5. Now transform the last equation into another in 
which the value of y is diminished by .5, which is done by sub- 
stituting for y, 2 + .5. We thus obtain 

• z' + 16.5s' + 92.75a = 3.625. 

The first figure of the root of this equation is .03. We must 
now transform this equation into another in which the value of 
2 is diminished by .03, which is done by substituting for z, 
V + .03. We thus obtain 

tf + 16.591;' + 93.7427U = .827623. ■ 

The first figure of the root of this equation is .008. 

In order to find the next figure, we must ira|Jsform the last 
equation into another in which the value of v is diminished by 
.008, and so on. 
39 



^dbvGoo^^lc 



306 SOLUTION OF NUMERICAL BQUATIONS. 

(314.) This method would be very Inborious if we were obli- 
ged to deduce the successive equations from each other by the 
ordinary method of substitution ; but they may all be derived 
from each other by a very simple low. Thus, let 

Ai' + Bi" + Cx ^ D (1) 
be any cubic equation ; and let the first figure of its root be de- 
noted by a, the second by a', the third by a", and so on. 

If we substitute a for x in equation (1), we shall have 

Ai^ + Ba' + Ca = D. 

if we put y for the sum of all the figures of the root e:<cept 
the first, we shall have x — a-i-y; and substituting this value fo»x 
in equation (1), we obtain 

Ao" + SAa'y + SAay* + Ay* J 
+ Ba' 

hCy ; 

or, arranging according to the powers of y, 

Ay" + (B + 3Aa)y'+{C + 2Bo + 3Aa')y = D— Ca— Bo'— Aa' (3). 

Let us put B' for the coefficient of y", C for the cocfiicient of 
y, and D' for the right member of the equation, and we have 

AZ + By + Cy^D' (4). 

This equation is of the same form as equation (I); and pro- 
shollfind • 



y + 3Afly' + Ay" ) 
+ 2Bny + By' J = D ; 
+ Co + Cy ^ 



- C + B'w + Afl" 



(5), 



where a' is the first figure of the root of equation (4), or the sec- 
ond figure of the root of equation (1), 

Putting z for the sum of all the remaining figures, we have 
y=:af + z; and substituting this value in equation (4), we shall 
obtain a new equation of the same form, which may be written 

Az' + B"^ + Cz = D-' (6); 
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and in the snme manner we might proceed with the remaining 
fig urea. . , 

Equation (2) furnishes the value of the first figure of the root ; 
equation (5) the second figure, and similar equations would fur- 
nish the remaining figures. Each of these expressions involves 
the unknown quantity which is sought, and might therefore ap- 
pear to be useless in practice. When, however, the root has 
been already found to several decimal places, the value of*the 
terms Ba and Aa' will be very small compared with C, and a will 

D 
be very nearly equal to p. C, then, may in all cases be employ- 
ed as an approximate divisor, which will probably furnish a new 
figure of the root. Thus, in the a.bove example, all the figures 
of the root after the first, are found by division. 

46 -h77 =.5. 
3.625 -^ 92.75 = .03. 
.827 ~ 93.7* = .008. 

If we multiply the first coefficient A by o, the first figure of 
the root, and add the product to the second coefficient, we shall 

B + Ao (7). 

If we multiply this expression by a, and add the product to the 
third coefficient, we shall have 

C + Bo -1- Aa' (8). 

If we miiltiply this expression by a, apd subtract the product 
from D, we shall have 

D — Cfl — Ba»— Aa", 
whick is the quantity rejiresented by D' in equation (4j. 

Again, multiplying the first coefficient by a, and adding the 
product to expression (7), we obtain 

B + 2Aa (9). 
Multiplying this expression by a, and adding the product to 
expression (8), we have 
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C + 2Ba + aAa*, 
wAich M the eoefficiaii of y in equation (4). ' 

Again, maltiplying the first coefficient by a, and adding the 
product to expression (9), we have 

B + 3Aa, 
wAith ii tht coefficient of y' tn equation (1). 

We have thus obtained the coefficients of the first transformed 
equation ; and by operating in the same manner npoo these coef- 
ficients, we shall obtain the coefficients of the second transform- 
ed equation, and so on ; and the successive figures of the root are 
found by dividing D by C, D' by C, D" by C", and so on. 

(315.) The preceding method is summed up in the following 

RULE. 
RepTUent the coefficients of the different terms by A, B, C, and the 
right-hand member of the equation by D, Having fovnd a, the frit 
figure of the root, multiply A by a, and add the product to B. Jiful- 
tiply this sum by a, and add the product to C. Jdultiply this lost sum 
by a, and subtract the product from D ; the remainder toill be the first 



^gain, multiply A by a, and add the product to the last number «»• 
der B. Multiply this sum by a, and add the product to the last num- 
ber under C; this last sifin will be the first divisor. 

.Sgain, multiply A by a, and add the product to tht last number un- 
der B. 

Find the second figure of the root by dividing the first dividend by 
the first divisor, and proceed with this second figure precisely as wot 
done with the first figure. 

The second figure of the root obtained by divisiou, will fre- 
quently furnish a result too large to be subtracted from the re- 
mainder D'j'in which case we must assume a different figure. 
After the second figure of the root has been obtained, there will 
seldom be any fRrther uncertainty of this kind. 

The operation for finding a root of the equation 

x^-\-3x' + 5x= 178 
will then proceed as follows : 
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ABC D fl 

1 +3 4-'5 =178 (4.5388 = a:. 

4 28 m 

7 33 46 = iBt dividend. 

_4 ' U 42.375 

11 77 = 1st divisor. 3.625 ^ 2d dividend. 

_4_ 7.75 2J97377 

is^S iiiTS ~i27623 = 3d divideod. 

■5 8.00 ,751003872 

16.0 92.75 = 2d divisor. .076619128 = 4th dividend. 

^ .4959 

16.53 93.2459 
3 .4968 

16.56 93.7427 = 3d divisor. 

3_ .132784 

16.598 93.875484 

8 .1328 48 

16.606 94.008332 = 4th divisor. 
Having found one root, we may depress the equation 
3^ + ac" 4- 51 — 178 = 
to a quadratic, by dividing it by 2 — 4.5388. We thus obtain 

s' + 7.5388a: + 39.2173 = 0, . 
where x is evidently imaginary, because q is negative and gr«at- 
erthan^. See Art. 195. 

After thus obtaining the root to five or sis decimal places, sett- 
eral more figures will be correctly obtained by simply dividing the 
last dividend by the last divisor. ' 

Example 2. Find the roots of the equation 

3!'+ llx'— 102a=— 181. 

The first figure of one of the roots we readily find to be 3. 
We then proceed, according to the Rule, to obtain the root to 
four decimal places, after which two more will be obtained cor- 
rectly by division. 



^dbvGoo^^lc 



OF NUMERICAL EQUATIONS. 

ABC Da 

J +11—102 = — 181 (3.2I312=*a;. 

_3 ^ — IJO 

14 _- 60 — 1 = ist dividend. 

3 51 —.992 
I? —9 = Ist divisor. — .008 = 2d dividend. 

3 4.04 — .006739 

202 -^iM —.001261 = 3d dividend. 

2 4o08 — .001217403 
204 ~ 0.88 = 2d divisor. — .000043597 - 4th dividend. 
2_ .2061 

20.61 —.6739 
1 .2062 

20.62 — .4677 = 3d divisor. 
1_ .061899 

20.633 —.405801 

3 .061908 

20.636 — .343893 = 4th divisor. 

The two remaining roots may be found in the same way, or by 
depressing the original equation to a quadratic. Those ro6ts are, 

3.22952 
— 17.44265. ' 

When a power of x is nanling in the proposed eqaation, we 
must supply its place with a cipher. 
Ex. 3. Find all the roots of the cubic equation 



The work of the following example is exhibited in an abbrevia- 
ted Eorm. Thus, when we multiply A by a, and add the product 
to B, we 9«i down simply this result. We do the same in the 
next column, thus dispensing with half the number of lines em- 
ployed in the preceding example. Moreover, we may omit the 
ciphers on the left of the successive dividends, if we pay proper 
attention to the local value of the figures. Thus, it will be seen 
that in the operation for finding each successive figure of the 



^db^Goo^^lc 



soLirrtON OF ndmebicu, equations. 31 

root, the decimals under B increase one place, those under C ic 
crease two places, and those under D increase three places. 

1+0 —7 =~7 (1.356895867 = ar. 

1 _6 —6 

2 — i^Istdiv'r. — 1 = 1st dividend. 
3.3 —3.01 —.903 

3.6 — 1.93 = 2ddiT'r. —97 = 2d dividend. 

3.95 —1.7325 86625 

4.00 — 1.5325 r^ 3d diy'r. 10375 = 3d dividend. 

4.056 —1,508164 9048984 

4.062 — 1.483792 = 4th div'r. 1326016 = 4th dividend. 

4.0688 —1.48053696 ■ 1184429 568 

4.0696 — 1.47728128 = 5thdiv'r. 141586432= 5th div'd. 

4.07049 —1.4769149359 132922344231 



4.07058 —1.4765485837 = 6th div't. 8664087769 = 6th div'd. 

Having proceeded thus far, Tout more figures of the root, 5S67, 
are found by dividing the eiicth dividend by the sixth divisor. 

We may find the two remaining roots by the same process; 
or, after having obtained one root, we may depress the equa- 
tion 

to a quadratic equation, by dividing by x — 1.356895867, and we 
shall obtain 

a;'+ 1.356895867a; — 5.158833606 = 0. 

Solving this equation, we obtain 



x^— .e78447933 ± V 5.619125204 
= —3.048917338, or + 1.692021471, 
the two remaining roots. 

Ek. 4. Find a root of the equation 

ia^-i- 3x^ = 850. 
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2 3 ■ =850 (7.0502562208 

17 119 833 

31 336=lst divisor. 17= 1st dividend. 

45.10 338.2550 16.912750 

45.a0 340.5150=2d divisor. 87-250=ad dividend. 

45.3004 340.52406008 68104812016 

45.3008 340.533I2024^3ddiv. 1914.5 187984=3ddiv'd. 

45.30130 340.5353853050 1 7026 7692652 50 

45.30140 340.5 376503750= 4th div. 2U8*I8718750=4th div. 

Dividing the fourth dividend by the fourth divisor, we obtain 
the figures 62208, which make the root correct to the tenth deci- 
mal place. 

The two remaining values of a: may be easily shown to be ima- 

When a negative root is to be found, we change the signs of 
the alternate terms of the equation, Art. 299, and proceed aa for 
ft positive root. • 

Ex. 5. Find a root of the equation 

53^ — eaj" + 3a; = -— 85. 
Changing the signs of the alternate terms, it becomes 

5}^ + Gai' -i- 3x = + 85. 

5 +6 +3 +85 (2.16139. 

16 35 70 

26 87= 1st divisor. 15 =: Ist dividend. 

36.5 90.65 9.065 

37.0 94.35 — 2d divisor. 5.935 = 2d dividend. 

37.80 96.6180 5.797080 

38.10 98,9040 = 3d divisor. 137920 ^ 3d dividend. 

38.405 98.942405 98942405 

38.410 98.980815 - 4th div'r. 38977595 ^ 4th div'd. 

38.4165 98.99233995 296977019^ 

38.4180 99.00386535 = 5th div'r. 9279893015 = 5th div'd. 
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Htnce one root of the equation * 

5x' — 6x^ + 3x = — 85 
is — 2.16139. 

The same method is applicable to the extraction of the cube 
root of numbers. 

Ex. 6. Let it be required to extract the cube root of 9} in 
other words, it is required to find a root of the equation 

a^ = 9. 

10 9 (2 



4 12= lat divisor. l=lst dividend. 

6.08 12.4.864. .998912 

6.16 I2.9792=2d divisor. 10S8=2d dividend. 

6.24008 12.9796992064 1038375936512 



6.24016 12.9S01984192=3d div. 49624063488= 3d div 
6.240243 12.980217139929 38940651419787 



6.240246 12.980235860667= 4th d. 106834 1206821 a =4th d. 
Ex. 7. Find one root of the equation 
1^ + 3^ = 500. 

Ans. X = 7.617280. 
Ex. 8. Find one root of the equation 

jf + x'+a>^ 100. 

Ans. X = 4.2644)30. 
Ex. 9. Find one root of the equation 

Ans. a; = 1,624819. 
Ex. 10. Extract the cube root of 48228544. 



Ex. 11. There are two numbers whose difference is 2, and 
. whose product, multiplied by their sum, makes 120. What are 
those numbers! 
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Ex. 12. It is reqirired to find two numbers whose difTerence is 
6, nnd such that theit sum, multiplied by the difference of their 
cubes, may produce 5040. 

Ex. 13. Eequired two numbers whose difference is 5, and such 
that, if the less be multiplied by the square root of the greater, 
the product may be 12. 

Ex, 14. There are two Dumbers whose difference is 4; and the 
product of this difference, by the sum of their cubes, is 3416. 
What are the numbers 1 

Ex. 15. Several persons form a partnership, and establish a 
certain capital, to which each contributes ten times as many dol- 
lars as there are persons in company. They gain 6 plvs ,the 
number of partners per cent., and the whole profit is $392. 
How many partners were there 1 

Ex. 16. A company of merchants have a common stock of 
$4775. nnd each contributes to it twenty-five times as msny dol- 
lars as tiiere are partners, with which they gnin as much per cent 
as there are partners, Now on dividing the profit, it is found, 
after each has received six times as many dollara as there are 
persons in the company, that there still remains $126. Required 
the number of merchants 1 

Ans. 7, 8, or 9. 



EQUATIONS OF THE FOURTH AND HIGHER DEGREES. 

(316.) The method already explained for cubic equations is ap- 
plicabJe .to equations of every degree. For the fourth degree, we 
shall have one more column of products, but the operations are 
all conducted in the same manner, as will be seen from the fol- 
lowing example. 

Ex. 1. Find the four roots of the equation 

By Sturm's Theorem, we find that these roots are all real; 
three positive, and one negative. 
We'then proceed as followa: 
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1—8+14. +4 =8 (5.2360679. 

—3—1—1 —5 

+2- +9 +44= Ist divisor. 13=l»t dividend. 

7 44 53.288. 10.6576 

12.2 46.44 63.072=2d div'r. 2.3424=2d dividend. 
12.4 18.92 64.626747 1,93880241 

12.6 51.44 66.193068=3dd. .40359759=3d div'd. 
12.83 51.8249 66.509117736 .399054706416 

12.86 52.2107 66.825633024 =4tb<i. 4542883584=4llid. 
12.89 52.5974 
12.926 52.674956 
12.932 52.752548 

and by division we obtain the four figures 0679. 

f X = 2.7320508, 
The other three roots are, ) a; = .7639320, 

( a = — .7320508. 

Ex. 2. Find the roots of the equation 

3^ + Sir' + 3a^ + 4a» + 5a; = ^0. 

Here we have, according to Sturna's Theorem, 

X = a;* + 2a!' + 3:c' + 4a^' + 5k — 20, 
X, = 5a^ + 8x' +8x' +Sx +5, 
X„ =—7a;' —21a;' — 42^ + 255, 

x„, = — lac + 14, 

X„„ =: — . 

When X ^ +IX, the signs bie + -j , one variation. 

a; = — 00, " 1- + +—, two 

Hence the equation has one real and four imaginary toots. 
W6 then proceed as follows: ■ 
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3 2=11 



3 5 









I * S « S 1^ ^ 



■ f t- t- t- I 
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Dividing the fourth dividend by the fourth divisor, we obtain 
the figures 789. 

When we wish to obtain a root correct to aiimited number of 
places, we may save tnuch of the labor of the operation by cut- 
ting off all figures beyond a certain decimal. Thus if, in the ex- 
ample above, we cut off all beyond Sve decimal places in the suc- 
cessive dividends, and all beyond four decimal places in the divi- 
sors, it will not affect the lirst six decimal places in the root. 

Ex. 3. Find the roots of the equation 

X' — 1^ 4- 123! = 3. 



X = + .606018, 
x = + .443277, 
1^—3.907378. 



Ex. i. Find the roots of the equation 

3)< — 8x'+ 14a:' + ix = 



<: x = + 5.236068, 

\ x= + .763932, 

■ ) a: = + 2.732050, 

( a; = ~ .732050. 



Ex. 5. Find the roots of the equation 

*»— iOa;' + 6i = — 1. 



= — 3.065315, 
= — .691576, 
= — .175675, 



Ex. 6. Find one root of the equation 

a^ + ac' + 2ai' — ar' — 2x = 2. 

Ans. X = 1.059109. 
Ex. 7. Required the fourth root of 18339659776. 

Ans. 368. 
Ex. 8. Bequiredthe fifth root of 2628766786 g^VS. 

Ans. 183. 
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RESOLUTION OF EQUATIONS BY APPROXIMATION. 

(317.) The method of Horner for finding the incommensnrable 
roots of a nutnerical equation is generally better than any other; 
nevertheless, the method by approxinration may sometimes be 
preferred. We shall explain the method of Newton, and that of 
Double Position. 

METHOD OF NEWTON.. 

This method supposes that we have already determined nearly 
the value of one root; that we know, for example, that such a 
value exceeds 4, and that it is less than 5. In' this case, if we 
suppose the exact value =4 + j, we are certain that y expresseB 
a proper fraction. Now as y is less than unity, the square of y, 
its cube, and, in general, all its higher powers, will he much less 
with respect to unity ; and for this reason, since we only require 
an approximation, they may be neglected in the calculation. 
When we have nearly determined the fraction y, we shall know 
more exactly the root 4 + y; from which we proceed to deter- 
mine a new value still more exact, and we may continue the ap- 
proximation as far as we please. 

We will ilfuBtrate this method by an easy example, requiring 
by approximation the root of the equation 

Here we perceive that x is greater than 4, and less than 5. If 
we suppose x = i -\- 1/, we shall have 

x'^lQ + Sy + f^ 20. 
But, as y' must be quite small, we shall neglect it, and we have 

16 + 8y ^ 20, or Sy = 4. 
Whence y = .5, and x = 4.5, which already approaches near 
the true root. If we now suppose x — i.b + z, we are sure that 
z expresses a fraction much smaller than y, and that we may 
neglect 2' with greater propriety. We have, therefore, 
a;' = 20.25 + 92 = 20, or 9^ = — .25. 
Consequently, x = — .0278. 

Therefore, a: = 4.5 — .0278 = 4.4722. 
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If we wish lo approximate still nearer to the true value, we 
must make x = 4.4722 + v, aod we should have 

x' = 20.00057284 + 8.9444i> = 20. 
So that 8.9444U = — .00057284. 

Whence v = — .0000640. 

Therefore, x - 4.4722 — .0000640 ^ 4.4721360, 
a value which is correct to the last decimal place. 

(318.) In order to geaeralize this method, suppose the given 



and that we have found x to be greater than a, but less than 
a + 1. If we make x — a + y, y must be less than unity, and y 
may be neglect-ed, as a very small quan^Ey ; so that we shall 
have 

a? -a^ + 2ay = D, 

or 2ay = D — a' ; and y = —^~ 

Consequently, a; = o + - ~ — = - ,j^ — ■ 

Now, if a was near the true value of x, this new expression 

— ^ — - will approach nearer; and, by substituting it for a, we 

shall obtain a new valiie, which may again be employed in order 
to approximate still nearer, and the same operation may be con- 
tinued as long as we please. 

This method of approximation may be employed in finding the 
roots of all equations. 

Suppose we have the general equation of the third degree, - 

Axf + Ba;' + Cx '- D, 

in which u is very nearly the value of one of the roots. Let us 
make x = a + y; and, since y is less than unity, neglecting the 
powers above the first degree, we shall have 

3? ~ a' + 2ay, 

^ = a' + 3o'y, 
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whence we have the equation 

Aa' + SAfl'y + 80= + 2Boy + Ca + Cy = D. 

Whence 



D — Ca— Ba'- 



C + 2Ba + 3Ao" 

The numerator o( this fraction is the quantity represented \ty 
D' on page 306 j that is, it is the dividend in Horner's method, 
and the denominator is the divisor; and we have already seen 
that this quotient rurnishes one or more figures of the root. 

EXAMPLES. 

Ex, 1. For an application of this method, take the equation 

a?° + 2a;' + 3a; ^ 50. 
Here A = 1, B = 2, C = 3, and D = 50. 

50 — 3a — 2a' — o" 



Therefore, 



3 -^ 4a + 3o' 



We see that x is neerly equal to 3. If we substitute 3 for a, 
we »>ha1l have 



Whence x = 2.9 nearly. 

And if we siibslitute this new value Instead of a, we shall find 
another still more exact. 

Ex. 2. For another example, take the equation 

ir*_63; = 10. 
If we make a; = a + y, we shall have 
i' = a" + So-y, 
neglecting the higher powers of y, and, consequently, 
(i' + go-y — 6a — 6y = 10. 

Therefore, y ^ H+^1 

' oa' — 6 

Assume a =; 2, and we obtain 

10 + 12 — 32 5 



y = - 



3r 
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Hence a 


^ 1.86 nearly. 


If we ..s 


ume a =' 1.86, we have 




10+ 11.16 — 22.262 
'- 69.SM-6 , - ■°*'' 


Henee li 


= 1.839 nearly. 


If we a,! 


ome = 1.839, we shall haTe 




10+ 11.03*- 21.033352 _ 



57.18694 — 6 
Therefore, x = 1.83901266. 

Es. 3. Given g? — 9x — 10, to find one valqe of x by approxi- 
mation. 

Antf. X = 3.4494891 
Ex. 4. Given id' + Sx" + ix t= 80, to find one value of x by ap- 

Ans.-3; = 2.4721359. 



METHOD OF DOUBLE POSITION. 

(319.) Another method of finding the roots of an equatvtn is 
by the rule of Double Position. 

Substitute in the given equation two numbers as near the true 
root as possible, anA observe the separate results. Then state the 
following proportion ; 

Jls the difference of these results, 

Is to tie difference of the two assumed numbers. 

So is the error of either result, 

To the correction required m the corresponding assumed number. 
This being added to the number when too small, or subtracted 
from it when too great, will give the true root nearly. The oum- 
ber thus found, combined wiih any other that may be supposed 
to approach still nearer to the true root, may be assumed for an- 
other operation, which may be repeated till the root is determined 
to any degree of accuracy required, 
41 
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Ex. 1. Given af + u^ + x = 100, to fiad an approximate value 
of X. 

Having ascertained, by a few trials, that x is more than 4, and 
less than 5, let us substitute these two numbers in the given 
equation, and calculate the results. 

By the first sup- ^ s „ ,« By the second sup- ) i _ gs 
position, l^Zsi PosicioD, ^ ^, ~ j25 

Result, 8* Result, 155 

Then 155 — 84:5 — 4: : 100 — 84 r .2^. 

Therefore, 4 + .22, or 4.22, approximates nearly to the true 
root, 

If, now, 4.2 and 4>.3 be talcen as the assumed numbers, and sub- 
stituted in the given equation, we shall obtain the value of 
x = 4.264 nearly: 

Again, assuming 4.264 and 4.265, and proceeding in the same 
manner, we shall find x ^ 4.2644299 very nearly. 

This rule is founded on the supposition that the dilferences in 
the results are proportioned to the difierences in the assumed 
numbers. This supposition is not strictly correct ; but if we em- 
ploy numbers near the true values, the error commonly is not very 
great, and it becomes leas and less the farther we carry the ap- 
proximation. 

Ex. 2. Given nf + Qa? — 23i — 70 = 0, to find one value of x. 
Ans. a; — 5.13450. 

Ex. 3. Given i"— 15x' + 6ac — 50 = 0, to find one value of r. 
Ans. X = 1.028039. 

Ex. 4. Given a?* — 3iE' — Ibx = lOOOO, to find one value of x. 
Ans. x= 10.2615. 

Ex. 5. Given a^ + '2x' + 33^ + 4a:' -|- 5a! = 54321, to Bod one 
value of X. 

Ans. X = 8.4144 
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(320.) We will conclude this Section by finding tke different 
roots of unity. 

Ex. 1. Find the two roots of the equation x° = 1, or the square 
roots of unity. 

Kxtracting the square root, we fiAd 

I = 4- It or — 1. 

Ex. 2. Find the three roots of the equation a;' = 1, or the cube 
roots of unity. 

Since one root of this equation is a; =: 1, the equation 3? — 1 = 
must be divisible by x — 1 ; and dividing, we obtain 

a!' + a!+ 1 = 0; 

I ± V^^3 



whence x = — J± \ •/ — 3, or 
Hence the required roots are, 



which are the cube roots of unity. 

These results may be easily verified. We have seen, oa page 
282, that the cube of — 1 ± V"^^ is 8, which, divided by 8, 
the cube of the denominator, gives -|-1, as required. 

Es. 3. Find the four roots of the equation a^ = I, or the fourth 
Boots of unity. 
The square root of this equation is 

a? = + 1, or = — 1. 
Hence the required roots are, 

+ 1,-1, + v'"^^, — V^^. 

Ex. 4. Find the five roots of the equation a^ = i. 
Since one root of this equation is a; = 1, the equation i* — 1 
must be divisible by x — 1 ; and dividing, we obtain 

a!' + a^ + a:' + a:+I = 0. 
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Dividing, again, by x', we have 

a* + x+l + i+A = (1). 

Now pat » = a; + -. 

Whence a" = a:" + 2 + ^, 

which, heing substitnted in equation (1), givea 
a* + z — 1 = 0. 
This equation, solved by the usual method, gives 

s = — i + i V'5, or z = —i — i V^. 
The values of x, deduced from the equation 
z = x+ -, 

or «* — 2x = — 1, 

are, 

2 , /z' — 4 , z /z' — 4 

in which the value of z being substituted, gives 

i = j[,/5— 1± y — 10 — 2V5], 

or = — j[%'5+lT>' — 10 + 2,/5]. 

Hence the five fifth roots of unity are, 
1 

j[,/5 — 1+ >/ — 10 — 2,/5]. 

j[V5— 1— V — 10 — 2v/5]. 

— 1 [ »/ 5 + 1 — ^ — 10 + 2 </ 5 ]. 

— j[,/6+ 1 + v' — lo + avs]. 

Ex. 5. Find the six roots of the equation ic° = 1. 



ri-nodi,Go(5glc 



SOLUTION OF NUMERICAL EQUATIONS. 336 

These are found by taking the square roots of the cube roots. 
Hence we have, 

+ 1, — I, i dr i y/^^ — i ± J V'^^^. 

Thus we see that unity has two square roots, three cube roots, 
fotir fourth iootB,_^i'e fifth roots, six sixth roots, and, generally, 
n nth roots ; or the nth root of unity admits of n different alge- 
braic values. As, however, most of these toots are imagiaary, 
they cannot be found by Horner's Method. 
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L0GAKITHM8. 

(321.) In a syatem of logarithma, all numbsrs are considered 
as the powers at some one number, arbitrarily assumed, which ia 
called the base of the system ; and the exponent of that power of the 
base which is equal to any given number ia called the logarUhm ofthat 
number. 

Thus, if a be the base of a system of logarithms, and a' =^ N, 
then 2 is the logarithm of N ; that is, 2 is the exponent of the 
power to which the base (a) must be raised to equal N. 

If a' = N', then 3 is the logarithm of N' for the same reason ; 

And it tf, — N", then a' is called the logarithm of N" in the 
system whose base is a. 

The base of the common system of logarithms (called, from 
their inventor, Briggs' Logarithms) is the number 10. Hence 
all numbers are to be regarded as powers of 10. Thus, since 

10° = 1, is the logarithm of 1 in Briggs' system. 

10' = 10, 1 " 10 

10* = 100, 2 " 100 

IC = 1000, 3 " 1000 

10* = 10000, 4, " 10000 

&c., &c.. Ice. 

, From this it appears that, in Briggs* system, the logarithm of 
■ every number between 1 and 10 is some number between and 1, 
I. e., is a proper fraction. The logarithm of every number be- 
tween 10 and 100 is some number between 1 and 3, t. e^ is 1 plus 
a fraction. The logarithm of every number between 100 and 
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1000 is some number between 2 and 3, i. e., is 2 plus ^ fraction, 

(322.) The preceding principles may be extended to fractions 
by means of negative exponents. Thus, 

f^ or 10-' = O.I ; therefore, — 1 is the logarithm of .1 

in Btiggs' system. * 
Tip or lO-' = 0.01; " — 2 " .01 

Tj'jj or 10-^ = 0.001; « —3 " .001 

Tiisi oi" 10"* = 0-0001; " — * . " .0001 

Hence it appears that the logarithm of every number between 
1 and .1 is some number between and — 1, or may be repre- 
sented by — 1 + a fraction ; the logarithm of every number be- 
tween .1 and .01 is some number between — 1 and ~2, or may 
be represenled by — 2 + a fraction ; the logarithm of every" 
number between .01 and .001 is some number between — 2 and 
— 3, or is equal to — 3 + a fraction, and, so on. 

The logarithms of moat numbers, therefore, consist of an inte- 
ger and a fraction. The integral part is called the ckaracterisHc 
or ind^x, and may always be known from the following 

RULE. 

The index of the logarithm of any number greater than unity, is one 
leas than the number of integral figures in the given number. 

Thus, the logarithm of 297 is 2 + a fraction ; that is, the index 
of the logarithm of 297 is 2, which is one less than the number 
of integral figures. The index of the logarithm of 5673 is 3 ; of 
73254, is 4, &c. 

The index of the logarithm of a decimal fraction is a negative num- 
ber, fnd is equal to the number of places by which its first significant 
figure is removed from the place of units. 

Thus, the logarithm of .0046 is — 3 + a fraction ; that is, the 
index of the logarithm is — 3, the first significant figure,!, being 
removed three places from units. 
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GENERAL PROPERTIES OF LOGARITHMS. 

{323.) Let N imd N' be any two numbers, x and x' tbeir re- 
spective logarithms, a the base of the aystent. Then, by the def- 
initioD, Alt. 321, 

N =«• (I), 
N' = «-" (2). 
Multiplying togethef equationa (1) and (2), we obtain 
NN'=<r'a'" 

Therefore, according to the definition of logarichms, x -\' x" is 
the logarithm of NN', since x -\- x' it the index of that power of 
the base a which is equal to NN' j that is to say, 

The logarithm of the produce of iwo or more factors is equal to the 
tvm of the logarithms of those factors. 

Hence we see that if it is required to multiply Jwo or more 
numbers by each other, we have only to add their logarithms; the 
sam will be the logarithm oS their product. We then look in the 
Table for the number answering to that logarithm, in order to 
obtain the required product. 

EKAMPI^S. 

Ex. 1. Find the product of 8 and 9 by means of logarithms. 

In Art. 331, the logarithm of 8 is given 0.903090 

" . 9 " 0.954243 



The sum of these two logarithms is 1.85733?- 

which, according to the same Table, is seen to be the logarithm 
of 72. 

Ex. 2. Find the continued product of 2, 5, and H by means of 
logarithms. 

Ex. 3. Find the continued product of 2, 3, 4, and 5 by means 
of logarithms. 
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If, instead of multiplyiog, we, divide equfttion (1) by eqnation 

(2), we sliall obtaia 

N _ ^ _ ^_^. 

Tlierefore, according to the deliDition, a: — x' is the ogarithm 

■ N 

of ^,, since x- — x' is the index of that power of the base a 

N 

The logarithm of a fraction, or of the quotient of one number divi- 
ded by another, is equal to the logarithm of the numerator, minus the 
logarithm of the denominator. 

Hence we see that if we wish to divide one number by anolh- 
er, we have only to subtract the logarithm of the divisor from 
that of the dividend j the diiTerence will be the logarithm of their 
quotient. 

EXAMPLES. 

Ex. 1. It is required to divide 108 by 12 by means of loga- 
rithms. 

The logarithm of 108 ia 2.03342i 

" 12 1.0791 81 

The difference is 0.954.243, 

which is the logarithm corresponding to the number 9. 

Ex. 2. Divide 133 by 7 by means of logarithms. 

Ex, 3. Divide 136 by 17 by means of logarithms. 

Ex. 4. Divide 135 by 15 by means of logarithms. 

The preceding examplesare designed to illustrate the proper- 
ties of logarithms. In order to exhibit fully their utilily in com- 
putation, it would be necessary to employ larger numbers j but 
that would require a more extensive Table than the one given in 
Art. 334. 

(324.) Logarithms are attended with still greater advantages 
in the involution of powers, and in the extraction of roots. For 
if we raise both members of equation (1) to the nth power, we 
obtaia 

N" = a". 
42 
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Therefore, according to the definition, nx ia the logarithm of N", 
since nx is the index of that power of the base which is equal to 
N"; that is to aay, 

The logarithm of any power of a number, is equal to the logarithm 
of that numbfl* multiplied by the exponent of the power. 



Ex. 1. Find fhe third power of 4 by means of logarithms. 

The logarithtn of 4 is 0.603060 

Multiply by 3 

The product is 1.806180, 

which is the logarithm of 64. 

Es. 2. Find the fourth power of 3 by means of logarithms. 

Es. 3. Find the seventh power of 2 by means of logarithms. 

Es, 4- Find the third power of 5 by means of logarithms. 

Again, if we extract the nth root of both members of equation 
(1), we shall obtain 



therefore, according to the definition, - is the logarithm of N' ; 
that is to say, 

. The logarithm of any root of a number, is equal to the logarithm of 
that number divided by the index of the root. 

EXAMPLES. 

Ex. 1 . Find the square root of 81 by means of logarithms. 
The logarithm of 81 is 1.908485 

Divided by 2 

The quotient is .954243, 

which is the logarithm of 9. 

Ex. 2. Find the square root of 121 by means of logarithms. 
Ex. 3. Find the sixth root of 64 by means of logarithms. 
Ex. 4. Find the third root of 125 by means of logarithms. 
The preceding examples will suffice to show, that if we had 
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tables which g'ave the logarithms of all numbers, they would 
prove highly useful when we have occasion to perform frequent 
multiplications, divisions, involutions, and extraction of roots. 

(325.) The following examples 
some of the preceding principles. 

Ex. I. log. [abed) = log. a +■ log. b + log. c + log. d. 

■ (-£) = ''^&- " + log. b + log. c — log. d~ log. e. 

;. (a-ft-c") - m log. a + » log. b+p log. c. 



show the application of 



Ex. 2. log. 

Ex. 3. log. 

Ex. 4. log. 

Ex. 5. log. 
\og.{a — x). 

Ex. 6. log. 



\^) = m log. a + n log. b ~p log. c. 
{a-~ai') = \og.[(a + x)(a~x)] = log.(a + x) + 



! log. (a + ar) + i log. (a 



Ex.7. log.a^Vo'^log. 



;.(.t) = 



^ log. a 



(326.) We shall preeently explalVi a method by which logarithms 
may be computed. We may observe, however, that it is not 
necessary to compute the logarithms of all numbers independently. 
From the logarithms of a few numbers we may readily derive 
the logarithms of a great many other numbers. 

We have seen, in Art. 323, that the logarithm of a product ia 
found by adding together the logarithms. of the factors. Let us 
represent the logarithm of 2 by a; ; then, since thej^ogarilhm of 
10 is 1, we shall have 

log. 20 = a; + 1, log. 20000 = 

log. 200 -x + 2, log. 200000 = 

log. 2000 = a; + 3, log. 2000000 =, &c. 

We have seen, in Art. 324, that the logarithm of any power of 
a number is equal to the logarithm of that number multiplied by 
the exponent of the power. 

Hence, log. 4 = 2a^, log. 32 = 

log. 8 = 3a^, log. 6* = 
log. 16 = 4a;, log. 128 =, &c. 
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Hence we find, aUo, that 

40 =%o+l, 
400 =21 + 2, 



800 =3i+2, 
160 = 4i + 1, 
1600 = 41 + 2, 



log. 4000 = 
log. 4OO00 =,&C. 
log. 8000 = 
log. 80000 =,&c. 
log. 16000 = 
log. 160000 =,&c. 



We have seeri, in Art. 323, that the logarithm of a frQCtioii is 
equal to the logarithm of the numerator mmus the logarithm of 
the denominator. Hence, log. (y) = log. 5 = 1 — x. 



Hence, log. 50 
log. 500 
log. 25 
log. 125 
log. 250 
log. 2500 
log. 1250 
log. 12500 = 5 — ar, 
log. 6250 = 5 — 4a;, 
og. 62500 = 6 — 4x, 



= 2 — 21, 



= 3 — 23!, 
= 4 — 2a, 



=,&c. 



log. 5000 

log. 50000 

log. 625 

log. 3125 

log. 25000 - 

log. 250000 =,&;c. 

log. 125000 = 

log. 1250000 =,&c. 

log. 625000 = 

log. 6250000 r=, &o. 



(327.) So, also, from the logarithm of 3 we might easily derive 
a great number of other logarithms. From the Table on page 
340, we find the logarithm of 3 to be .477121 j it is required to 
derive from this the logarithm of 30. 

Eequired the logarithm of 3000. 
Required the logarithm of 9. 
Required the logarithm of 27. 
Required the logarithm of 81. 
Required the logarithm of 90. 
Required the logarithm of 270. 
Required the logarithm of 900. 

From the same Table, we find the logarithm of 2 to be .301030. 
It is required, by the aid of the logarithms of 3 and 2, to obtain 
the logarithm of 6, 
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Bequired the logarithm of 12. 
Required the logarithm of 15. 
Bequired the logarithm of 18. 

From the same Table, we find the logarithm of 5 to be .698970. ' 
It is required from this to deduce the logarithm of 50. 
Required the logarithm of 500. 
Required the logaiithm of 5000. 

From the same Table we find the logarithm of 95 to be 1.977724. 
The logarithm of 9.5, or f {, is equal to the logarithm of 95 miuus 
the logarithm of 10. 

Hence, the logarithm of 9.5 is 0.977724. 

Also, the logarithm of 950 is 2.977724. 

Hence the decimal part of the logarithm of any number is the same 
as that of the number multiplied or divided by 10, 100, 1000, &c. 

Prime numbers are such as cannot be decomposed into factors ; 
-as, 2, 3, 5, 7, II, 13, 17, &c. All other numbers arise from'the 
multiplication of prime numbers. If, therefore, we knew the 
logarithms of all the prime numbers, we could find the logarithms 
of all other number by simple addition. 

(32S.) We will now explain a method by which the logarithm 
of any number may be computed. 

If a series of numbers be taken in Geometrical progression, their 
logarithms will form a series in Arithmetical progression. Thus, 
take the geometrical series 

1, 10, 100, 1000, 10000, 100000, 
their logarithms are ' 

0, 1, 2, 3, 4, 5, 

forming an arithmetical series. 

If, now, we interpolate a geometrical mean between any two 
numbers in the first series, its logarithm will be the arithmetical 
mean between the two corresponding numbers in the lower series. 

Find, for example, a geometrical mean between 1 and 10. It,/ 
will be the square root of 10, or 3.162277. The arithmetical 
mean between and 1 is 0.5. 

Therefore, the logarithm of 3.162277 is 0.5. 
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Find, Bgaia, a geomelrical mean betweea 3.162277 and 10, 
which is 5.623413. Find, also, the arithmetical mean between 0.5 
and 1, which is 0.75. 

Therefore, the iogarilhm of 5.623413 is 0.75, 

Find now a geometrical mean between 3.162277 and 5.623413, 
which is 4.216964. Its logarithm will be the arithmetical meaU 
between 0.5 and 0.75, which is 0.635. 

Therefore, the logarithm of 4.21696* is 0.625. 

Find,Bgain,a geometrical mean between 4.216964 and 5.623413, 
which ia 4.869674. Its logarithm will be the arithmetical mean 
between 0.625 and 0.75, which is 0.6875. 

Thus we have found the logarithms of four new numbers, and 
in this manner we might proceed to construct a table *of loga- 
rithms. It will be observed, however, that these numbers ate all 
fractional, whereas it Is most convenient to have the logarithms 
ofiategers. By pursuing this method, however, we might event- 
ually lind the logarithm of a whole number ; as, for example, 5. 
For we have already found the logarithm of 

5.623413 to be 0.75, 
and the logarithm of 4.869674 " 0.6875. 

One of these numbers is Renter than 5, and the other less. A 
geometrical mean between them is 5.232991, which is too great ; 
but the mean between this result and the last of the two preceding 
is 5.048065, which is already a close approximation. By pur- 
suing the same method, we may come nearer and .nearer to the 
nuihber 5, until at last, after finding twenty-two geometrical 
means, the dilference is inappreciable in the sixth decimal place, 
and we obtain 

the logarithm of 5 equal to 0.69897 ; 

and by a like process, the logarithm of any other number may be 

(329.) Hence, to compute the logarithm of any number, we 
have the following 



Take the geometrical series 1, 10, 100, 1000, 10000, &c., and apply 
it the arithmetical series 0, 1, 2, 3, 4, &::c., as logaritkms. 
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Find a geometrical mean between 1 and 10, 10 and 100, or any other 
two terms of the first series between which the proposed number lies. 

Betteeen the mean thus found and the nearest extreme, find another 
geometrical mean in the same manner, and so on, till you arrive within 
the proposed limit of the number whose logarithm is sought. 

Find, also, as many arithmetical means between the corresponding 
terms 0, 1, 2, 3, 4, &c., of the other series, in the same order as you 
found the geometrical ones ; the last of these will be the logarithm 
answering to the number required. 

In this manner were the logarithms of all the prime numbers at 
first computed ; but much more expeditious methods have since 
been devised. • 

Having obtained the loganthm of &, it is easy to find the loga- 
rithm of 2. For the logarithm of 2 = log. (y) = log. 10 — log. 
5= 1 — 0.69897^0.30103. 

(330,) We have Been, in Art. 322, that 
the logarithm of 0.1 is — 1, 

" " 0.01 " ~ 2, 

" " 0.001 " — 3, 

" » 0.0001 " —4. 

" " 0.00001 " ~ 5,&c. 

That is, the smaller the fraction, the greater its logarithm. 
Hence, if the fraction be infinitely small, its logarithm will be in- 
finitely great; that is, in Briggs' system, the logarithm of d is in- 
finite and negative. 

LOGARITHMIC SERIES. 

(331.) We have already explained a method of computing loga- 
rithms ; but this method is very laborious in practice. It is found 
much more convenient to express the logarithm of a number in 
the form of a series. 

Let ybe a number whose logarithm isre<]uired to be developed 
in a series, and let us employ the method of Unknown Coefficients. 
Pat y = 1 + 3!, and assume 

\og.{l + x)=Ax + Bx'+Cx' + 'Dx*+,Scii., (1). 

Digitized bvGoO^^IC 



336 

AsBnme, nlso, 

log. (1 + z)=Az + Bz' + Cz" + Ds* +, &c. (2). 
Subtracting equation (2) from (1), we obtain 
iog.{l + !r)~\oe.il + z)=A(x—z) + B(id'—z')+C[a?^z')+, 
&c. (3). 
The second member of this equation is divisible by i — s ; we 
will reduce the first member to a form in which it shall also be 
divisible. 

We have log. {1 + z) — log. (1 + 2) = log. Q~^ ■= log. 

But, since ■■ ■ may be regarded as a single quantity, v, we 

may develop log. (1 + v) in the same manner as log. (1 + x), 
which gives 

This bst series must be identical with the one which we have 
already obtained for log. ( 1 + yZiT' ) ' *" ''* equal, log. (1 + x) 
— log. (1 + z), in equntinn (3) ; and since the terms of both are 
divisible by a; — «, by taking out this common factor, we obtain 

xz + z") +, &c. 

Since this equation, like the preceding, must be verifled for all 
values of :c and 2, the equality must subsist when x — z. But on 
this hypothesis, all the terms of the first series vanish except one, 
and we have simply 

— ^ = A + 2Ba; 4- 3Gt' + 4Da:» + SEa:' +, &c. ; 

l + x 

or, performing the division indicated in the first member, 

A(l — T + a:'— a;* + a:^ — ...) = A + SBa: + 3Cai' + iDa?" + . . . 
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Therefore, 


according to the principle of Art. 287, we have the 


equations 


A = A, 






— A = 2B, 


whence B=-^. 




A = 3C; 


•■ c^4. 




— A = 4D 


■■ »=-t. 




. A = 5E; 


•• E = + ^ 



The law of the series is obvious ; and hence, substituting the 
values of B, C, D, &c., in equation ( 1), we obtain, for the develop' 
meut of log. (1 + x), 

\og.{l + x) = j.x — ^x'+^x'-~^x'+... 

The number A is called the modulus of the system of logarithms 
employed. Lord Napier, the illustrious inventor of logarithms, 
SBsumed the modulus equal to unity. If, then, we designate Na- 
perian logarithms by log.', we shall have 

By giving to x in succession all possible values, we may obtain 
from this equation the logarithms of all numbers. 

If we make a: = 0, we shall have log.' 1 = 0. 

Make x= 1, and we obtain 

log.' 2 = 1 — 1 + |_| + J— ,&c., 
a series which converges so slowly that it would be necessary to 
employ a very large number of terms to obtain the accuracy de- 
sirable. The series may be rendered more converging in the 
following manner: 

In equation (4), substitute — x for x, and it becomsB 

l<.g.'(l-.)=-5-|-j-^-,&o. (6). 
43 
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Subtracting equation (5) from equation (I), and obaerving that 
og.' (l + a) — log.' (1 — x) = log.' -j 1 we obtain 



have (l+a;)z = (l — «)(*+ l)i whence, by redaction, a: = ^-t-tt. 
Hence the preceding seiies becomes 

!og.'(l+l)=Iog.'(.+ l)-log.'. = 2(2^+3^2^ + 

5(2z+l)'+"V- 

(332.) The laet series may be employed for computing the 
logarithm of any number, when the logarithm of the preceding 
namber is known. Making tuccessirely z = 1, 2, 4, 6, &c., we 
find the following 

NAPERIAN, OR HYPERBOLIC LOGARITHMS, 
log.' 2 = 2(1+^ + ^.+ ,-^ + ...) =0.693147 

log.' 3=log.'2 + 2(i + ^ + ji7+77i + ...) =1.098612 

log.' 4. = 21og.'2 =1.386294 

log.' 5 = log.' 4 + 2(1- + ^ 4- -K + :^. + . . .) = 1.609438 
log.' 6 = log.' 3 + log.' 2 =1.791759 

log.' 7=log.'6+ 2(-,^ + ^ + j:^+,-7^ + .-.)=1.945910 
log.' 8= log.' 4 + log.' 2 =2.079442 

log.' 9=2Iog.'3 =2.197225 

log.' 10 = log.' 5 + log.' 2 =2.302585 

kc, kc, &c. 

(333.) The Naperian logarithms being computed, it is eaey to 
foim any other system. We have found 

log. (1 + .) = a(j- 5 + J- J. + 5 -5 + ...). 
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Distinguishing the Naperian logarithms by an accent, we have 

Hence 

log. (l + a): log.' (! + «):: A: A'. 
, Therefore, the logarithms of the same number in different system 
are to each other as the modtdi. 
In Ifapier's system, the modulus = 1. Hence 
log.(l + ic) = A.log.'(l+^). 
That is, the common logarithm of a number m eqval to its Jfaperian 
logarithm multiplied by the modulus of the common system. 

If, then, we Ifoew the modulus of (he common system, we could 
easily convert the preceding Naperian logarithms into common 
logarithms. Now, from the equation 

log, (1 + x) = A . log.' (1 + x), we obtain 

. log. (1 + w) 

* -log.' (! + «)• 

log. 10 

log.' 10' 

But log. 10 = I. Hence 



Soppose X = 9, then A = 



A=T 



0.134AM. 



" log.' 10 - 2.302585 
which is the modulus of the common system. 
(334.) We can now compute the 

COMMON, OR BRIGGS' LOGARITHMS. 
= 0.434294 X 0.693147 = 0.301030 

log. 3 = 0.434294x1.098612 =0.477121 

2 log. 2 
,og. 5 = log. 10 — log. 2= 1 — log. 2 = 
, 6 = log. 3 + log. 2 

7 = 0.434294 X 1.945910 

8 = 3 log. 2 
log. 9 = 2 log. 3 
log. 10 = 

&C., &C., 



= 0.602060 
= 0.698970 
= 0.778151 
= 0.845098 
= 0.903090 
= 0.954243 
= 1.000000 
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We thus obtain lh« following Table of Ci 



Logarithms ; 



No. 


Las.rithm 


No. 


Log.riih™. 


Ho. 


Log^,ba.. 




l.iigarilhm. 


1 

2 
3 
*• 
5 


0.000000 
0.301030 
0.477121 
0.602060 

0.698970 


36 
37 
38 
39 
40 


1.556303 
1.568202 
1.579784 

1.591065 
1.602060 


71 

72 
73 
74 

75 


1.851258 
1.857333 
1.863323 

1.8692.32 
1.875061 


106 
107 
108 
109 
110 


2.025306 

2.02938* 
2.033424 
2.037426 
2.041393 


7 
8 
9 
10 


0.778151 
0.84.5098 
0.903090 
0.954243 
l.OOOOOO 


41 
42 
43 
44 
45 


1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


76 
77 
78 
79 
80 


1.B80S14 
1.886491 
1.892095 
1.897627 
1,903090 


III 
112 
113 
114 
115 


2.045323 
2.049218 
2.053078 
2.056905 
2.060698 


11 
12 
13 
U 
15 


1,04.1393 

1.079181 
1.11394.3 
1.146128 
1.176091 


4.6 

47 
48 
49 
50 


1.662758 
1.672098 
1.681241 
1.690196 
1.698970 


81 

fe S~ 
83 

84 
85 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


116 
117 
118 
119 
120 


2.064458 
2.068186 
2.071882 
2.075547 
2.079181 


16 
17 

18 
19 
20 


1.204120 
1.230*49 
1.255273 
1.278754. 
1.301030 


51 
52 
53 
54 

55 


1.707.=i70 86 
1.716003 : 87 
1.724276 88 
1.732394 . 89 
1.740363 il 90 


1.934498 

1.939519 
1.944483 
1.949390 
1.S54243 


121 

122 
123 
124 
125 


2.082785 
2.086360 
2.089905 
2,093422 
2.096910 


21 
22 
23 
24. 
25 


1.322219 
1.342423 
1.361728 

1.380211 
1.397940 


56 
57 
58 
59 
60 


1.748188 
1.755875 
1.763428 
1.770852 
1.778151 


91 
92 
93 
94 

95 


1.959041 
1.963788 
1.968483 
1.973128 
1.977724 


126 
127 
128 
129 
130 


2.100371 
2.103304 
2.107210 
2.110590 
2.113943 


2t> 

27 
28 
29 
30 


1.4I497;J 
1.43136+ 
1.447158 

1.462398 
1.477121 


61 
62 
63 
64 
65 


1.785330 
1.792392 
1.799341 
1.806180 
1,812913 


96 
97 
98 
99 
100 


1.982271 
1.986772 
1,991226 
1,995635 
2,000000 


131 
132 
133 

134 
1.35 


2.117271 
2.120574 
2.123852 
2.127105 
2. J 30334 


31 
32 
33 
34 
35 


1.491362 
1.505150 
1.518514 
1.531479 

1.544068 


t)6 
67 

69 
70 


1,819544 
1.826075 
1.832509 
1.838849 
1.845098 


101 
102 
103 
104 
105 


2.004321 
2.008600 
2.012837 
2.017033 
2.021189 


136 
J37 
138 
139 

140 


2.133539 
2.136721 
2.139879 

2.143015 
2.146128 



(335.) Let us now determine the base of Napier's system. 
Designating it by a, we shall have, Art. 333, 

log.'xi : log. a : : 1 ; 0434294. 
But log.' a = 1. Hence 

log. a = 0.434.294. 
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. That is, the modulus of the common system U tqutd to the common 
logarithnt of J^apier's base. 

We wish, then, to find the number corresponding to the com- 
mon logarithm 0.434294. By inspecting the preceding table, we 
see that this number must be a little less than 3. More accu- 
rately, it is 

2.718282, 
which is the base of Napier's system. 

Any number, except unity, may be taken as the base of a sys- 
tem of logarithms, and hence there may be an infinite number of 
systems. Only two systems, however, are much used ; those of 
Briggs and Napier. 

The base of Briggs' system ia 10. 



Napi 



2.71828?. 



The modulus of Briggs' " 0.431294. 

" Napier's " 1. 

Hence, in Briggs' system, all numbers are to be i^garded c 
powers of 10 

Thus, 10™ = 2, 

Iff"" = 3, 
10™ -4, 
10°*' = 5. 
&c., &c. 

In Napier's system, all numbers are to be regarded as powei 
of 2.718282. 

Thus, 2.71S"" = 2, 

2.718'™ = 3, 

2.718'-™ = 4, 
2.718'^ _ 5_ 



Briggs' logarithms are employed in all the common operations 
of multiplication and division, and hence they are known by the 
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name of conmon logBrithma. Napier's logBrithms are of great 
nse in tbe application of the calculus to many analytical and 
physical problemi. They nre also called hyperbolic logarithms, 
having been originally derived from tbe hyperbola. 

EXPONENTIAL EQUATIONS. 

(336.) An expojiauial quantity is one which is raised to some 
nnknown power, or which has an unknown quantity for an expo- 
nent; as, 



An evponaaial tqwUion is one which contains an exponential 
quantity ; as, 

«• = ft, 3f = a, &c. 

Sach equations are moat easily solved by means of logarithms. 
TbuB, consider the equation 

<r' = 6. 
Taking tbe logarithm of each member of the equation, we have 
X log. a = log. b, 
log. b 

OtX= =-2—. 

log. o 
Ex. 1. What is the value of x in the equation 3* = 81 1 



Looking out the logarithms of 81 and 3 from tbe Table in Art. 
334, we have 



.477121" 
Therefore, 3* =81. 

Ex. 2. What is the value of x in the equation 3* = '. 

1 on 1 onintin 

727 nearly. 



log. 3 ~ .477121 
Therefore, 3^"" = 20 nearly. 
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(337.) The other equation, ar' =: a may be solved by trial, &b in 
Art. 319. Thus taking the logarithm of each member, we have 

X log. X = log. a. i 

Find DOW, by trial, two numbers nearly equai to the value of x, 
and substitute them ia the given equation instead of the unknown 
quantity. Then say, 

^3 the difference of thea€ results. 

Is to tke difference of the two assumed nuntbers, 

So is the error of either result. 

To the correction required in the corresponding assumed number. 

Ex. 1. Given aT = 100 to find the value of x. 

Here wo have x log. x = log. 100 = 2. 

Suppose X = 3, 

Then 0.177121 x3= 1.431363, which is too smail. 

Suppose x = i, 

Then 0.602060 x 4 = 2.40824.0, which is too great. 

Hence the value of x is between 3 and 4, but nearer to 4. 
Assume, then, 3.5 and 3.6 for the two numbers. 

By the first supposition. By the second supposition, 

x = 3.5; log. X = .544068 a^ = 3.6 ; log. x = .566308 
Multiplied by 3.5 Multiplied by 3.6 

X . log. X = 1.904238 x . log. x = 2.002689 

Diff. of results : Diff.aeawiiedmaahers : : Error of 2d result itts carreetion. 
.0984.51 : 0.1 :: .002689 : .00273 

Hence x = 3.6 — .00273 = 3.50727 nearly. 
Therefore, 3.59727*^ = 100 nearly. 

If we wish a more accurate result, the operation must be re- 
peated with two new numbers ; as, for example, 3.59727 and 
3.69728. 
Ex. 2. Given af = SOi, to find an approximate value of x. 
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3H . LOQIBITHKS. 

COMPOUND INTEREST. 
(33B.) la calculating compound interest, the first subject of 
inquiry ia, to what sum does a given principal aroount, after a 
ccTtain number of years, the interest being annually added to the 
principal 1 It is evident that $1.00, placed out at 5 per cent., be- 
comes at the end of a year, a principal of $1.05. But the amount 
Bt the end of each year must be proportioned to the priacipal at 
the beginning of the year. In order, then, to find the amount at 
the end of two years, we say 

1.00 : 1.05 : : 1.05 : (1.05)'. 
To find the amount at the end of three years, we say 

1.00: 1.05 J : (1.05)*: (1.05)'. 
And in the same manner we find that the amount of $1.00 for 
n years at compound interest is (1.05)". 

If the rate of interest were six per cent., we should find the 
amount for n years to he (1.06)", 

The amount of two dollars for a given time must obviously be 
double the amount of one dollar, and the amount of $1000 must 
be B thousand times the amount of one dollar. 
Hence, if we put P to represent the principal, 

r the rate per cent, considered aa a decimal, 
n the number of years, 
A the amount of the given principal for n years, 
we shall have 

A=P.(l + r)-. 
Thii equation contains four quantities, A, P, n, r; any three 
of which being given, the other may be found. The computations 
are most readily performed by means of logarithms. Taking the 
logarithms of both members of the preceding equation and re- 
ducing, we find 

1. Log. A =nx log. (1 + r) + log. P. 

2. Log. P = log. A — » X log. (1 + r). 

_ log, A — : log. P 



3. Log,(l + r): 
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Ex. 1. What is the amount of t^venty JollarB, at 6 per cent 
compound interest, for 1 1 years 1 
Here we employ formula (1). 

Amount of $1.00 for lyear$1.06, log. = 0.025306 

Multiplying by 11, 11 

0.278366 

Given principal $20. log. = 1.301030 

Amount $38 nearly, 1.579396 

This result is derived from the Table on page iHO. By coa 

suiting a larger Table, we should find tbe amount $37,966. 

Ex. 2. What principal at 5 per cent, interest will amount to $50 
in 13 years ^ 
Here we employ formula (2). 

1 + r = 1.05, log. = 0.021 189 

Multiplying by n, 13 

Subtract 6.2754.57 

From log. A = 1.698970 

P = $26.5 nearly, 1.423513 

More accurately, P = $26,516. 

Ex. 3. At what rate per cent, must $40 be put out at compound 
interest, that it may amount to $5*^ in 9 years 1 
Here we employ formula (3). 

A = 57, log. ^ 1.755875 

P =40, log. = 1,602060 

Dividing by n, 9)0.153815 

H-r=1.04 =0.017091 

Consequent! y,r = .04, or four per cent. 
Ex. 4. In what time will $50 amount to $90 at 5 per cent. 
Here we employ formula (4)- 

A = 90, log. = 1.954243 

P = 50, log. = 1.698970 

l + r= 1.05, whose logarithm is 0.021189)0.255273 
Dividing one logarithm by the other, we a1}tain 12, Ana. 
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Ex. 5. What ie the amount of $52 at 3 per cent, compound ia- 
terest for 15 years'! 

An 5. $81. 
£x. 6. What principal at 6 per cent, compound interest will 
amount to $101 in 4 years'! 

Ads. $S0. 
Ex. 7. At what rate will $10 amount to $16'in 16 yearsl 

Ans. Three per cent. 
Ex. 8. What will $300 amount to in 10 years at compound in- 
terest semi-an Dually, the yearly rate being 6 per cent. 1 

Ex. 9. In what time will a sum of money double at 6 per cent, 
compound interest 1 

Ans. 11.89 years. 
Ex. 10. In what time will a sum of money triple itself at 4 pet 
cenL compound interest 1 

Ans. 28.01 years. 
(339.) The natural increase of popuJatioo in a country may be 
computed in the same way as compound intereBt. Knowing the 
population at two different dates, we compute the rate of increase 
by formula (3), and from this we may compute the population at 
any future time on the supposition of a uniform rate of increase. 

/ EXJIHP1.E3. 

Ex. 1. The number of the inhabitants of the United States in 
179Q was 3,900,000 ; and in 1840, 17,000,000. What was the 
average increase for every ten years 1 

Ans. 34 per cent. 
Ex. 2. Suppose the rate of increase to remain the same for the 
next ten years, what would be the number of inhabitants in 1850 1 
Ans. 22,800,000. 
Ex. 3. At the same rate, in what time would the number in 
1840 be doubled 1 

Ans. 23.54 years. 
Ex. 4. At the same rate, what was the population in 17S01 

Ans. 2,900,000. 
Ex. 5. At the same rate, in what time would the number in' 
1840 be tripled^ 

Ans. 37.31 years. 

THE END, 
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